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On the behavior of algebraic polynomials in regions with
piecewise smooth boundary without cusps

by F. G. Abdullayev and C. D. Gün (Mersin)

Abstract. We continue studying the estimation of Bernstein–Walsh type for alge-
braic polynomials in regions with piecewise smooth boundary.

1. Introduction and main results. Let G ⊂ C be a finite region, with
0 ∈ G, bounded by a Jordan curve L := ∂G, ∆(t, R) := {w : |w − t| > R},
∆ := ∆(0, 1), Ω := extG = C \ G, where C = C ∪ {∞}. Let w = Φ(z)
be the univalent conformal mapping of Ω onto ∆ normalized by Φ(∞) =
∞, Φ′(∞) > 0, and Ψ := Φ−1.

Let ℘n, n ∈ N, denote the class of all algebraic polynomials Pn(z) with
degPn ≤ n. Let h(z) be a weight function defined in G. Denote by A(G)
the class of functions f which are analytic in G.

For any p > 0 we define

Ap(h,G) :=
{
f ∈ A(G) : ‖f‖pAp(h,G) :=

� �

G

h(z)|f(z)|p dσz <∞
}
,

where σz is two dimensional Lebesgue measure; we write Ap(1, G) ≡ Ap(G).

When L is rectifiable, for any p > 0, let

Lp(L) :=
{
f : ‖f‖pLp(h,L) :=

�

L

h(z)|f(z)|p |dz| <∞
}
,

and Lp(1, L) ≡ Lp(L).

For R > 1, set LR := {z : |Φ(z)| = R}, GR := intLR, ΩR := extLR.
The well known Bernstein–Walsh Lemma [13] says that

(1.1) ‖Pn‖C(GR)
≤ Rn‖Pn‖C(G).

Hence, setting R = 1 + 1/n, we see that the C-norms of a polynomial
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Pn(z) in GR and G are identical, i.e. the norm ‖Pn‖C(G) increases up to

multiplication by a constant in GR.

A similar estimate to (1.1) in the space Lp(L) was obtained in [9]:

(1.2) ‖Pn‖Lp(LR) ≤ R
n+1/p‖Pn‖Lp(L), p > 0.

To give a similar estimate for the Ap(G)-norm, we first give some defi-
nitions and notations.

Definition 1.1 ([10, p. 97], [11]). The Jordan arc (or curve) L is called
K-quasiconformal (K ≥ 1) if there is a K-quasiconformal mapping f of a
region D ⊃ L such that f(L) is a line segment (or circle).

Let F (L) denote the set of all sense preserving plane homeomorphisms
f of D ⊃ L such that f(L) is a line segment (or circle), and let

KL := inf{K(f) : f ∈ F (L)},

where K(f) is the maximal dilatation of f . Then L is a quasiconformal curve
if KL <∞, and L is a K-quasiconformal curve if KL ≤ K.

We note that the region D in Definition 1.1 can be C or a proper subset
of C. The case D ≡ C gives the global definition of a K-quasiconformal arc
or curve. If D ⊃ L is a neighborhood of the curve L, Definition 1.1 is called
local. This local definition has an advantage for determining the coefficients
of quasiconformality for some simple arcs or curves.

Let z = z(s), s ∈ [0,mesL], denote the natural representation of L.

Definition 1.2. We say that L ∈ Cθ if L has a continuous tangent
θ(z) := θ(z(s)) at every point z(s). We write G ∈ Cθ if ∂G ∈ Cθ.

According to [11], we have the following facts:

Corollary 1.3. If L ∈ Cθ, then L = ∂G is (1 + ε)-quasiconformal for
all ε > 0.

Corollary 1.4. If L is an analytic curve or arc, then L is 1-quasi-
conformal.

It is known that there exist quasiconformal curves which are not rectifi-
able [10, p. 104].

Let {zj}mj=1 be a fixed system of distinct points which are ordered in
the positive direction on the curve L. Consider a generalized Jacobi weight
function h(z) defined as follows:

(1.3) h(z) :=

m∏
j=1

|z − zj |γj , z ∈ GR,

where γj > −2 for every j = 1, . . . ,m.
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The Bernstein–Walsh type estimate for a region G with quasiconformal
boundary and weight function h(z) as in (1.3) in the space Ap(h,G), p > 0,
was given in [2]. In particular, for h(z) ≡ 1,

(1.4) ‖Pn‖Ap(GR)
≤ c2R∗

n+1/p‖Pn‖Ap(G)
, p > 0,

where R∗ := 1 + c3(R − 1). Therefore, if we choose R = 1 + c1/n, then
(1.4) shows that the Ap-norms of the polynomial Pn(z) in GR and in G are
identical.

N. Stylianopoulos [12] replaced the norm ‖Pn‖C(G) with ‖Pn‖A2(G) on

the right-hand side of (1.1) and found a new version of the Bernstein–Walsh
Lemma:

Lemma A ([12]). Assume that L is quasiconformal and rectifiable. Then
there exists a constant c = c(L) > 0 depending only on L such that

(1.5) |Pn(z)| ≤ c
√
n

d(z, L)
‖Pn‖A2(G)|Φ(z)|n+1, z ∈ Ω,

for every Pn ∈ ℘n, where d(z, L) := inf{|ζ − z| : ζ ∈ L}.
On the other hand, using the mean value theorem, for an arbitrary Jor-

dan region G, Pn ∈ ℘n, and any p > 0, we find

(1.6) |Pn(z)| ≤
(

1√
π d(z, L)

)2/p

‖Pn‖Ap(G), z ∈ G.

Hence, according to Corollary 1.3, from (1.5) and (1.6), we obtain an esti-
mate of |Pn(z)| for any Pn ∈ ℘n and G ∈ Cθ, in the whole complex plane:

(1.7) |Pn(z)| ≤ c3
d(z, L)

‖Pn‖A2(G)

{
1, z ∈ G,
√
n |Φ(z)|n+1, z ∈ Ω.

To estimate |Pn(z)| on the closed domain G, we give the following theo-
rem:

Theorem 1.5. Let p > 1, let G be a region bounded by a K-quasi-
conformal curve L := ∂G, and let h(z) be a weight function as in (1.3).
Then, for any Pn ∈ ℘n, n ∈ N, and every zj ∈ L, j = 1, . . . ,m,

(1.8) |Pn(zj)| ≤ c4n(2+γj)s/p‖Pn‖Ap(h,G),

and consequently

(1.9) ‖Pn‖C(G) ≤ c4n
(2+γ̂)s/p‖Pn‖Ap(h,G),

where c4 = c4(G, p) > 0, s := min{2,K2}, γ̂ := max{0, γj : j = 1, . . . ,m}.
Therefore, if G ∈ Cθ, then for any Pn ∈ ℘n, n ∈ N, and p > 0, from

Corollary 1.3, we have

(1.10) |Pn(z)| ≤ c4n2/p+ε‖Pn‖Ap(G), ∀z ∈ G,
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for an arbitrarily small ε > 0, and consequently, from (1.5) and (1.10),

(1.11) |Pn(z)| ≤ c5‖Pn‖A2(G)


n1+ε, z ∈ G,√

n

d(z, L)
|Φ(z)|n+1, z ∈ Ω.

(1.11) gives an estimate of |Pn(z)| in the whole complex plane in the case
of h(z) ≡ 1, p = 2 for G ∈ Cθ.

In this work, we study similar problems for regions with piecewise smooth
boundary (without cusps) and a generalized Jacobi weight function h(z), as
defined in (1.3), in Ap(h,G), p > 1.

Let us give the corresponding definitions and some notations that will
be used later.

Definition 1.6. We say that a Jordan region G is in Cθ(λ1, . . . , λm),
0 < λj < 2, j = 1, . . . ,m, if L = ∂G is the union of finitely many smooth
arcs {Lj}mj=1, such that they have exterior angles λjπ, 0 < λj < 2, (with

respect to G) at the corner points {zj}mj=1 ∈ L, where two arcs meet.

According to the “three-point” criterion [6, p. 100], every piecewise
smooth curve (without cusps) is quasiconformal.

Now we can state our new results.
For 0 < δj < δ0 := 1

4 min{|zi − zj | : i, j = 1, . . . ,m, i 6= j}, let
Ω(zj , δj) := Ω∩{z : |z−zj | ≤ δj}, δ := min1≤j≤m δj , Ω(δ) :=

⋃m
j=1Ω(zj , δ),

Ω̂ := Ω \Ω(δ).
We first consider the case when there is only one singular point on the

curve L, i.e. m = 1 and for simplicity assume that λ1 =: λ, γ1 =: γ.

Theorem 1.7. Let p > 1, let G ∈ Cθ(λ), 0 < λ < 2, and let h(z) be as
defined in (1.3) for m = 1. Then, for any Pn ∈ ℘n, n ∈ N, and R1 = 1+1/n,

(1.12) |Pn(z)| ≤ c6
Gn,1

d(z, LR1)
‖Pn‖Ap(h,G)|Φ(z)|n+1, z ∈ ΩR1 ,

where c6 = c6(G, p, ε) > 0,

(1.13)

Gn,1=



n1/p+εp if p ≥ 2, 0 < λ < 2, −2 < γ < 1/λ+ (p− 2),

or p < 2, 1 ≤ λ < 2, −2 < γ < 1/λ− (2− p),
or p < 2, 0 < λ < 1, −2 < γ < (p− 1)/λ;

nγλ/p+(2/p−1)λ+ε if p ≥ 2, 0 < λ < 2, γ ≥ 1/λ+ (p− 2),

or p < 2, 1 ≤ λ < 2, γ ≥ 1/λ− (2− p),
nγλ/p+(2/p−1)+ε if p < 2, 0 < λ < 1, γ ≥ (p− 1)/λ,

and εp = ε if p 6= 2 while εp = 0 if p = 2.

In particular, in the case of p = 2, we obtain:
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Corollary 1.8. Let p = 2, let G ∈ Cθ(λ), 0 < λ < 2, and let h(z) be
as in (1.3) for m = 1. Then, for any Pn ∈ ℘n, n ∈ N, and R1 = 1 + 1/n,

(1.14) |Pn(z)| ≤ c7
Gn,2

d(z, LR1)
‖Pn‖A2(h,G)|Φ(z)|n+1, z ∈ ΩR1 ,

where c7 = c7(G) > 0 and

(1.15) Gn,2 <

{
n1/2, −2 < γ < 1/λ, 0 < λ < 2,

nγλ/2+ε, γ ≥ 1/λ, 0 < λ < 2.

Now, we will give an estimate similar to (1.10) for G ∈ Cθ(λ1, . . . , λm),
0 < λj < 2, j = 1, . . . ,m, m ≥ 2, in Ap(h,G).

Theorem 1.9. Let p > 1, let G ∈ Cθ(λ1, . . . , λm), 0 < λj < 2, j =
1, . . . ,m, and let h(z) be as defined in (1.3). Then, for any j = 1, . . . ,m and
Pn ∈ ℘n, n ∈ N,

(1.16) |Pn(zj)| ≤ c8n(2+γj)λj/p+ε‖Pn‖Ap(h,G),

for an arbitrarily small ε > 0, where c8 = c8(G, p, λj , ε) > 0.

Combining (1.12) and (1.16), we obtain:

Corollary 1.10. Let p > 1, let G ∈ Cθ(λ), 0 < λ < 2, and let h(z)
be as defined in (1.3) for m = 1. Then, for any Pn ∈ ℘n, n ∈ N, and
R1 = 1 + 1/n,

(1.17) |Pn(z)| ≤ c9‖Pn‖Ap(h,G)

n(2+γ̂)λ̂/p+ε, ∀ε > 0, z ∈ GR1,
Gn,1

d(z, LR1)
|Φ(z)|n+1, z ∈ ΩR1,

where c9 = c9(G, p, λ, ε) > 0, γ̂ := max{0, γ},

λ̂ =

{
λ if z ∈ Ω(z1, δ1),

1 if z ∈ Ω \Ω(z1, δ1),

and Gn,1 is defined in (1.13).

Corollary 1.11. Let p = 2, let G ∈ Cθ(λ), 0 < λ < 2, and let h(z)
be as defined in (1.3) for m = 1. Then, for any Pn ∈ ℘n, n ∈ N, and
R1 = 1 + 1/n,

(1.18) |Pn(z)| ≤ c10‖Pn‖Ap(h,G)

n(1+γ̂/2)λ̂+ε, ∀ε > 0, z ∈ GR1,
Gn,2

d(z, LR1)
|Φ(z)|n+1, z ∈ ΩR1,

where c10 = c10(G,λ, ε) > 0, γ̂ := max{0, γ}, λ̂ is as in Corollary 1.10, and
Gn,2 is defined in (1.15).



44 F. G. Abdullayev and C. D. Gün

1.1. The general case. In this section, we consider the general case,
i.e. m ≥ 2. Let us first introduce some notations.

Let {zj}mj=1 be points on the curve L ordered in the positive direction.
Set λ∗k := max{λj : j = 1, . . . , k, k ≤ m}, λk∗ := min{λj : j = 1, . . . , k,
k ≤ m}, λ∗ := λ∗m, λ∗ := λm∗,

λ̃ :=

{
λ∗ if p ≥ 2,

λ∗ if p < 2,
λ̃k :=

{
λk∗ if p ≥ 2,

λ∗k if p < 2.

For any j = 1, . . . ,m, let µj := 1/λj + (p − 2), ηj := 1/λj − (2 − p),
ωj := (p− 1)/λj , γ

∗
k := max{γj : j = 1, . . . , k, k ≤ m}, γ∗ := γ∗m, Γ := {γj :

j = 1, . . . ,m}, Γj,k := {γj ∈ Γ : γj ≤ µk, k, j = 1, . . . ,m}, Γ̃j,k := Γ \ Γj,k.
Let wj := Φ(zj).

Now, we can give new results for the general case:

Theorem 1.12. Let p > 1, let G ∈ Cθ(λ1, . . . , λm), 0 < λj < 2, j =
1, . . . ,m, and let h(z) be as defined in (1.3). Then, for any Pn ∈ ℘n, n ∈ N,
R1 = 1 + 1/n, and all sufficiently small ε > 0,

(1.19) |Pn(z)| ≤ c11
Dn,1

d(z, LR1)
‖Pn‖Ap(h,G)|Φ(z)|n+1, z ∈ ΩR1 ,

where c11 = c11(G, p) > 0,

Dn,1 =

n1/p+εp if p ≥ 2, 0 < λj < 2, −2 < γj < 1/λj + (p− 2), ∀j,
or p < 2, 1 ≤ λj < 2, −2 < γj < 1/λj − (2− p), ∀j,
or p < 2, 0 < λj < 1, −2 < γj < (p− 1)/λj , ∀j;

m∑
j=1

nγjλj/p+(2/p−1)λj+ε if p ≥ 2, 0 < λj < 2, γj ≥ 1/λj + (p− 2), ∀j,

or p < 2, 1 ≤ λj < 2, γj ≥ 1/λj − (2− p), ∀j;
m∑
j=1

nγjλj/p+(2/p−1)+ε if p < 2, 0 < λj < 1, γj ≥ (p− 1)/λj , ∀j;

and εp = ε if p 6= 2, while εp = 0 if p = 2.

Theorem 1.12 is local, that is, each term in the sum that gives Dn,1 shows
the growth of |Pn(z)|, depending on the behavior of the weight function
h(z) and the neighborhood of the point zj for any j = 1, . . . ,m outside the
corner λj .

Comparing the terms in the sum for each point zj , j = 1, . . . ,m, and
using the above notation, we can obtain the following global result:
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Theorem 1.13. Let p > 1, G ∈ Cθ(λ1, . . . , λm), 0 < λj < 2, j =
1, . . . ,m, and let h(z) be as defined in (1.3). Then, for any Pn ∈ ℘n, n ∈ N,
and R1 = 1 + 1/n, we have

(1.20) |Pn(z)| ≤ c12
Dn,2

d(z, LR1)
‖Pn‖Ap(h,G)|Φ(z)|n+1, z ∈ ΩR1 ,

where c12 = c12(G, p,m) > 0,

Dn,2 =

n1/p+εp if p ≥ 2, 0 < λj < 2, and −2 < γj < µ1, ∀j,
or p < 2, 1 ≤ λj < 2, and −2 < γj < η1, ∀j,
or p < 2, 0 < λj < 1, and −2 < γj < ω1, ∀j;

nγ
∗λ∗/p+(2/p−1)λ̃+ε if p ≥ 2, 0 < λj < 2, γj ≥ µm, ∀j,

or p < 2, 1 ≤ λj < 2, γj ≥ ηm, ∀j;
nγ
∗
kλ
∗
k/p+(2/p−1)λ̃k+ε if p ≥ 2, 0 < λj < 2, µk ≤ γj < µk+1, ∀j, k,

or p < 2, 1 ≤ λj < 2, ηk ≤ γj < ηk+1, ∀j, k;

nγ
∗λ∗/p+(2/p−1)+ε if p < 2, 0 < λj < 1, γj ≥ ωm, ∀j;

nγ
∗
kλ
∗
k/p+(2/p−1)+ε if p < 2, 0 < λj < 1, ωk ≤ γj < ωk+1, ∀j, k,

(k = 1, . . . ,m− 1) and εp = ε if p 6= 2, while εp = 0 if p = 2.

1.2. Sharpness. The sharpness of (1.12)–(1.20) can be seen from the
following:

Remark 1.14. (a) For any n ∈ N there exists a polynomial Q∗n ∈ ℘n,
a region G∗1 ⊂ C, and a constant c13 = c13(G

∗
1, ε) > 0 such that for all

z ∈ G∗1,
|Q∗n(z)| ≥ c13n‖Q∗n‖A2(G∗1)

.

(b) For any n ∈ N there exists a polynomial P ∗n ∈ ℘n, a region G∗2 ⊂ C,
a compact set F b Ω∗ := C\G∗2, and a constant c14 = c15(G

∗
2, F

∗) > 0 such
that

|P ∗n(z)| ≥ c14
√
n

d(z, L)
‖P ∗n‖A2(G∗2)

|Φ(z)|n+1, z ∈ F b Ω∗.

2. Some auxiliary results. Let G ⊂ C be a finite region bounded by
a Jordan curve L, let B(ζ, r) := {z : |z − ζ| < r}, and let w = ϕ(z) be
the univalent conformal mapping of G onto B := B(0, 1), normalized by
ϕ(0) = 0, ϕ′(0) > 0, and ψ := ϕ−1.

The interior or exterior level curve can be defined for t > 0 as

Lt := {z : |ϕ(z)| = t if t < 1, |Φ(z)| = t if t > 1}, L1 ≡ L,
and let Gt := intLt, Ωt := extLt.



46 F. G. Abdullayev and C. D. Gün

Throughout this paper, c, c0, c1, c2, . . . are positive constants (in general,
different in different relations), which depend on G in general. For nonnega-
tive functions a > 0 and b > 0, we shall use the notations “a ≺ b” if a ≤ cb,
and “a � b” if c1a ≤ b ≤ c2a, for some constants c, c1, c2 (independent of a
and b), respectively.

Lemma 2.1 ([3]). Let L be a K-quasiconformal curve, z1 ∈ L, z2, z3 ∈
Ω ∩ {z : |z − z1| ≺ d(z1, Lr0)}, wj = Φ(zj) (or z2, z3 ∈ G ∩ {z : |z − z1| ≺
d(z1, LR0)}, wj = ϕ(zj)), j = 1, 2, 3. Then

(a) The statements |z1 − z2| ≺ |z1 − z3| and |w1 − w2| ≺ |w1 − w3| are
equivalent. So are |z1 − z2| � |z1 − z3| and |w1 − w2| � |w1 − w3|.

(b) If |z1 − z2| ≺ |z1 − z3|, then∣∣∣∣w1 − w3

w1 − w2

∣∣∣∣K2

≺
∣∣∣∣z1 − z3z1 − z2

∣∣∣∣ ≺ ∣∣∣∣w1 − w3

w1 − w2

∣∣∣∣K−2

,

where ε < 1, c > 1, 0 < r0 < 1, R0 := r−10 are constants, depending on G.

Corollary 2.2. Under the assumptions of Lemma 2.1, if z3 ∈ Lr0
(or z3 ∈ LRr0), then

|w1 − w2|K
2 ≺ |z1 − z2| ≺ |w1 − w2|K

−2
.

Corollary 2.3. If L ∈ Cθ, then

|w1 − w2|1+ε ≺ |z1 − z2| ≺ |w1 − w2|1−ε

for all ε > 0.

Recall that for 0 < δj < δ0 := 1
4 min{|zi − zj | : i, j = 1, . . . ,m, i 6= j},

we put Ω(zj , δj) := Ω ∩ {z : |z − zj | ≤ δj}; δ := min1≤j≤m δj , Ω(δ) :=⋃m
j=1Ω(zj , δ), Ω̂ := Ω \ Ω(δ). Additionally, let ∆j := Φ(Ω(zj , δ)), ∆(δ) :=⋃m
j=1 Φ(Ω(zj , δ)), ∆̂(δ) := ∆ \∆(δ). Let wj := Φ(zj). For ϕj := argwj , j =

1, . . . ,m, we put

∆′j :=

{
t = Reiθ : R > 1,

ϕj−1 + ϕj
2

≤ θ < ϕj + ϕj+1

2

}
,

where ϕ0 ≡ ϕm, ϕ1 ≡ ϕm+1, Ωj := Ψ(∆′j), and LjR1
:= LR1 ∩ Ωj . Clearly,

Ω =
⋃m
j=1Ωj .

The following lemma is a consequence of the results given in [8], [14].

Lemma 2.4. Let G ∈ Cθ(λ1, . . . , λm), 0 < λj < 2, j = 1, . . . ,m. Then

(i) for any w ∈ ∆j,

|w − wj |λj+ε ≺ |Ψ(w)− Ψ(wj)| ≺ |w − wj |λj−ε,
|w − wj |λj−1+ε ≺ |Ψ ′(w)| ≺ |w − wj |λj−1−ε,
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(ii) for any w ∈ ∆ \∆j,

(|w| − 1)1+ε ≺ d(Ψ(w), L)| ≺ (|w| − 1)1−ε,

(|w| − 1)ε ≺ |Ψ ′(w)| ≺ (|w| − 1)−ε.

Let {zj}mj=1 be a fixed system of distinct points on the curve L ordered
in the positive direction and let h(z) be a weight function as defined in (1.3).

Lemma 2.5 ([5]). Let L be a K-quasiconformal curve and R = 1 + c/n.
Then for any fixed ε ∈ (0, 1) there exists a level curve L1+ε(R−1) such that
for any polynomial Pn(z) ∈ ℘n, n ∈ N,

(2.1) ‖Pn‖Lp(h/Φ′, L1+ε(R−1)) ≺ n
1/p‖Pn‖Ap(h, G), p > 0.

Lemma 2.6 ([2]). Let L be a K-quasiconformal curve and let h(z) be as
in (1.3). Then, for arbitrary Pn(z) ∈ ℘n, any R > 1, and n = 1, 2, . . . ,

(2.2) ‖Pn‖Ap(h,GR) ≺ R̃
n+1/p‖Pn‖Ap(h,G), p > 0,

where R̃ = 1 + c(R− 1) and c is independent of n and R.

3. Proofs

Proof of Theorem 1.12. For z ∈ Ω let

(3.1) Tn(z) := Pn(z)/Φn+1(z).

For any R > 1 and R1 := 1 + (R− 1)/2, the Cauchy integral representation
for ΩR1 gives

Tn(z) = − 1

2πi

�

LR1

Tn(ζ)
dζ

ζ − z
, z ∈ ΩR1 .

Since |Φ(ζ)| > 1 for ζ ∈ LR1 , we have

(3.2)

|Pn(z)| = |Φ(z)|n+1

2π

�

LR1

|Pn(ζ)| |dζ|
|ζ − z|

≤ |Φ(z)|n+1

2πd(z, LR1)

�

LR1

|Pn(ζ)| |dζ|.

Let

An :=
�

LR1

|Pn(ζ)| |dζ| =
m∑
i=1

�

LiR1

|Pn(ζ)| |dζ|(3.3)

=
m∑
i=1

�

F iR1

|Pn(Ψ(τ))| |Ψ ′(τ)| |dτ |,

where F iR1
:= Φ(LiR1

) = ∆′i∩{τ : |τ | = R1}, i = 1, . . . ,m. Changing variable
τ = Φ(ζ) and multiplying the numerator and denominator of the integrand
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by
∏m
j=1 |Ψ(τ)−Ψ(wj)|γj/p|Ψ ′(τ)|2/p and applying the Hölder inequality, we

obtain

An =

m∑
i=1

�

F iR1

∏m
j=1 |Ψ(τ)− Ψ(wj)|γj/p|Pn(Ψ(τ))(Ψ ′(τ))2/p| |Ψ ′(τ)|1−2/p∏m

j=1 |Ψ(τ)− Ψ(wj)|γj/p
|dτ |

(3.4)

≤
m∑
i=1

( �

F iR1

m∏
j=1

|Ψ(τ)− Ψ(wj)|γj |Pn(Ψ(τ))|p|Ψ ′(τ)|2 |dτ |
)1/p

×
( �

F iR1

(
|Ψ ′(τ)|1−2/p∏m

j=1 |Ψ(τ)− Ψ(wj)|γj/p

)q
|dτ |

)1/q

≤
m∑
i=1

Ain,

where

Ain :=
( �

F iR1

|fn,p(τ)|p |dτ |
)1/p( �

F iR1

|Ψ ′(τ)|2−q∏m
j=1 |Ψ(τ)− Ψ(wj)|γj(q−1)

|dτ |
)1/q

=: J in,1 · J in,2,
with

fn,p(τ) :=
m∏
j=1

(Ψ(τ)− Ψ(wj))
γj/pPn(Ψ(τ))(Ψ ′(τ))2/p, |τ | = R1.

Applying Lemma 2.5, we get

(3.5) J in,1 ≺ n1/p‖Pn‖Ap(h,G), i = 1, . . . ,m.

Moreover

(J in,2)
q =

�

F iR1

|Ψ ′(τ)|2−q∏m
j=1 |Ψ(τ)− Ψ(wj)|γj(q−1)

|dτ |(3.6)

�
�

F iR1

|Ψ ′(τ)|2−q

|Ψ(τ)− Ψ(wi)|γi(q−1)
|dτ |,

since the points wj := Φ(zj) are distinct.
For simplicity, we take i = 1, J in,1 =: J1, J

1
n,2 =: J2. Let w1 := Φ(z1) and

E11
R1

:= {τ ∈ F 1
R1

: |τ − w1| < c1(R1 − 1)},
E12
R1

:= {τ ∈ F 1
R1

: c1(R1 − 1) ≤ |τ − w1| < c2},
E13
R1

:= {τ ∈ F 1
R1

: |τ − w1| ≥ c2}.
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Then

F 1
R1

=
3⋃

k=1

E1k
R1
.

In these notations, (3.6) can be written as

(3.7) J2 = J2(E
11
R1

) + J2(E
12
R1

) + J2(E
13
R1

) =: J1
2 + J2

2 + J3
2 ,

and consequently

(3.8) A1
n =: J1 · (J1

2 + J2
2 + J3

2 ) =: A1
n,1 +A1

n,2 +A1
n,3,

where

(3.9) A1
n,k := n1/p‖Pn‖Ap(h,G)

�

E1k
R1

|Ψ ′(τ)|2−q

|Ψ(τ)− Ψ(w1)|γ1(q−1)
|dτ |, k = 1, 2, 3.

Given the possible values q (q > 2 and q < 2), λ1 (0 < λ1 < 1 and
1 < λ1 < 2), and γ1 (−2 < γ1 < 0 and γ1 ≥ 0), we will consider several
cases separately.

Case 1. Let 1 < q < 2 (p > 2). Then

(J1
2 )q �

�

E11
R1

|Ψ ′(τ)|2−q

|Ψ(τ)− Ψ(w1)|γ1(q−1)
|dτ |.

1.1. Let 1 ≤ λ1 < 2.
1.1.1. If γ1 ≥ 0, applying Lemma 2.4 to (3.9), we get

(J1
2 )q ≺

�

E11
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ |

≺
(

1

n

)(λ1−1−ε)(2−q) �

E11
R1

|dτ |
(|τ | − 1)γ1(λ1+ε)(q−1)

≺ nγ1λ1(q−1)−(λ1−1)(2−q)−1+ε if γ1λ1(q − 1) > 1,

so

J1
2 ≺ n

γ1λ1(q−1)−(λ1−1)(2−q)−1
q

+ε
, ∀ε > 0, if γ1λ1(q − 1) ≥ 1.

Moreover

(J2
2 )q ≺

�

E12
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ |

≺
(

1

n

)(λ1−1−ε)(2−q) �

E12
R1

|dτ |
(|τ | − 1)γ1(λ1+ε)(q−1)

≺ nγ1(λ1+ε)(q−1)−(λ1−1−ε)(2−q)−1+ε if γ1λ1(q − 1) ≥ 1,
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so

J2
2 ≺ n

γ1λ1(q−1)−(λ1−1)(2−q)−1
q

+ε
, ∀ε > 0, if γ1λ1(q − 1) ≥ 1.

In this case, from (3.7) and (3.8), we obtain

(3.10)
A1
n,1 ≺ n

(
2+γ1
p
−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ n

(
2+γ1
p
−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

if γ1λ1(q − 1) ≥ 1.

1.1.2. If γ1 < 0, we analogously have

(J1
2 )q ≺

�

E11
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1λ1(q−1)
|dτ |

≺
�

E11
R1

(|τ | − 1)(λ1−1−ε)(2−q)+(−γ1)(λ1−ε)(q−1) |dτ |

≺ (1/n)(λ1−1−ε)(2−q)+(−γ1)(λ1−ε)(q−1) ·mesE11
R1
,

so

J1
2 ≺ n

γ1λ1(q−1)−(λ1−1)(2−q)−1
q

+ε
, ∀ε > 0.

Moreover

(J2
2 )q �

�

E12
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1−ε)(q−1)
|dτ | ≺

�

E12
R1

|dτ | ≺ 1.

Also,

(3.11)
A1
n,1 ≺ n

(
2+γ1
p
−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ n1/p‖Pn‖Ap(h,G).

1.2. Let 0 < λ1 < 1.

1.2.1. If γ1 ≥ 0, applying Lemma 2.4 to (3.9) we get

(J1
2 )q ≺

�

E12
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ | ≺ nγ1λ1(q−1)+(1−λ1)(2−q)−1+ε

if γ1λ1(q − 1) + (1− λ1)(2− q) ≥ 1. Hence

J1
2 ≺ n

γ1λ1(q−1)+(1−λ1)(2−q)−1

q
+ε
, ∀ε > 0, if γ1λ1(q−1)+(1−λ1)(2−q) ≥ 1.

Moreover

(J2
2 )q ≺

�

E12
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ | ≺ nγ1(λ1+ε)(q−1)+(1−λ1+ε)(2−q)−1
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if γ1λ1(q − 1) + (1− λ1)(2− q) ≥ 1, so that

J2
2 ≺ n

γ1λ1(q−1)+(1−λ1)(2−q)−1
q

+ε
, ∀ε > 0, if γ1λ1(q− 1) + (1−λ1)(2− q) ≥ 1.

In this case, for A1
n,1 and A1

n,2 from (3.8) we obtain

(3.12)
A1
n,1 ≺ nγ1λ1/p−(1−2/p)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ nγ1λ1/p−(1−2/p)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

if γ1λ1(q − 1) + (1− λ1)(2− q) ≥ 1.
1.2.2. If γ1 < 0, we analogously have

(J1
2 )q ≺

�

E11
R1

|τ − w1|(−γ1)(λ1−ε)(q−1)

|τ − w1|(1−λ1+ε)(2−q)
|dτ |

≺
(

1

n

)(−γ1)(λ1−ε)(q−1) �

E11
R1

|dτ |
|τ − w1|(1−λ1+ε)(2−q)

≺ 1,

and

(J2
2 )q �

�

E12
R1

|τ − w1|(−γ1)(λ1−ε)(q−1)

|τ − w1|(1−λ1+ε)(2−q)
|dτ | ≺ 1.

Also,

(3.13) A1
n,1 ≺ n1/p‖Pn‖Ap(h,G), A1

n,2 ≺ n1/p‖Pn‖Ap(h,G).

Case 2. Let q > 2 (p < 2). Then 2− q < 0 and so

(3.14) (J1
2 )q �

�

E11
R1

|dτ |
|Ψ ′(τ)|q−2|ζ − z1|γ1(q−1)

.

2.1. Let 1 ≤ λ1 < 2.
2.1.1. If γ1 ≥ 0, applying Lemma 2.4 to (3.14), we obtain

(J1
2 )q ≺

�

E11
R1

|dτ |
|τ − w1|(λ1−1+ε)(q−2)|τ − w1|γ1(λ1+ε)(q−1)

≺ nγ1(λ1+ε)(q−1)+(λ1−1+ε)(q−2)−1

if γ1λ1(q − 1) + (λ1 − 1)(q − 2) ≥ 1. Hence

J1
2 ≺ n

γ1λ1(q−1)+(λ1−1)(q−2)−1
q

+ε
if γ1λ1(q − 1) + (λ1 − 1)(q − 2) ≥ 1.

Moreover

(J2
2 )q ≺

�

E12
R1

|dτ |
|τ − w1|(λ1−1+ε)(q−2) |τ − w1|γ1(λ1+ε)(q−1)

≺ nγ1(λ1+ε)(q−1)+(λ1−1+ε)(q−2)−1, ∀ε > 0,
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if γ1λ1(q − 1) + (λ1 − 1)(q − 2) ≥ 1, so that

J2
2 ≺ n

γ1λ1(q−1)+(λ1−1)(q−2)−1
q

+ε
, ∀ε > 0, if γ1λ1(q−1)+(λ1−1)(q−2) ≥ 1.

In this case, from (3.8), we have

(3.15)
A1
n,1 ≺ nγ1λ1/p+(2/p−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ nγ1λ1/p+(2/p−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

if γ1λ1(q − 1) + (λ1 − 1)(q − 2) ≥ 1.

2.1.2. If γ1 < 0, we analogously have

(J1
2 )q �

�

E11
R1

|τ − w1|(−γ1)(λ1−ε)(q−1)

|τ − w1|(λ1−1+ε)(q−2)
|dτ |

≺ n(λ1−1)(q−2)+γ1λ1(q−1)−1+ε if (λ1 − 1)(q − 2) ≥ 1,

so

J1
2 ≺ n

(λ1−1)(q−2)+γ1λ1(q−1)−1
q

+ε
, ∀ε > 0, if (λ1 − 1)(q − 2) ≥ 1.

Moreover

(J2
2 )q �

�

E12
R1

|τ − w1|(−γ1)(λ1−ε)(q−1)

|τ − w1|(λ1−1+ε)(q−2)
|dτ |

≺ n(λ1−1)(q−2)−1+ε if (λ1 − 1)(q − 2) ≥ 1,

and hence

J2
2 ≺ n

(λ1−1)(q−2)−1
q

+ε
, ∀ε > 0, if (λ1 − 1)(q − 2) ≥ 1.

So,

(3.16)
A1
n,1 ≺ n(2/p−1)λ1+γ1λ1/p+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ n(2/p−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

if (λ1 − 1)(q − 2) ≥ 1.

2.2. Let 0 < λ1 < 1.

2.2.1. If γ1 ≥ 0, applying Lemma 2.4 to (3.14), we obtain

(J1
2 )q ≺

�

E11
R1

|τ − w1|(1−λ1−ε)(q−2)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ |

≺ n−(1−λ1)(q−2)+γ1λ1(q−1)−1+ε if γ1λ1(q − 1) ≥ 1,

so that

J1
2 ≺ n

−(1−λ1)(q−2)+γ1λ1(q−1)−1
q

+ε
, ∀ε > 0, if γ1λ1(q − 1) ≥ 1.
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Moreover

(J2
2 )q ≺

�

E12
R1

|τ − w1|(1−λ1−ε)(q−2)

|τ − w1|γ1(λ1+ε)(q−1)
|dτ |

≺ nγ1(λ1+ε)(q−1)−1+ε if γ1λ1(q − 1) ≥ 1,

and hence

J2
2 ≺ n

γ1λ1(q−1)−1
q

+ε
, ∀ε > 0, if γ1λ1(q − 1) ≥ 1.

In this case, from (3.8), we have

(3.17)
A1
n,1 ≺ n

(
2+γ1
p
−1)λ1+ε‖Pn‖Ap(h,G), ∀ε > 0,

A1
n,2 ≺ n(2/p−1)+γ1λ1/p+ε‖Pn‖Ap(h,G), ∀ε > 0,

if γ1λ1(q − 1) ≥ 1.

2.2.2. If γ1 < 0, we analogously have

(J1
2 )q �

�

E11
R1

|τ − w1|(1−λ1−ε)(q−2)

|τ − w1|γ1(λ1−ε)(q−1)
|dτ |

≺
(

1

n

)(1−λ1−ε)(q−2)+(−γ1)(λ1−ε)(q−1)
·mesE1

R1
≺ 1,

and

(J2
2 )q �

�

E12
R1

|τ − w1|(λ1−1−ε)(2−q)

|τ − w1|γ1(λ1−ε)(q−1)
|dτ | ≺

�

E12
R1

|dτ | ≺ 1.

Hence

(3.18) A1
n,1 ≺ n1/p‖Pn‖Ap(h,G), A1

n,2 ≺ n1/p‖Pn‖Ap(h,G).

To estimate A1
n,3, in all cases, we note that |ζ−z1| � 1 for each ζ ∈ E13

R1
,

and so

(J3
2 )q �

�

E13
R1

|dτ |
(|τ | − 1)(2−q)ε

,

hence

J3
2 ≺ nε, ∀ε > 0, if p 6= 2 and J3

2 ≺ 1 if p = 2.

Consequently,

(3.19)
A1
n,3 ≺ n1/p+ε‖Pn‖Ap(h,G), ∀ε > 0 if p 6= 2,

A1
n,3 ≺ n1/2‖Pn‖A2(h,G) if p = 2.
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Therefore, combining (3.8)–(3.19), we get

A1
n =

3∑
k=1

A1
n,k ≺ ‖Pn‖Ap(h,G)

×



n
(
2+γ1
p
−1)λ1+ε + n

(
2+γ1
p
−1)λ1+ε + n1/p+ε,

p > 2, λ1 ≥ 1, γ1λ1(q − 1) ≥ 1;

nγ1λ1/p−(1−2/p)λ1+ε + nγ1λ1/p−(1−2/p)λ1+ε + n1/p+ε,

p > 2, λ1 < 1, γ1λ1(q − 1) + (λ1 − 1)(q − 2) ≥ 1;

nγ1λ1/p+(2/p−1)λ1+ε + nγ1λ1/p+(2/p−1)λ1+ε + n1/p+ε,

p < 2, λ1 ≥ 1, γ1λ1(q − 1) ≥ 1;

n
(
2+γ1
p
−1)λ1+ε + n(2/p−1)+γ1λ1/p+ε + n1/p+ε,

p < 2, λ1 < 1, γ1λ1(q − 1) ≥ 1,

if γ1 ≥ 0, and

A1
n =

3∑
k=1

A1
n,k ≺ ‖Pn‖Ap(h,G)

×



n
(
2+γ1
p
−1)λ1+ε + n1/p + n1/p+ε, p > 2, λ1 ≥ 1;

n1/p + n1/p + n1/p+ε, p > 2, λ1 < 1;

n(2/p−1)λ1+γ1λ1/p+ε + n(2/p−1)λ1+ε + n1/p+ε, p < 2, λ1 ≥ 1,

(λ1 − 1)(q − 2) ≥ 1;

n(2/p−1)+γ1λ1/p+ε + n1/p + n1/p+ε, p < 2, λ1 < 1,

if γ1 < 0, for any sufficiently small ε > 0.

Hence,

(3.20) A1
n ≺ ‖Pn‖Ap(h,G)

×



n1/p+ε, p > 2, λ1 ≥ 1, 0 ≤ γ1λ1 < 1 + λ1(p− 2);

nγ1λ1/p−(1−2/p)λ1+ε, p > 2, λ1 ≥ 1, γ1λ1 ≥ 1 + λ1(p− 2);

n1/p+ε, p > 2, λ1 < 1, 0 ≤ γ1λ1 < 1 + λ1(p− 2);

nγ1λ1/p−(1−2/p)λ1+ε, p > 2, λ1 < 1, γ1λ1 ≥ 1 + λ1(p− 2);

n1/p+ε, p < 2, λ1 > 1, 0 ≤ γ1λ1 < 1− λ1(2− p);
nγ1λ1/p+(2/p−1)λ1+ε, p < 2, λ1 > 1, γ1λ1 ≥ 1− λ1(2− p);
n1/p+ε, p < 2, λ1 < 1, 0 ≤ γ1λ1 < p− 1;

nγ1λ1/p+(2/p−1)+ε, p < 2, λ1 < 1, γ1λ1 ≥ p− 1,
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if γ1 ≥ 0, and

(3.21) An ≺ ‖Pn‖Ap(h,G)


n1/p+ε, p > 2, λ1 ≥ 1, γ1 < 0;

n1/p+ε, p > 2, λ1 < 1, γ1 < 0;

n1/p+ε, p < 2, λ1 ≥ 1, γ1 < 0;

n1/p+ε, p < 2, λ1 < 1, γ1 < 0,

if γ1 < 0, for any sufficiently small ε > 0. Therefore, taking into account also
the case p = 2, and summing over all j = 1, . . . ,m, from (3.8) and (3.9), we
get

An ≤
m∑
j=1

Ajn ≺ ‖Pn‖Ap(h,G)

×



n1/p+εp , p ≥ 2, 0 < λj < 2, −2 < γj < 1/λj + (p− 2);∑m
j=1n

γjλj/p−(1−2/p)λj+εp , p ≥ 2, 0 < λj < 2, γj ≥ 1/λj + (p− 2);

n1/p+ε, p < 2, 1 ≤ λj < 2, −2 < γj < 1/λj − (2− p);∑m
j=1 n

γjλj/p+(2/p−1)λj+ε, p < 2, 1 ≤ λj < 2, γj ≥ 1/λj − (2− p);
n1/p+ε, p < 2, 0 < λj < 1, −2 < γj < (p− 1)/λj ;∑m

j=1 n
γjλj/p+(2/p−1)+ε, p < 2, 0 < λj < 1, γj ≥ (p− 1)/λj ,

for any sufficiently small ε > 0, where εp = ε if p > 2, and εp = 0 if p = 2.
Also,

An ≺ ‖Pn‖Ap(h,G)

×



n1/p+εp , p ≥ 2, 0 < λj < 2, −2 < γj < 1/λ1 + (p− 2), ∀j;
nγ
∗λ∗/p−(1−2/p)λ∗+ε, p ≥ 2, 0 < λj < 2, γj ≥ 1/λm + (p− 2), ∀j;

nγ
∗
kλ
∗
k/p−(1−2/p)λk∗+ε, p ≥ 2, 0 < λj < 2, µk ≤ γj < µk+1, ∀j;

n1/p+ε, p < 2, 1 ≤ λj < 2, −2 < γj < 1/λ1 − (2− p), ∀j;
nγ
∗λ∗/p+(2/p−1)λ∗+ε, p < 2, 1 ≤ λj < 2, γj ≥ 1/λm− (2− p), ∀j;

nγ
∗
kλ
∗
k/p+(2/p−1)λ∗k+ε, p < 2, 1 ≤ λj < 2, ηk ≤ γj < ηk+1, ∀j;

n1/p+ε, p < 2, 0 < λj < 1, −2 < γj < (p− 1)/λ1, ∀j;
nγ
∗λ∗/p+(2/p−1)+ε, p < 2, 0 < λj < 1, γj ≥ (p− 1)/λm, ∀j;

nγ
∗
kλ
∗
k/p+(2/p−1)+ε, p < 2, 0 < λj < 1, ωk ≤ γj < ωk+1, ∀j,

(with k = 1, . . . ,m − 1) for any sufficiently small ε > 0, where εp = ε if
p > 2, and εp = 0 if p = 2. Combining the formulas (3.2), (3.3), (3.5), (3.8),
(3.20), and (3.21) we complete the proof of Theorem 1.12.

Proof of Corollary 1.8. Let p = 2, m = 1. First of all we note that from
(3.5), (3.8) and (3.9), for γ1 = 0, we can easily obtain

(3.22) An ≺ n1/2‖Pn‖A2(G).
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1. Let γ1 > 0. Then, for any 0 < λ1 < 2, we obtain

(J1
2 )2 ≺

�

E1
R1

|dτ |
|τ − w1|γ1(λ1+ε)

≺ nγ1(λ1+ε)−1,∀ε > 0, if γ1λ1 ≥ 1;

(J2
2 )2 ≺

�

E2
R1

|dτ |
|τ − w1|γ1(λ1+ε)

≺ nγ1(λ1+ε)−1,∀ε > 0, if γ1λ1 ≥ 1.

Consequently,

(3.23)

A1
n,1 ≺ n1/2+(γ1λ1−1)/2+ε‖Pn‖A2(h,G)

≺ ‖Pn‖A2(h,G)

{
nγ1λ1/2+ε, ∀ε > 0, if γ1λ1 ≥ 1,

n1/2, if γ1λ1 < 1;

A1
n,2 ≺ ‖Pn‖A2(h,G)

{
nγ1λ1/2+ε, ∀ε > 0, if γ1λ1 ≥ 1,

n1/2, if γ1λ1 < 1.

2. Let −2 < γ1 < 0. In this case, for any 0 < λ1 < 2, we also obtain

(J1
2 )2 ≺

�

E1
R1

|dτ |
|τ − w1|γ1(λ1−ε)

≺ nγ1(λ1+ε)−1, ∀ε > 0,

(J2
2 )2 ≺

�

E2
R1

|dτ |
|τ − w1|γ1(λ1−ε)

≺ 1;

hence

(3.24)
A1
n,1 ≺ nγ1λ1/2+ε‖Pn‖A2(h,G), ∀ε > 0,

A1
n,2 ≺ n1/2‖Pn‖A2(h,G).

To estimate A1
n,3 in all cases, we note that |ζ − z1| � 1 for each ζ ∈ E13

R1
.

Therefore, Jk2 ≺ 1, k = 1, 2, 3, and we get

(3.25) A1
n,3 ≺ n1/2‖Pn‖A2(h,G).

Therefore, combining (3.2)–(3.5), (3.8), (3.22)–(3.25), for any 0 < λ1 < 2,
we get

An ≺ ‖Pn‖A2(h,G)

{
n1/2, if −2 < γ1 < 1/λ1,

nγ1λ1/2+ε, ∀ε > 0, if γ1 ≥ 1/λ1.

The proof is completed.

Proof of Theorem 1.5. For an arbitrary polynomial Pn ∈ ℘n and the
Bergman polynomials (i.e. polynomials K n(z) orthonormal over the region,
‖Kn‖A2(h,G) = 1), the following theorem was proved in [4, Ths. 2.1 and 5.1].

Theorem. Let G be a region bounded by a k-quasidisk for some 0 ≤
k < 1, and let h(z) be a weight function as defined in (1.3). Then, for any
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Pn ∈ ℘n, n ∈ N, and every point zj ∈ L, j = 1, . . . ,m,

|Pn(zj)| ≺ n(2+γj)(1+k)/p‖Pn‖Ap(h,G).

Proceeding as in the proof of that theorem we can obtain the following
estimate [4, (4.11)] for regions with quasiconformal boundary:

|Kn(zj)| ≺ d(zj , LR)−(2+γ)/p.

Repeating the proof of this formula for the polynomial Pn(z), we get

|Pn(zj)| ≺
1

d(zj , LR)(2+γ)/p
‖Pn‖Ap(h,G).

Since L is K-quasiconformal, d(zj , LR) � (R − 1)s, by Corollary 2.2,
where s := min{2,K2}. According to Lemma 2.4, we get

(3.26) |Pn(zj)| ≺ n(2+γ)s/p‖Pn‖Ap(h,G).

Proof of Remark 1.14. (a) Let Q∗n(z) :=
∑n

j=0(j + 1)zj , G∗1 = B, and
p = 2. In this case,

‖Q∗n‖C(G∗1)
= (n+ 1)(n+ 2)/2, ‖Q∗n‖A2(G∗1)

=
√
π(n+ 1)(n+ 2)/2.

Thus, we have

‖Q∗n‖C(G∗1)
≥ 1√

2π
n‖Q∗n‖A2(G∗1)

.

(b) Let G∗2 ⊂ C be a region bounded by a smooth curve L = ∂G∗2 ∈ Cθ.
According to the “three-point” criterion [6, p. 100], the curve L is quasi-
conformal. Let {Kn(z)}, degKn = n, n = 0, 1, 2, . . . , denote the system of
Bergman polynomials for the region G∗2, i.e. Kn(z) := αnz

n + αn−1z
n−1 +

· · ·+ α0, αn > 0, and � �

G∗2

Kn(z)Km(z) dσz = δn,m,

where δn,m is the Kronecker delta. Let G∗2 be the closure of the convex hull
of the G∗2 and F := C \ G∗2. We know from [7, p. 245] that all zeros of
the Bergman polynomials Kn(z) are contained in G∗2. According to [1], for
arbitrary quasidiscs, we have:

Kn(z) = αnρ
n+1Φn(z)Φ′(z)An(z), z ∈ F b Ω,

where √
n+ 1

π
≤ αnρn+1 ≤ c1

√
n+ 1

π

for some c1 = c1(G
∗
2) > 1 and

c2 ≤ |An(z)| ≤ 1 +
c3√

|Φ(z)| − 1
,

for some ci = ci(G
∗
2) > 0, i = 2, 3. Therefore, since ‖Kn‖A2(G∗2)

= 1, we
have
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|Kn(z)| ≥ c2

√
n+ 1

π
|Φ(z)|n |Φ(z)| − 1

d(z, L)

≥ c3
√
n

d(z, L)
|Φ(z)|n+1(1− 1/|Φ(z)|)

≥ c4
√
n

d(z, L)
|Φ(z)|n+1‖Kn‖A2(G∗2)

.

The proof is complete.
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