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Multiplicity results for a class of fractional
boundary value problems

by NEMAT NYAMORADI (Kermanshah)

Abstract. We prove the existence of at least three solutions to the following frac-
tional boundary value problem:

— 3 (30D 7 (W' (8) + 3 e D77 (W' (1)) — AB(1) f(u(t)) — py(B)g(u(t)) = 0, ae. t€[0,T],
u(0) = u(T) =0,

where 0D, 7 and ;D7 are the left and right Riemann-Liouville fractional integrals of

order 0 < o < 1 respectively. The approach is based on a recent three critical points

theorem of Ricceri [B. Ricceri, A further refinement of a three critical points theorem,
Nonlinear Anal. 74 (2011), 7446-7454].

1. Introduction. The aim of this paper is to establish the existence of
at least three solutions to the fractional boundary value problem

_% (; oD 7 (W (t)) + ;tDTU(u/(t))> — AB(t) f(u(t))
. — uy(t)g(u(t)) =0, ae.tel0,T],
u(0) = u(T) =0,

where ¢D; “ and (D7 are the left and right Riemann-Liouville fractional
integrals of order 0 < o < 1 respectively, A\, u > 0 are parameters, 3,y €
C([0,T];R), B(t),y(t) > 0 for all t € [0,T] and f,g € C([0,T];R) \ {0}.

Fractional differential equations have been receiving great interest re-
cently. This is due to both the intensive development of the theory of frac-
tional calculus itself and the applications of such constructions in various
scientific fields such as physics, mechanics, chemistry, engineering, etc. For
details, see [E, [KT1, [KT2] and the references therein.

Solving differential equations of fractional order is rather involved. Some
analytical methods have been presented, such as the popular Laplace trans-
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form method [P1) [P2], Fourier transform method [MR], iteration method
[SKM]| and Green function method [SW],[MLP]. Numerical schemes for solv-
ing fractional differential equations have been introduced, for example, in
[DFFT, IDEF2, [OMI]. Recently, a great deal of effort has been expended to
find robust and stable numerical as well as analytical methods for solving
fractional differential equations of physical interest. The Adomian decom-
position method [OM2], homotopy perturbation method [OM3], homotopy
analysis method [CTXL], differential transform method [MO|] and varia-
tional method [JZ|] are relatively new approaches to provide an analytical
approximate solution to linear and nonlinear fractional differential equa-
tions.

The existence of solutions of initial value problems for fractional order
differential equations has been studied in [SKM, [P1], LV] (see also references
therein).

In [JZ], by using the Mountain Pass Theorem, Jiao and Zhou investigate
the existence of solutions for the fractional boundary value problem

jt(l oD; P (1)) + ;tD;B(ufos))) Y VE(tu(t) =0, ae.te0,T],

u(0) =u(T) =0,

where 0 < 8 < 1 is a real number and oD, # is the standard Riemann—
Liouville derivative. Recently, many papers deal with the existence of mul-
tiple solutions of fractional boundary value problems: see [CT1] [CT2] and
the references therein.

In this paper, we investigate the existence of solutions for problem (1.1)).
We use variational methods.

The paper is organized as follows. In Section 2, we give preliminary
facts and provide some basic properties which are needed later. Section 3 is
devoted to our result on existence of three solutions.

2. Preliminaries and reminder about fractional calculus. In this
section, we present some preliminaries and lemmas to be used in the proofs
of the main results. For the convenience of the reader, we also present the
necessary definitions. We refer the reader to [KST) [P1l [JZ] for basic frac-
tional calculus.

DerFINITION 2.1 ([KST, [P1]). Let f be a function defined on [a, b] and
let v > 0. The left and right Riemann—Liouville fractional integrals of order
~ for f are defined by

~

. St—s“’lf s)ds, t&[a,b],

a
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b
1
DVf(t) = —\(s—t)"" f(s)ds, t€la,b]
t ) s Yy
’ I'(v) §
provided the right-hand sides are pointwise defined on [a, b]; here I" > 0 is

the Gamma function.

REMARK. It is easy to see that for integer v = n the equations in Defi-
nition 2.1] take the form

R e L A O

Dy f(t) = =1 (s —t)" ' f(s)ds, tcla,b].

e T Qe

DEerFINITION 2.2 ([KST [P1]). Let f be a function defined on [a, b] and
let v > 0. The left and right Riemann—Liouville fractional derivatives of
order v for f are defined by
t

DI = G DU = e g (V= 9 s ds).
mn _1\n n b
D) = (1) G Dy 50 = s S (s 0 () ds).

t
where ¢ € [a,b], n —1 <~ <n and n € N. In particular, if 0 <~ < 1, then
d

(2.1) oD} f(t) = aaD?_lf(t)
= ml_w %(S (t =) f(s)ds), t€lat,
(2:2)  DYI) =~ Dy
1 d 0 .
T4 g(x(s — 1) f(s) ds), t € la,b].

t

REMARK. If f € O([a,b], RY), it is obvious that the Riemann-Liouville
fractional integral of order v > 0 exists on [a,b]. On the other hand, from
[KST), Lemma 2.2, p. 73], we know that the Riemann-Liouville fractional
derivative of order v € [n — 1,n) exists a.e. on [a,b] if f € AC"([a,b],RY),
where C*([a,b],RY) (k = 0,1,...) denotes the set of k times continuously
differentiable mappings on [a,b], AC([a,b],RY) is the space of absolutely
continuous functions on [a, b], and AC*([a,b],RY) (k= 0,1,...) is the space
of functions f such that f € C*~1([a,b],RY) and f*~! ¢ AC([a,b],RY).
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In particular, AC([a,b],RY) = AC([a,b],RY). The left and right Caputo
fractional derivatives are defined via the above Riemann—Liouville fractional
derivatives (see [KST, p. 91]). In particular, they are defined for absolutely
continuous functions.

DEFINITION 2.3 ([KST]). Let v >0 and n € N.

(i) Ify € (n—1,n) and f € AC"([a,b],RY), then the left and right Caputo
fractional derivatives of order v for f, denoted by D} f(t) and §{D] f(t),
respectively, exist almost everywhere on [a, b] and are given by

DI = DI S00) = s V= ) s,
DY) = (1D £ (0) =~ [yt 00 s,
I'(n—7)/
where t € [a, b]. In particular, if 0 <y < 1, then
(2.3) D] f(t) = D] f(1)
1

(2.4) ¢D}f(t) = —D) " F(t)
1 o
:_7§(s—t) fi(s)ds, te€la,b].

(i) f y =n—1and f € AC"([a,b],RY), then ¢ D}~ f(t) and §DP ' £(t)
are given by

cDPf(t) = f (), t € [a,b],
eor () = ()Y @), e fa,b).
In particular, DY f(t) = $DYf(t) = f(t), t € [a,b].

The first result yields the semigroup property of Riemann—Liouville frac-
tional integral operators.

LEMMA 2.4 (see [KST]). The left and right Riemann—Liouville fractional
integral operators have the semigroup property:
oDy " (aDy P f (1) = oDy TR (),
+Dy " (eDy P f(8) =Dy TP L), Vyn,72 >0, Vi€ [a,b],

for every continuous function f; the equalities hold for almost every point
in [a,b] if f € L'([a,b],RYN).
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Let us recall that for any fixed ¢ € [0,7] and 1 < r < oo,
¢ T

fullrgoy = (Sl ag) .l = (lurag)™”"
0

[e=]

o = e fuo).

LEMMA 2.5 (see [JZ]). Let 0 < o < 1 and 1 < r < oo. For any f €
L ([a,b],RY), we have

tOé
m”fﬂy([o,t]) for £ €0,t],t € [0,T].

Now, by Lemma for any h € C°([0,T],RY) and 1 < r < oo, we
have h € L"([0,T],R ) and ¢D¢h € L"(]0,T],RY). Thus, one can construct
a subset Ey*, which depends on L"-integrability of the Caputo fractional
derivative of a function.

loDg * fllLr(o.17) <

DEFINITION 2.6. Let 0 < a <1 and 1 < p < oo. The fractional deriva-
tive space Ej"" is defined to be the closure of C§°([0, 7], RY) with respect
to the norm

T T 1/p
(2.5) lullay = (§ fu®)l” dt + } 15 u(t)dt) .
0

REMARK. (i) It is obvious that E;*” is the space of functions u €
Lr([0,T),RY) with §D&u € LP([0,T],RY) and u(0) = u(T) = 0.

(ii) For any u € Ej"", noting that u(0) = 0, we have §D{u = oD§u for
t € [0, T] according to (2.3).

LEMMA 2.7 ([JZ]). Let 0 < a < 1 and 1 < p < oo. The fractional
derivative space Ey" is a reflexive and separable Banach space.

LEMMA 2.8 ([JZ]). Let 0 < a <1 and 1 < p < oo. For alluw € Ey", we
have

T@
(2.6) l[ullr < ﬁHSD?UHLP-
Moreover, if a« > 1/p and 1/p+1/q =1, then
To—1/p
(2.7) 1608 ull e -

<
Wl = Fa)@ =g+ 07
According to ([2.6)), we can consider Ej** with the norm

T
1/p
ap = liD7ulr = (VsDFu®) dt) ", vu e BGP.
0

(2.8)
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LEMMA 2.9 ([JZ]). Let0 < a <1 and1l < p < co. Assume that o > 1/p
and u, — u weakly in EyP. Then u, — u in C([0,T],RY), i.e., ||un — u s
—+ 0 asn — oo.

Now, we prove that Eg” is compactly embedded in C([0,T],RY).

LEMMA 2.10. Assume that 1 < p < oo and o > 1/p. Then Eg’p 18
compactly embedded in C([0,T],RY).

Proof. For 1 < p < oo and a > 1/p, from (2.7), we have Ej"" C
C([0,7],RY), and the embedding is continuous.

Let {uy} be a sequence bounded in Ej"". Since Ej" is a reflexive space,
going to a subsequence if necessary, we may assume that u,, — u weakly in
E§*P. Then by Lemma [2.9] u, — u in C([0,T],RV), i.e., [un — ufc — 0 as
n — oo. Hence the embedding is compact. u

Now, we will establish a variational structure which enables us to find
solutions of problem ([I.1f). To that end we find the critical points of the cor-
responding functional defined on Ef 2 with 1 /2 < a < 1. Then, by Lemma
for every u € AC(]0,T],R), problem (1.1)) transforms to

d (1 _ _ 1 _
~ (5oDT7 DTt 0) + 5 D7 WDy 1)
2.9
(29) = AB(0)f(u(t) = iy (D)9 (u(t) =0,
u(0) =u(T) =0,
for almost every t € [0,T], where o € [0,1).

Furthermore, in view of Definition [2.3] it is obvious that ue AC([0,T],R)

is a solution of problem ({2.9) if and only if u is a solution of

~ 4 (50DE7GDru0) - 50§ D)
(2.10) B _ _
N3(1) (u(®)) ~ v (D)g(ut)) =
u(0) = u(T) =0,

for almost every t € [0,T], where « =1 —0/2 € (1/2,1]. Therefore, we seek
a solution u of problem (2.10]) which, of course, corresponds to the solution

u of problem (1.1)) provided that v € AC([0,T],R).
Let us denote

1 _ 1 _
(2.11) D(u(t)) = 5 oDf (G0 u(t)) = 5 DT (DFu(t)).
We are now in a position to give a definition of a solution of (2.10)).
DEFINITION 2.11. A function v € AC([0,T],R) is called a solution of

problem (2.10)) if
(i) D(u(t)) is differentiable for almost every ¢ € [0, 7], and

(ii) wu satisfies (2.10)).
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In what follows, we will treat problem ([2.10]) in the Hilbert space E* =
Ey 2 with the corresponding norm ||u/|o = |[t/| a2 Which we defined in (2.5).
The following estimate is useful for our further discussion.

LEMMA 2.12 ([JZ]). If 1/2 < a <1, then for every u € E“,

T
212)  feostna)] [l < = JGDFule) FDfult) e < oGy
3. Main result. Let J, , : E* — R be defined by
1 7 T
(3.1) Jaulu) =—5 V(G DR u(t), s DFu(t)) dt — A | B(6)F(u(t)) di
0 0

T
—p\y®)Gu(t)dt forallue E*, 1/2<a <1,

where F(s) = {3 f(t)dt and G(s) = {; g(t) dt. Clearly, Jy,, is continuously
differentiable on ¢, and for every u,v € E* we have

(3-2) <Ji,M(U),v>=—S%[( Dfu(t), i D7o(t)) + (§D7u(t), 6Dy o(t))] dt

T T
— A BOF®)o(t) dt — 1§ 3B glult)o(t) d.
0 0

Now, by (2.11)) we have the following lemma:

LEMMA 3.1. Let 1/2 < o < 1 and Jy, be defined by (3.1)). If u € E*
is a solution of the Euler equation J) u= 0, then u is a solution of problem

(2.10) which satisfies problem (|1.1]). 7
Proof. The proof is similar to that of [JZ, Theorem 4.2] and is omitted. =

The goal of this work is to establish some new criteria for system ((1.1)) to
have at least three weak solutions in X, by means of a very recent abstract
critical points result of B. Ricceri [R]. First, we recall [R, Theorem 1], with
easy modifications, that we are going to use.

THEOREM 3.2. Let X be a reflexive real Banach space; let @ : X — R be
a coercive, continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateauzr derivative admits a continuous
inverse on X*; and let W : X — R be a continuously Gateauz differentiable
functional whose Gateauz derivative is compact and

B(0) = ¥(0) = 0.
Assume that there exist r > 0 and T € X, with r < &(x), such that
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SUPgzep—1(]—co,r W(JZ‘) U(x
(al) € (]r ) - ¢E:¥>

(a2) for each X in

)7

d(7) r
T () SUPgeg1(]—ooy]) ¥ (@)

the functional @ — AV is coercive.

Ay =

Then, for each compact interval [a,b] C A, there exists p > 0 with the
following property: for every \ € [a,b] and every C functional I' : X — R
with compact derivative, there exists § > 0 such that, for each p € [0, 4], the
equation

&' (z) — MW (x) — ul'(x) =0
has at least three solutions in X whose norms are less than p.

We recall that the derivative of @ admits a continuous inverse on X when
there exists a continuous operator 7' : X* — X such that T(9'(z)) = x for
all x € X.

LEMMA 3.3. Let T : E* — (E®)* be the operator defined by

T
1
(T(u),v) = — | @D u(t), i D7o(t)) + (EDTu(t), g Di'v(t))] dt
0
for all u,v € E, where (E*)* denotes the dual of E*. Then T admits a
continuous inverse on (E%)*.

Proof. By (2.12), for every u,v € E* we have
E (D5 (01 (8) — ua(0)), D (wn (1) — wa (1))

+ (D1 (1) = ua(0)), 507 (ma (1) — (1)) dt
= (DRG0~ w0 EDF () — ual0))
> !coos(wa)| |uy — usal2 > 0.

<T(U1) - T(UQ),ul — u2> - _

So T' is a strictly monotone operator.

Moreover, for u,, — u in B, we have T'(u,) — T'(u) in (E*)*. Since E*
is reflexive, we get T'(u,) — T'(u) in (E%)*. Hence T is demicontinuous. On
the other hand, T is coercive since

(T(u),u) > |cos(ma)| Jul3.
Now, we show that

(3.3) if w, —wand T'(up) — T(u) then wu, — u.
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Let us take a sequence {u,} C E* such that u,, = v in E* and T'(u,) —
T(u) in (E*)*. Then

(3.4) (T(un) — T'(u), up —u) < |[|T(un) — T(u)lallun — ulla — 0.
Note that
T
(T(n) = T(u),un —u) = = | (§DF (un(t) — u(t)), { D (un(t) — u(t))) dt
0

> Jeos(ma)| [|un — ull3.

So, by , we have ||u, —u|> — 0 as n — oo, and hence u,, — u in E<.
Note that the strict monotonicity of T implies its injectivity. Moreover,
T is coercive and demicontinuous, so it is semicontinuous. Consequently,
thanks to the Minty—Browder theorem [Z1], the operator T' is a surjection
and admits an inverse mapping.
It then suffices to show the continuity of 7-!. Let f,, — f in (E%)*. Let
{up} in E“ be such that

f) =un and T7Y(f) =u.

By the coercivity of T, {uy,} is bounded in the reflexive space E®. For a
suitable subsequence, we have u, — u in E%, which implies

lim (T'(up) — T(uw),up, —u) = lim (f, — f,un —u) = 0.
n—oo n—oo
It follows from and the continuity of T that u,, — @ in E* and T'(u,) —
T(u) in (E*)*.
Moreover, since T' is an injection, we conclude that u = u. =

We assume that the nonlinear term f € C'(R,RR) has the following prop-
erties:

(H1) There exist constants aj, az, a3 > 0 such that
|E(s)] < a1|s|2 + az\s\qu +a3, seR,
for some g € (0,2) and
cos(ma \fT(QO‘_l)/2 -2
ay € 0,| ( )‘H/BHOO Tiala T 112 :
I(e)(a+1)Y

(G1) g € C(RT,R) and there exist constants M > 0 and v € (0,2) such
that
g(0)=0 and |g(s)| <M+ s>,

Our main result reads as follows.

THEOREM 3.4. Let o € (1/2,1] and f € C(R,R) be a function such that
(H1) and (G1) hold. Assume that there exist positive constants aq, 31,0,
with oy + 1 <1 and 6 > vLq, g, and a function ws € B such that
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T T
(35) = \(§Dfws(t), §DFws(t)) dt + | |ws(t)* dt > 27,
0 0
T _ 2
B(t)F(ws(t)) dt V2T a=1)/2 2
(36) W POFLEO Bl e
) I(a)(a+1)Y2 ) |cos(ma)|
a— 2— 1—q/2
+ CLQTq/2 M ! L ! i + a3T
I(e)(a+1)1/2 |cos(ma) ok ’
where
P 1 [ 1
w2 o 2feos(ra)| [I2(2 - @)(3 — 20)

X (BFaf ™ + T2 — (T — 51)320‘)} > 0.

Then, for each compact interval
[a7 b] C Aa17517776

— SE)F B(t)F(ws(t)) dt . VaTetD/2 N2 9
= [ Ko, 8,02 1Bl [a1<p(a)(2a_1)1/2> |cos(ma)]

2T(a+1)/2 2—q 9 1-q/2 1 -1
/2 V2 — T
I <F(04)(2a - 1)1/2> (\COS(WM) ye T ] ]
c} P(ws) 7 [

W (ws)’ SUPyea-1(j—co2)) ¥ () [

there exists p > 0 with the following property: for every \ € |a,b] and any
g which satisfies (G1), there exists 6 > 0 such that, for each u € [0,6], the
problem has at least three distinct solutions in E* whose norms are
less than p.

Proof. In order to apply Theorem to our problem, let X := E“ and
consider the functionals @, ¥ : E* — R defined by

1 T
P(u) = -3 V(6D7u(t), {DFu(t)) dt,

(3.7) o
W(u) = | B)F(u(t)dt, Vue E".
0

It is clear that both & and ¥ are well-defined and continuously Géateaux
differentiable. This follows from Lemma [3.3] and the standard fact that &
is a coercive, sequentially weakly lower semicontinuous functional whose
Gateaux derivative admits a continuous inverse on (E“)*.



Multiplicity results for fractional BVPs 69

We claim that ¥’ : E¢ — (E®)* is a compact operator. To see this, it
is enough to show that ¥’ is strongly continuous on E¢. For this, for fixed
u € B let u, — u weakly in E“ as n — co. According to and Lemma
2.9, we have u, — u in C([0,T],R), which yields

T T
| B(t)f(un(t))dt — | B(t) f(u(t)) dt  strongly as n — co.
0 0

Thus, ¥’ is strongly continuous on E®, which implies that ¥’ is a compact
operator by [Z2, Proposition 26.2]. Hence the claim is true.

Now, ¢(0) = ¥(0) = 0. Let p € |0, +o0o[ and consider the function
SUP e (|—o0,0)) ¥ (W)

p
Taking into account (H1) and by the Holder inequality, it follows that

x(p) ==

T T
W(u) = | BE)F(u(t)dt < | B()]a1(u(t)® + az(u(t)* 7 + as] dt
0 0

IN

r T q/2 T 1—p/2
18l [ar § fu(t) 2 dt + ao (§12/7at)" (Y@ dt) " + as7|
0 0 0

< ||Bllsolarl[ul|% + a2T9?||ul|%59 + asT)
(2a—1)/2 \ 2
Fla)fa+1yz) 1"
\/§T(2a—1)/2
o) (a+1)1/?
Then, for every u € E% such that u € #~1(]—o0, p], owing to , we get
V2T(a=1/2 N2 9
#(w) < |8l |1 C )
T(a)(a+1)Y2 ) |cos(ma)|

5 T(2a=1)/2 \ 24 2 1-q/2
T/2 \[— s 1—q/2 Tl
o <F<a><a+1>1/2> (|cos<m>|) P

< a1||5|roo(

2—q _
+ a2 )2+ 1BllcasT.

Hence, by using the definition of @,

V2 T(2a-1)/2 )2 2p
U(u) < o0
ue@jl(l]lzoom]) (w) < 18] [al (F(a)(a +1)1/2 ) |cos(ra)|

(2a-1)/2 \ 2—¢ 2 1—q/2
q/2 V2T 1-q/2
ot <r<a><a+1>1/2> (rcos<m>|> £ *“‘”’T}
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This yields

V2T2a=D/2 N2 9
(38) X(p) S ”ﬁHOO|:a1<F(OJ)(O[+1>1/2> ‘COS(T['a)|
+ apT9/? <\/§T(2al)/2> o <2> PW?L 1 asT
r@a+n2) \jeos@a)l) o7
for every p > 0. Let
51t if 0<t<ay,
ws(t) = ¢ da if 61 <t <T — py,
5041(T—t) ifT—ﬁ1<t§T.
It is easy to see that ws € E“ and

(3.9)  0< &(ws) <

2 3-2a | m3-2a
T
~ 2|cos(ma)| [ T2%(2 — a)(3 — 2a) (Broi ™ +

_ (T _ 181)3—2a) 52‘

A direct computation taking into account that § >~L,, g, yields 72 < ®(ws).
Moreover,

T
(3.10) W (ws) = | B()F(ws(t)) dt.
0

Hence, from (3.9) and (3.10]), one has

(ws) _ S BOF (ws(t)) dt
(p(w5) o Ka17ﬂ152 ‘

In view of (3.6) and taking into account (3.8]) and (3.11]), we get

9y SWues-1(—o0o,0) ¥ (W)

(3.11)

x(v°) = e
\fT (2a—1)/2 \ 2
<
<18l o ( P17 ) Toostoa
(2a—1)/2 \ 2—¢ 1-q/2 4
q/2 \fT il
+al (o) <Mm i) eret]
<ﬁﬁ@F(<» ¥ (ws)
Km 5152 ( )

Therefore, the assumption (al) of Theorem [3.2]is satisfied with Z := w; and
r := 2. Moreover, owing to (H1), by (2.12) and the Holder inequality,
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T T
B(u) ~ A1) = 3 {(EDFu(t),EDFut)) dt — A B0 F (u(r)) dr
1T ’ T ’
> —= [ (6Dfu(t), §DFu(t) di — | B(b)]ar (u(t)® + az(u(t)*~ + ay) dt
0 0
T
ZW%T“USﬁMWm
0

T r q/2 T 1-p/2
— 1Blloe o § 1)) dt + az(§1%9a)" (Flu()2dt) ™ + ayT)|
0 0 0

COS\TTCx _
> 152 Bl el + T2 )5 + 057
cos(ma \/§T(2“*1)/2 2
> |l o (s ) |1
2 T(@)a+ 1)

V2 T(20-1)/2
I(a)(a+1)H2

Since ¢ € (0,2), the functional ¢ — AV is coercive for every positive param-
eter, in particular, for every

2—q
—aTWWmm( ) [l = 18l st

d(w 2
AE Aa1,,31,%5 - } ( 6) ! [

W (ws) SUPyed—1(]—coq2)) P(u) |

In particular, on account of Theorem for every interval [a, b] C Aq, 8, 4.5
there exists p > 0 with the following property: for every A € [a, b] and every
g € C(RT,R) which satisfies (G1), there exists 6 > 0 such that for every
w € [0,4], the equation @'(z) — A/ (x) — pul”(x) = 0 admits at least three
solutions in E* whose norms are less than p, where I' : E* — R is defined
by

T
(3.12) I'(u) = | y(t)G(u(t)) dt.
0

Here, we have exploited again the fact that E% is compactly embedded in
C([0,T],RN) for every 1/2 < a < 1, thus I' is of class C' with compact
derivative. Since the solutions of system are exactly the critical points
of the functional Jy ;, = ¢'(x) = \¥'(z) —pl"(x) = 0, the proof is complete. =

REMARK. The hypothesis a; € [0, Icos(ra)] Wa)' 1811 (%) ) in (H1)

can be substituted by the following growth condition.
(H2) lim sup 500 F(s)/s?> =0.
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Indeed, owing to (H1), problem (L.1]) is well defined. Therefore, the func-
tional & — AV is coercive for every A € (0,00). Indeed, for every € > 0 we
have |F(s)| < €|s|> + c(e) for every s € R. Consequently, for every u € E®,

B(u) — A (u)

> [ g (2T Tl — et
2 I'(a)(a+1)Y/2 @
Hence, ® — AV is coercive for every real positive parameter A.
REMARK. Let f € C(R*,R") be such that
1£(s)| < crs|™t, Vs €ER,
for some ¢; > 0 and r € (2,00). Clearly, the above growth condition is a
particular case of hypothesis (H1) and implies f(0) = 0. In this setting,

under the additional hypothesis (H2), Theorem ensures the existence of
at least three solutions for every

T
T Kay g, 050 52 '
wseR®
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