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Whitney triangulations of semialgebraic sets

by MASAHIRO SHIOTA (Nagoya)

Abstract. A compact semialgebraic set admits a semialgebraic triangulation such
that the family of open simplexes forms a Whitney stratification and is compatible with
a finite number of given semialgebraic subsets.

A semialgebraic triangulation of a compact semialgebraic set X is a pair
of a simplicial complex K and a semialgebraic homeomorphism f: |K| — X
such that for each 0 € K, f(Into) is a C* manifold and f|m, is a C¥
diffeomorphism onto f(Int o), where | K| denotes the underlying polyhedron
of K. As a consequence of the theory developed in [S2] we have:

THEOREM. A compact semialgebraic set X admits a semialgebraic tri-
angulation (K, f) such that {f(Into): 0 € K} is a Whitney stratification of
X and the triangulation is compatible with a finite number of given semial-
gebraic subsets Y; of X.

When we work in an o-minimal structure, let the above diffeomorphisms
be of class C" for r € N. Then the arguments below go through. Most of
the following maps and manifolds are of class C?. However, it is possible to
work in the C! category. See [Sy] for that case.

A (semialgebraic) C? tube about a (semialgebraic) C? manifold M C R”
is a triple T = (|T|, 7, 0), where |T| is a (semialgebraic) neighborhood of
M in R", 7: |T| — M is a (semialgebraic) submersive C? retraction, and o
is a nonnegative (semialgebraic) C? function on |T'| such that o=1(0) = M
and each point z of M is a unique and nondegenerate critical point of the
restriction of ¢ to 77!(z). The ambient space of M is not necessarily a
Euclidean space. It may be a (semialgebraic) C? manifold possibly with
boundary. We also define a controlled (semialgebraic) C? tube system for a
(semialgebraic) C? stratification in the same way as in the C> case (see
[G-al] for the C* case).
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Let {Mg}r=12.. and {Ny} be Whitney C? stratifications of sets M
and N, respectively, in R™. Let {TM = (|TM|,7M,0M)} and {T} =
(ITN|, 7, 0X)} be controlled C? tube systems for {Mj} and {Nj} respec-
tively. Let ¢: M — N be a homeomorphism such that ¢y, is a C? diffeo-
morphism onto Ny, for each k. We call ¢ compatible with {T}M} and {T}N}
if for each k, (M N|TM|) = NN |TY| and

Nop=por and o) cp=0 onMnN|TM|.

Let f and f;, I =1,2,..., be semialgebraic C° functions on a semialge-
braic set M. We say that f; — f in the C° topology as | — oo if for any
positive semialgebraic C° function g on M there exists lg € Z such that
|fi — f| < g for I > lp. Assume M is a semialgebraic C? manifold and f;
and f are semialgebraic C? functions. Then we say that f; — f in the C?
topology if fi — f and the differentials df; — df, ddf, — ddf in the C°
topology. In the same way we define the C° topology on the set of semial-
gebraic CY maps between semialgebraic sets and the C? topology on the set
of semialgebraic C? maps between semialgebraic C? manifolds.

The key to the proof of the theorem is the following lemma, which does
not hold without the assumption of semialgebraicness nor without the one
that M}, are semialgebraically diffeomorphic to Euclidean spaces (see [Sa,
p. 238 and Remark I1.7.4]).

LEMMA (Uniqueness of controlled semialgebraic tube system, [So, Theo-
rem 11.7.3]). Let {My} and {Ny} be finite semialgebraic Whitney C? strat-
ifications of locally compact semialgebraic sets M and N, respectively, such
that all strata are semialgebraically C? diffeomorphic to Euclidean spaces.
Let {TM} and {T}N} be controlled semialgebraic C? tube systems for { My}
and {Ny} respectively. Let o: M — N be a semialgebraic homeomorphism
such that ¢|ar, is a C? diffeomorphism onto Ny, for each k. Then shrinking
\TM| and |TN|, we can modify ¢ to be compatible with {TM} and {TN}.

Proof of Theorem. Let X C R™. By the usual triangulation theorem for
semialgebraic sets we have a finite number of semialgebraic C° imbeddings
Ta: B® — X, a € A, such that each B% is the unit ball (always with
center 0) in a Euclidean space, 74 |mt g is a C* imbedding,

Ta(Int B*) N7a (It BY ) =0 for a # o € A,

{ma(Int B*): o € A} is a Whitney stratification of X compatible with {Y;},
7 (To (Int B*')) is a C* manifold for a € A and o/ € 4, = {a/ € A:
Tar (BY) C Ta(B®)}, the restriction of 7, to the manifold is a C* imbed-
ding, and {7 (7o (Int B*)): o/ € A,} is a Whitney stratification of B
for each a. We then call {m,: @ € A} a semialgebraic C¥ ball decompo-
sition of X (cf. [R-S]). Let the ambient space of B* always be B? itself.
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Set d, = dim B* and

Co =7a(BY), 0C,=m,(0B%), IntC, =m.(Int BY) for a € A,
B, =7, (Cy), OB SH0C,), Int B =7, (Int Cy) for o/ € A,.

o T Na o’ T

Then {Int Cy: o € A} and {Int BS,: o € A,} for each a € A are Whitney
stratifications of X and B® respectively.

Let 0 %Y denote the cone with vertex 0 in some B® and base Y C 0B“.
Let {To, = (|Ta|; 7o) 0a): @ € A} and {TS, = (|T2|, 75, 0%,): o € Ay} for
each a € A be controlled semialgebraic C? tube systems for {Int C,: o € A}
and {Int BS,: o/ € A,} respectively. Then we can choose the latter so that

(1) (72) &) =T N0+ (9B N (75) ' (2))
forz €It BS, o' € A, —{a}, a€ A

a’

by the usual method of construction of controlled tube systems (see e.g.
[G-al]). Moreover, we can modify {m, } so that each 7,: B — C,, is compat-
ible with {T3/: o’ € Ao} and {T: o' € Ay} by the lemma. Here mq i 52,
are no longer of class C“ but C2. Hence {7,: o € A} is called a semialgebraic
C? ball decomposition of X. By loosening the condition of compatibility we
will C* smooth later.

In the following arguments we subdivide {Int C, }, which works by the
following fact:

(%) Let mo, A, Ay, BY, BY,, T, and TS, be given as above (i.e., {7, }
is a semialgebraic C? ball decomposition of X, (1) is satisfied and 7, are
compatible). Let {r5: B® — X: & € A} be a second semialgebraic C? ball
decomposition of X but without tube systems as yet. Define ﬁa’ Bg/ and
Cj in the same way. Let m € Z. Assume

ANA={aec A dy>m}={aecA: d;z >m},
B*=B% fora=a€cANA,

the maps 7,: BY — C, and mg: B® — (Cj coincide for « = a@ € AN j’
and {Int C5: @ € A, dg < m} is compatible with {Int C,: o € A, do < m}.
Then fixing 74 for a € A with dgz > m and Im7g, dg < m, and modifying
only g, dg < m, we have controlled semialgebraic C? tube systems {T5:
& € A} for {IntCs: @ € A} and {1S8: & € Ag} for {Int BS:da € Ag}
for each & € A with the same properties as {T,} and {TS}—by (1) and
compatibility of mg—such that

(2) T~ — T, fora=acA ONE,
& Toljr, for a€ A, a € A with Cy C Cq, do = dg = m,
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andforeach&:aeAﬁ;l

B TS, fora=acANA, & =d €A, ﬁAa,
(2) o= Tao‘,||Tg/‘ fora—aEAﬂA o e A, o € Az
with Ba,CBa,,da/—da/—m.

Proof of (x). It suffices to find a controlled semialgebraic C? tube system
{T5: @ € A} for {Int C5: & € A} such that (2) holds and

(3) 7Ta=TaoTas 0a=0a+050Ta on|Tg]
for o € A, & € A with Int Cx C IntC,, dg < m.

Indeed, assume there exists such {75}. Using it, we need to construct
{TS: & € Ag) for each & € A as required in ().

Fora € ANAand & € A&, define TC%, by

4) TS| =7;"(Ts|), 78 =n5'o7a0oma, 0% = oa oma.

Then for each @ € AN A, {1S:a' € Az} is a controlled semialgebraic C2
tube system for {Int BS,: &@ € Ag}. Indeed, |T2| is a semialgebraic neigh-
borhood of Int BE, in BY; 75, |TS,| — Int BS, is a semialgebraic retraction
and of class C? because ﬂgl\ Int ¢, is of class C? and because

(3) compatibility of o
Ta! OTqg = Tg! O Tg! O T = T&/Oﬂ'aOTa/

where o« € A and o’ € A, with o = a IntCs C IntC,, and because
Te|Int Be,: Int B2 — IntC, is a C? diffeomorphism; gg, is a nonnegative
semialgebraic C° function on |TS|; (02,)71(0) = Int BS; 0%, is of class
C? and each x € Int Bg, is a unique and nondegenerate critical point of
Qg,!@,)_lm because

& 3
Oa" = Qa’ ©Tg = Qo' O Mg + 0a’ © Tar © Ty

= Qa’ © T + (Q&”IntC )OTa’ O Ty

compatlblhty of mq a @
Ou’ + (Qo/ ’Int Ca/) OTq O Ty

Moreover, by (4), 75 is compatible with {T: &' € A} and {Ts: & € Az}
for each & € AN A, and clearly (2 )’ is satisfied by (2) since 7, is compatible
with {T: o € Ao} and {Ty: &' € Ay}

Fora € A—A, ie., dz < m,let {TS: &' € Ag } be an arbitrary controlled
semialgebraic C? tube system for {Int BS,: &' € Ag} with (1). Then by the
Lemma we can modify 75 and assume it is compatible with {T9: & € A4}
and {T5: & € Ag}.
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Thus {7} together with {75} fulfills the requirements in (x), and hence
we will construct only {75} with (2) and (3).

Order the elements of A as a1, sz, . .. so that dg, < da,., for any k. Let
m’ € Z. Assume by induction we have a controlled semialgebraic C? tube
system {T5,,..., 75 _,  }for {IntCy,,...,IntCy ,  } with (2) and (3). Let
oy € A be such that Int C5, C IntC,, for each k. Then we only need to
find a semialgebraic C? tube T , about Int Cz,_, such that (2) and (3) hold
for « = vy and a = @,,,, and

()

T&k o T&m/ o 7-OL."L/ = T&k © TOé,m/7

li
%a, © Ta,,, ©Ta,, = Qa, ©Ta,, fork<m
because {Tg_,,Tg, } is controlled for each k < m’ as follows:
_ I GO _ ® O
Tak o Tocm/ - Tock- o Tam/ o Tam/ - Tak o Tam/ - Tak o Tak o Tam’

controlledness of {7 } (3)

ar © Tar — Tayg

3 ’) 3

Q&k OT&m/ = Q&k OT&m/ OTOL,"L/ = Q&k OTOL n'! = Qak OTOL,"L/ + Q&k OTOék OTOL,"L/

controlledness of {T, } (3)
= Oay, T Oa;, © Tay, = Oay, -
The construction of Tg_,is easy. If dg ,>m, T5 , is defined by (2). Then
(5) is clearly satisfied. Assume dg , <m. Let {Tf = (T3 [, 7% 05 )
Ts.: k < m'} be a controlled semialgebraic C? tube system for {Cg, :
k < m'}, whose existence is shown in the usual construction of a controlled

tube system (see, e.g., [G-al]). (Here we shrink |75, |, & < m/, if necessary.)
Set
|T& = ’Ta m ‘Téwﬂ |7 Tam/ = Téwﬁ OTanL/’ Q&m, = QOL

Then (3) and (5) are satisfied. Thus (*) holds.
Let {mo: @ € A} be again a semialgebraic C? ball decomposition of
X with controlled semialgebraic C? tube systems {T,: o € A} and {T%:
o € A,} for each a« € A such that (1) holds and 7, is compatible with
{T%: o/ € Ay} and {To: o € Ay}. We show good properties of such
{ma}, {Tn} and {T<'}. Set
0%, Y =7, (0%, (Y)) forY C 9C,,
J={(a1,...,a1) €A1 EN, oy € Anyy ...y € Ay, 0 # - # oy},
Uy =Int0x%q, (- *q5 (0%a, Coy)--+)  for J=(a1,...,qq) € T, 1>1,
Up.g =Int0%q, (- *qy (0%q, x)---) for same J and z € Int C,,,
Uy=IntC,, Upoq=2 foracAandzecIntC,,

=

/
~ oT
m/ ‘ m/ m! +gam, (e,

where O%q, (- *ay (0%ay Co, ) -+ ) and Oxkq, (- - *qy (0%, ) - - -) are semial-
gebraically homeomorphic to balls of dimension d,, +{—1 and [ — 1, respec-
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tively, and Int stands for open balls. Note that U; and U, ; are C? manifolds.

For J = (a1,...,q) € J, let py: Uy — Int C,, denote the semialgebraic

C? submersion such that = € Up,(z),7- We also define U§ C B, =g C B®

and p5: UY — Int BS, to be ny*(Uy), 73 (Un,(2),s) and 73t 0 py o ma,

respectively, for J = (a1,...,a;) € J, « € Aand x € Int BS with oy € A,.

Note that Uy, ps, U$ and p§ depend only on {7, } but not on {75}, {73 }.
Then by (1) and compatibility of {m,: oo € A} we have

(6) pr=Ta, onUyN|Ty,|, pF=715 onUFN|TS |

Moreover, as shown below, we can suppose the following condition (7) is
satisfied, which will allow a “derived” subdivision of {Int C\,} also to be a
Whitney stratification.

(7) {U;,Int Cqo,} (vesp. {UF,Int By, }) satisfies the Whitney condition.

Note that (7) depends on C,, but not on m,,, hence fixing C,, we can

change 7, arbitrarily when (7) is satisfied and when we need to keep the

property, and that (6) and (7) imply that:

(8)  {p;'(My), Ma} (resp. ({p§)~ (M), Ma}) is a Whitney stratification
for a Whitney C? stratification {M;, Ms} in Int Cy, (resp. Int BS,)
or for a C? submanifold My = M; of Int Cy, (resp. Int BY).

We modify {7} so that (7) is satisfied by downward induction. Let
0 < m < n be an integer. Assume we have a semialgebraic C? ball decom-
position {7,: a € A} of X and controlled semialgebraic C? tube systems
{Ty: o € A} for {Cy: @ € A} and {T2: o € A,} for {B2,: o/ € A,} for
each o € A such that (1) is satisfied for any a € A and o € A,, any 7, is
compatible with {T'%: o/ € Ay} and {T: @' € Ay}, and (7) is satisfied for
any J = (aq,...,0q) € J with [ > 1 and d,, > m. Then we need to find
a semialgebraic C? ball decomposition {r5: & € Z} and controlled semial-
gebraic C2 tube systems {Ts: & € A} for {Cz: a € A} and {18: & € Az}
for {BS,: &' € Ag} with the same properties as {mo}, {Tn} and {T'} and,
moreover, such that (7) is satisfied also for J = (ay,...,q) € J with { > 1
and dg, = m, where Cj3, j&, Bg, and J are defined as before. We further
require, as in (%),

ANA={aec A dy>m}={aecA: dz >m},
B* = B® fora:&EAﬂ/T,
Ta: B* — C, and m5: B — Cj5 coincide fora =a € A N ﬁ, and {Int Cj:
a € A, dz < m} is compatible with {IntCy,: a € A, d, < m}. The con-

struction of such {75}, {T5} and {T<} is clear by () and the following
well known fact:
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Facr. Fiz J = (oq,...,q) € J and a € A withl > 1, oy € A, and
do, = m. The subset of Int Co, (resp. Int BY ) consisting of points where
{Us,Int Cy, } (resp. {U§,Int BS }) does not satisfy the Whitney condition
is semialgebraic and of dimension smaller than m.

Next we will C¥ smooth 74|t go. We assume X is the unit ball in
R™ for simplicity of notation and without loss of generality. Preparatory to
smoothing, set

exq Y =mtr M (z): 1—e<t<1l,z€Y}
fore €]0,1[,a € A, Y C 9C,,
Ujs(e) ={e1 *a; (- *aq (€2 %a, Int Cy ) -+ ):
€9,...,60 €10, 1, ea+ -+ =¢}
for J = (a1,...,q) € T, 1> 1,
Ua(e) = Int Cy,
Wa, (e) = U Uj(e) for each ay € A,

and define naturally U¢(e) and W () in B*. Then for each o € A and
J=(a,...,0q) € J with oy € A,, we have U;(e) C Uy(g') (resp. US(e) C
U5(e)) for 0 <e <&’ <1, U.go1; Us(e) = Uy (resp. U.gpo,1(UT () = UYF),
Wa, (€) (resp. W (¢)) is a neighborhood of Int Cy, in X (resp. Int BY,
in B) called the e-neighborhood of Int Cy, (resp. Int B ), and the map
Gar: Wa,(e) = Int Cy, (resp. ¢,: W () — Int BS ) defined to be p; on
Uj(e) (resp. p§ on U§(e)) is proper. (If we define W, (¢) and ¢,, with Uy
in place of Uj(e), then g, is not proper for [ > 1. This is the reason why
we apply Uj(e) and not Uy.)
For smoothing we drop compatibility of 7, and weaken (6) as follows:

(6)) Foraec Aanda; € Ay, qa,: Wa, (€) — Int Cy, (vesp. g5, : WS (e) —
Int B ) is a submersive C? retraction for some e.

Namely, we are in the situation that {m,: @ € A} is a semialgebraic
C? ball decomposition of X, {T,: a € A} and {T%: o' € A,} for each
a € A are controlled semialgebraic C? tube systems for {C,: a € A} and
{BS,: o' € A,}, respectively, and (1), (6)" and (7) are satisfied, where the
definitions of U etc. are not changed. We saw (8) under the conditions (6)
and (7). But we can replace (6) by (6)" there. Hence (8) is now also satisfied.

Next we can assume 7y |1t po are of class C as follows. First choose {7, }
so that Int C, are C* manifolds, which is possible by the above arguments.
Let m € Z. Inductively suppose 7|yt go are of class C* for d, > m, and let
ap € A with d,, = m. By the approximation theorem of [S1], Ta, |Int B0 can
be approximated by a semialgebraic C* map 7o,: Int B*° — Int Cy, in the
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C? topology. Then 7, is a diffeomorphism (see [S1]). Extend it to B
by setting 7, = 7, there. Then 7,,: B* — C,, is a homeomorphism
by the definition of the C° topology, and {m,: @ € A, a # ap} U {Ta,},
{T,: o« € A} and {T2: o € A,} still satisty (1), (6)" and (7) as shown
below.

(1) is clear because we do not change {T'%}; (6)’ is also trivial if Cy,, ¢
0C4, (resp. B, ¢ 0BY,).

Assume C,, C 0C,, in (6)’, and that (6)" holds for e. Let p;, g, and
Wa(e) be defined by {m,: a € A, a # o} U{T4, } in the same way as ps, qq
and W, (g), and let € € ]0, 1] be so close to 0 that Wal(é\) C Wy, (). Then

{2 € Way (8): day (%) # oo (2)} € Way (8) (= Wa, (8)).

Hence it suffices to see that the map
(%1 - Z]\a1)|Wa0 (5)01//17&1(5): Wao (é\) N Wa1 (é\) —R"

is close to the zero map in the C? topology. By the definitions of ¢, and
Ja, We have

o~

Goy © 4oy = Gay s E]\al o Z]\ag = a\al on Wao (é\) N Wa1 (é‘\)’ aao = (ag-
Hence

(¢a; — zfou)|wao E)NWa, (6) — (9o, — aa1)|V/I7al(§)ﬁInt Cag © an|Wa0 (E)NWa, (8)°

Therefore, we only need to see that
(Qa1 - Z]\oa)‘ﬁ\/al (8)NInt Cao: Wa1 (E‘\) N Int Cao — R”

is close to the zero map in the C? topology since qq, is a proper semialgebraic
C? retraction (for a proper semialgebraic C? map between semialgebraic C
manifolds ¢: M; — My, the pull back by ¢: {semialgebraic C? functions on
Ms} — {semialgebraic C? functions on M;} is continuous). However, that
is clear because

- _ (o4} —1 -
qm‘wal(g)mm Cug — Mo ©day ©Tay ’Wal(g)ﬁInt Cay’

Qo |Wa1(§)m1m Coy — Mo © Gay © WaollvT/al (8)NInt Coy
which holds by the definitions of g,, and @,,, though m,, or 7., is not
necessarily compatible with {7, } and {7, }.

In the same way, we see that also ¢g, is a submersive C? retraction when
BS, C 0Bg,. (Note that after replacing 7y, by 7o, We cannot preserve (6)
nor compatibility of m,.) By the same reason (7) is kept. Therefore, we
assume 7q |mt g are all of class Cv.

Now we define a semialgebraic triangulation (K, f) of X, as required
in the theorem. Let the vertices of K correspond to elements of A and be

denoted by {o,: @ € A}, and let vertices 04,,...,04, Span a simplex of K
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if and only if (ay(1),...,ayq)) € J for some permutation v of {1,...,1}.
Then K is a well defined simplicial complex called the dual complez of {C,}
(see [R-S]). For J = (a1, ...,aq) € J, let 05 denote the simplex spanned by
Oayy-vy0q;,- Thus K = {oy: J € J}. Let m € Z and set

Imn ={(a1,...,qq) € T:do, <m}, Kp={os;:JETn}
Note K, is a subcomplex of K. By induction assume we already have a
semialgebraic triangulation (K,,, f) of J a4, <m Ca such that fm|mto, is a
C* diffeomorphism onto Uy, (0),s for each J=(a1,...,q;) € Tm. Then we
need to extend (K, fi,) to a semialgebraic triangulation (K11, fim+1) of
UdaSmH Cy. For J = (aa,..., 1) € Tmt1 — Tm, i€, do, = m + 1, define
fmtilo,: 05 = ClUz, (0).7 bY fm+1(0a,) = e, (0) and

fm+1(t10a1 +---+ tlaal)

= 7o, (1 = t)me, (fm(ti0a, /(L= 1) + -+ tim10a,_, /(1= 1))
for t1,...,t € [O, 1] with t1 +--- 4+t =1and ¢; # 1.
Then (K41, fm+1) a semialgebraic triangulation of | J; -, Ca , and we
obtain a semialgebraic triangulation (K, f) as required.

It remains to prove that {Uwal(O)J: J=(a1,...,0q) € J} is a Whitney

stratification. We show that, moreover,
) AUr., 0.7 UWO"I(O)7J/} (resp. {Ugal(o)“], U;T"a/ (0),J’}) satisfies the
1
Whitney condition for J = (a1,...,%), J' = (af,...,0}) € T
and o < A with [ > 1, Uﬂ'al(o)7J - ClUﬂ ,(0),J" — Uﬂ- / (0),J7 and
aq aq ’
OZ[, OZE/ 6 Aa.

Here we also argue by induction. Let m € Z. Assume inductively (9) is
proved for da;, < m, and let da;, = m. There are two possibilities o = «,
or a; # ay,.

Case of oy = o). Set Jy = (a1,...,0q—1) and J§ = (o, ..., q)_4).
Then Uﬂa1 (0),J0 C Cl Uﬂa,1 (U)J(/)—Uﬂa,l (0),J4 and da;/_1< m. Hence {Uﬂal (0),Jos
UWQ,1 (0),75  (resp. {U;?‘u1 (0),Jo> Ugall (0)7J6}) satisfies the Whitney condition by
hypothesis when [ — 1 > 1, and trivially when [ — 1 = 1. In particular,
so does {U:il(o),Jo’U:ifl(O),Jé}‘ Then {U:i1(0)1J7U7(::’1(0)1J/} is a Whitney
stratification by (1). Moreover, (9) holds since mq, |int pei: Int B* — Int C,

is a C% diffeomorphism and U?;I(O),J’ U:;/l (0),77 C Int B2,
Case of a; # aj,. Set Ji = (of,..., &) _;) as above. Then

J = J(I) or Uﬁal(o)J c Cl UWQ'I(O)J(J - UWQ'I(O)J(J’

and hence Uﬂa1(0)7J is equal to Uﬂai(o),Jé or {Uwal(o)’J,Uwai(o)’J/} (resp.
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{U;T)‘a1 ©0).7°Ux, (0),07}) 1s @ Whitney stratification. In both cases, (9) follows

from (8). This completes the proof. m
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