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On a Monge-Ampére type equation in the Cegrell class &,

by RAFAL CzyZ (Krakow)

Abstract. Let 2 be a bounded hyperconvex domain in C™ and let p be a positive
and finite measure which vanishes on all pluripolar subsets of 2. We prove that for every
continuous and strictly increasing function x : (—o0,0) — (—o00,0) there exists a negative
plurisubharmonic function u which solves the Monge—Ampére type equation

—x(u)(dd“uw)™ = dp.

Under some additional assumption the solution u is uniquely determined.

1. Introduction. It is a classical problem in analysis to find, for a given
function F', solutions u to the equation
(1.1) (dd°u)"™ = F(z,u(2))du,
where (dd‘u)™ is the complex Monge-Ampére operator. Equations of the
type have played a significant role not only within the fields of fully
nonlinear second order elliptic equations and pluripotential theory, but also
in applications. We refer to [7, 8, 111 12} 17, 20l 21] and the references therein
for further information about equations of Monge-Ampére type.

Let &, &, F, N and & be as in [I3HI5]. These are some of the so called
Cegrell classes. The class £ is the largest set of non-positive plurisubharmonic
functions for which the complex Monge-Ampére operator is well-defined
(Theorem 4.5 in [I4]) and N' C & denotes the Cegrell class for which the
smallest maximal plurisubharmonic majorant is identically equal to 0. It
follows from [I3-15] that &, F C N.

These classes play a prominent role in today’s pluripotential theory both
in C" and on compact Ké&hler manifolds. For further information about
the Cegrell classes see e.g. [1H6], [I3HI5] and the references therein. In [18]
(see also [10]), Guedj and Zeriahi introduced the following formalism: Let
X : (—00,0] — (—00,0] be a continuous and nondecreasing function. Fur-
thermore, let £, contain those plurisubharmonic functions u such that there
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exists a decreasing sequence u; € & that converges pointwise to u on 2, as
J tends to oo, and
sup S —x(u;)(ddu;)"™ < oo.
)

For example, if x = —(—t)?, then &, = &, and if x = —1, then &, = F.
It should be pointed out that it is not known whether £, C & without any
assumption on y. But it was proved in [9] that if x : (—00,0] — (—00,0] is a
continuous strictly increasing, convex or concave function such that x(0) = 0
and limy—,_ x(t) = —oo, then &, C £.

The measure (dd“u)™ might have infinite total mass, i.e. (dd“u)™({2) = co.
On the other hand, if u € &£,(2), then with some additional assumptions on
the function x, the measure (dd°u)™ vanishes on all pluripolar sets in {2, and

S —x(u)(ddu)"™ < oo.

19
Thus, —x(u)(ddu)™ is a positive and finite measure defined on (2. For this
reason it is natural to consider the following Monge-Ampére type equation:

—x(u)(ddu)" = dp,
where 1 > 0 is a given measure on {2 with finite total mass and that vanishes
on all pluripolar subsets of 2. In this article we prove the following theorem.

MAIN THEOREM. Assume that §2 is a bounded hyperconver domain in
C", n>1. Let x : (—00,0] — (—00,0] be a continuous strictly increasing
function such that x(0) = 0 and lim;—,_ x(t) = —00. Furthermore, assume
that £ C £. If p is a positive and finite measure defined on {2 such that
p(P) =0 for all pluripolar sets P C {2, then there exists a function u € &,
such that

—x(u)(ddu)" = dp.
Furthermore, if £, C N, then the solution of the above equation is uniquely
determined.

Let us briefly state two immediate consequences of our Main Theorem.
Let x(t) = —(—=t)? (p > 0). Then we have: If p is a positive and finite
measure in {2 such that p(P) = 0 for all pluripolar sets P C {2, then there
exists a unique function u € &, such that

(—u)P(ddu)"™ = dp.
Furthermore, if x : (—00,0] — (—00,0] is a continuous function such that
x(0) < 0, and lim,_o x(t) = —o0, then the existence of solution to the
Monge-Ampeére type equation given by

() (ddéw)" = dp

is a consequence of [17] under the assumption that —y(¢)~! is bounded.
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2. Proof of the Main Theorem

LEMMA 2.1. Let {2 be a bounded hyperconvex domain in C". If a sequence
uj € F satisfies the condition

sup S(ddcuj)" < 00,
)
and if there exists u € PSH(§2) such that u; — u weakly, then v € F.

Proof. From [I4] Theorem 2.1| there exists w; € & N C(£2) such that
w; \, u, j — 00. Note that since u; — u weakly, we have u = lim;_ v,
where

vj = (supug)™.
k>j

Observe that v; is a decreasing sequence, v; > uj, so v; € F and from the
comparison principle (see Theorem 5.15 in [I4]) we have

| (dd®vj)™ < | (dd°uj)".
0 Q
Define
¢; = max(wj, v;) € &.
Then ¢; is a decreasing sequence, ; \ u, and again by the same comparison
principle we get
sup S(ddcgoj)” < sup S(ddcvj)” < sup S(ddcuj)” < 00.
0 0 0
Thus,u € F. u

Next we shall prove our Main Theorem in the case of compactly sup-
ported measures.

LEMMA 2.2. Let {2 be a bounded hyperconvex domain in C", and let
X : (—00,0] — (—00,0] be a continuous strictly increasing function such that
limy, o x(t) = —o0 and x(0) = 0. If u is a positive, finite, and compactly
supported measure defined on 2, such that w(P) = 0 for all pluripolar sets
P C (2, then there exists a unique function u € F N &y such that
(2.1) — x(u)(dd“u)" = dpu.

Proof. If 4 =0, then it is clear that u = 0 is a solution of (2.1)). Assume
now that p # 0. For k € N consider the equation

-1
2.2 dd®ur)” = min| ——, k | du.
(2.2 (dd°uy) (X(Uk) ) ”
The function defined by

Fi(t) = min<x(;, k>
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is bounded and continuous. Therefore it follows from [I7, Theorem 3.3| that
there exists uy € F that satisfies (2.2]). We also have

— ~1
><<>k> W= )

Since p is a positive, finite, and compactly supported measure defined on 2
and Supg,pp, , Uk < ¢ < 0 it follows that

(dduy)™ = min <

1 1
éx(uk) dp < 7 (2) < oo,

hence
sup § (—x(w)) (@) < u(€2) < ox.
9]
We shall next prove that there exist o € & and § € F such that
(2.3) B<ur<a ae |[du, k>2.

By Cegrell’s decomposition theorem ([13, Theorem 6.3]) there exist functions

¢ € & and f € L1((dd°¢)™), f > 0, such that

p=f(dd°¢)".
Fix a > 0 such that xy(—a) > —1/2. Then by Kolodziej’s subsolution theorem
there exists a € & such that (see [19, Theorem A])

dd‘a)" = mi ,“n) dd°)",
(dd"a) “““<f Tore ) (44°)

where ||¢|| = sup,cg, |¢(2)]. The comparison principle (see [15, Theorem 3.7])
yields

a
> 2 6> —
e

and
| ddw)< | (dda)"< | dp
{a<ui} {a<uy} {a<ug}

Observe that on the set {a < ug} we have ug, > —a and

-1
(ddug)"™ = min<, k:) dp > min(, k) dp > 2dp, k> 2,
x(ug) x(—a)

which implies that p({a < ug}) = 0, k > 2. There exists ¢ € F such that
(dd“y)™ = dp (see [14, Lemma 5.14]). Fix w € & and b > 0 such that

x( sup (¢ 4+ bw)) < —2.
supp p

Let 8 = 1 + bw. Note that (dd°3)"™ > du. By the comparison principle
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(see |15 Corollary 3.6]) we obtain

V odp< | (ap)r < | (ddug)”,
{up<p} {urp<p} {urp<p}
but on the set {uy, < B} Nsupp p we have uy < 3 < supgy,,, S and

1
77k d Sid)
x(ur) > =t

which means that u({ux < 3}) =0 for all k.

Now it follows from that there exist a plurisubharmonic function
u # 0 and a subsequence (also denoted by wy) such that u; — u almost
everywhere [du]. Since u # 0 it follows that

1
- < 0.

X (SUPgupp 1 %)

By Hartogs’ lemma, the functions
Fy(ug) = min(—x(ug) ", k)
are uniformly bounded on supp p and therefore

sup S(ddcuk)” < sup S Fi(ug) dp < oo.
koo koo
Lemma [2.1] yields u € F.

The stability theorem proved in [I7, Corollary after Theorem 2.2"] im-
plies that the weak convergence, u; — u, is equivalent to convergence in
capacity. Since uy > [ and up — wu in capacity, by [16, Theorem 1.1| we
get (ddug)™ — (dd°u)™ in the weak*-topology. Therefore the dominated
convergence theorem yields

(ddug)"™ = min <

dd®u)" = lim (dd°uy,)" = lim Fy(ug)dp = —— dp.
(dd*u)" = lim (dd*uy)" = lim Fi(u)dp = s dp

k—o0

So we have proved that there exists a solution u € F to (2.1]). Then

[ (—x () (ddow)” < oo
Q
and it follows that u € &,.
It is proved in the proof of the Main Theorem below that if u,v € F
are solutions of then (ddu)™ = (dd‘v)™ and therefore u = v (see [14],
Lemma 5.14]). =

Proof of the Main Theorem. Assume that p is a positive and finite mea-
sure in {2 such that ;(P) = 0 for all pluripolar sets P C {2. Let {2; be a funda-
mental sequence of strictly pseudoconvex domains, i.e. 2; € 2,11 € {2 and
Uj52, 2; = £2 (see [15]). Let us define du; = 1o, du, where 1g; is the charac-
teristic function for (2;. By Lemma there exists a sequence u; € F NE,
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such that
=X (uy)(dduj)™ = dp;.

We shall now prove that u; is a decreasing sequence. Let A = {z € 2 :
u;j(z) < ujt1(2)}. On the set A, we have

(ddu;)"™ = —x(uj) " dp; < —x(uj1) " du;
< —x(uj1)Hdpi = (ddujir)"
and by the comparison principle (see [15, Corollary 3.6]) we get

[ (ddouzan)” < §(ddou,)".

A A
Hence,
(2.4) (dd°uy)" = (ddus)"
on A. Similarly on the set £2; \ A = {z € £2; : uj(2) > uj;+1(2)} we obtain
(2.5) (ddous)" = —x(uy) gy > —x(uuy1) g

= —X(“y’ﬂ)_ldﬂjﬂ = (ddu;1)".
From the equalities (2.4]) and (2.5 we get (dduj)™ > (dd“uji1)™ on £2;. This
implies that —y(u;)~ d,uj > X(UJ_H) Ydu; and then x(uj) > X(u]+1) a.e.
[dpj], s0 uj > wjyq ae. [duj]. Hence pj({u; < ujr1}) =0 and (ddu;)* =0
on ANY2;. Since (dd°u;)"™ = dp; = 0 on 2\ £2; we finally obtain (ddcuj)” =0
on A = {u; < uji1}. Now take
(2.6) Y € & such that (ddy)" = dA,

where d\ is the Lebesgue measure, and consider Ay = {z € 2 : u; <
uj11+k~1}. Observe that uj1+k~ ¢ € F and Aj, C A. By the comparison
principle (see [I5, Corollary 3.6]) we obtain

| (dd*(ujpr + k7)) < § (ddfuy)" < [ (dduy)" =0,
Ay Ag A
and then
1 ) 1
= | (@dd*(ujpr + 719" > 0 | (dd)" = oA (Ap),
Ay Ay
which means that A(A;) = 0. Hence A(A) = 0, since A = ;2 Ap. We
have proved that w; > wj;1 a.e. [dA], but since the functions u;,u;41 are

plurisubharmonic we obtain u; > u;41 on {2, so u; is a decreasing sequence.
Note also that

(2.7) sup S —x(uj)(ddu;)™ < S dp < oo.
) Q2
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Moreover from the standard measure theory it follows that

| =x(uy) (dduj)™ = | X' (—t)(dduy)" ({u; < —t}) dt.
2 0

Since u; € F, from [10), Corollary 2.5] we obtain
(dduj)" ({u; < =t}) > 1"Cn({u; < =2t}),
where C), is the Bedford—Taylor capacity, defined in [8]. Therefore

(28)  sup | X(=0t"Cu({u; < ~2t}) dt < sup | —x(u;)(ddu;)"
J o0 )
< S dp < oo.
02

Since u; is a decreasing sequence it follows that there exists u such that
uj \, u, and v € PSH({2) or u = —oo. Suppose that © = —oo. Then for any
t < 0 we have Cy,({u; < —2t}) — 0o as j — oo and therefore

sup | X/ (—0)1"Ch({u; < —2t})dt = oo,
70

which leads to a contradiction with condition . This means that u €
PSH({2) and condition implies that u € &,. Since the complex Monge—
Ampeére operator is continuous in the class £ with respect to decreasing
sequences (see Lemma 3.2 in [15]) it follows that (dd®u;)™ tends to (dd“u)”
in the weak*-topology. Therefore using the monotone convergence theorem
we get
(dd°u)™ = lim (dd“u;)" = lim —X(uj)*llgjd,u = —x(u) " tdp.
j—oo j—oo

This ends the proof of the existence part of the theorem.

Now we turn to uniqueness. Suppose that there exist u,v € & NN
such that —x(u)(dd°u)” = —x(v)(ddv)" = du. Observe that on the set
{z € 2:u(z) <v(z)} we have

(dd“u)" = —x(u)~'dp < —x(v) " dp = (ddv)".
Using the comparison principle (see 3|, Theorem 3.1]) we obtain
| (ddvym< | (ddw)™,
{u<v} {u<v}

so (ddu)™ = (ddv)™ on {z € 2 : u(z) < v(z)}. Similarly, (ddu)"™ = (ddv)"™
on {z € £2:u(z) > v(z)}. Since p does not put mass on pluripolar sets and
{u=—o00} ={x(u) = —oo} and {v = —c0} = {x(v) = —o0}, it follows that
(dd“u)"™ = (ddv)" =0 on C ={u=—oco}U{v=—0c0}. On {u=v}\C we
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also have
(dd°u)" = —x(u) "'yt = —x(v) " dp = (dd“v)".

Thus, (dd“u)™ = (dd“v)™ on {2, which implies that u = v by [I5] Theorem
3.1]. =

Acknowledgements. The author would like to thank Per Ahag and
Stawomir Kotodziej for their generous help and encouragement. He also
thanks the referee for his valuable suggestions which helped to improve the
statements and proofs in this article. This research was done in part during
the authors’ visit to the University of Vienna in 2007. He would like to thank
the members of the Department of Mathematics for their kind hospitality.

The author was partially supported by ministerial grant no. N N201 3679
33.

References

[1] P. Ahag, The complex Monge—Ampére operator on bounded hyperconvex domains,
Ph.D. Thesis, Umea Univ., 2002.

|2]| —, A Dirichlet problem for the complex Monge—Ampére operator in F(f), Michigan
Math. J. 55 (2007), 123-138.

3] P Ahag, U. Cegrell, R. Czyz and H. H. Pham, Monge-Ampére measures on pluripo-
lar sets, J. Math. Pures Appl. 92 (2009), 613-627.

4] P. Ahag and R. Czyz, The connection between the Cegrell classes and compliant
functions, Math. Scand. 99 (2006), 87-98.

[5] —, —, On the Cegrell classes, Math. Z. 256 (2007), 243-264.

[6] P. Ahag, R. Czyz and H. H. Pham, Concerning the energy class £, for 0 < p < 1,
Ann. Polon. Math. 91 (2007), 119-130.

[7] E. Bedford and B. A. Taylor, The Dirichlet problem for an equation of complex
Monge—Ampere type, in: C. Byrnes (ed.), Partial Differential Equations and Geom-
etry, Dekker, 1979, 39-50.

[8]] —, —, 4 new capacity for plurisubharmonic functions, Acta Math. 149 (1982), 1-40.

[9]] S. Benelkourchi, Weighted pluricomplex energy, Potential Anal. 31 (2009), 1-20.

[10] S. Benelkourchi, V. Guedj and A. Zeriahi, Plurisubharmonic functions with weak
singularities, in: Proc. Conf. in honour of C. Kiselman (“Kiselmanfest”, Uppsala,
2006), Acta Univ. Upsaliensis, in press.

[11]] L. Caffarelli, J. J. Kohn, L. Nirenberg and J. Spruck, The Dirichlet problem for
nonlinear second order elliptic equations. II. Complex Monge—Ampére and uniformly
elliptic equations, Comm. Pure Appl. Math. 38 (1985), 209-252.

[12]| U. Cegrell, On the Dirichlet problem for the complex Monge-Ampére operator,
Math. Z. 185 (1984), 247-251.

[13]] —, Pluricomplezx energy, Acta Math. 180 (1998), 187-217.

[14] —, The general definition of the complex Monge—Ampére operator, Ann. Inst. Fourier
(Grenoble) 54 (2004), 159-179.

|15] —, A general Dirichlet problem for the complex Monge—Ampére operator, Ann.

Polon. Math. 94 (2008), 131-147.
[16] —, Convergence in capacity, Canad. Math. Bull., in press.


http://dx.doi.org/10.1307/mmj/1177681988
http://dx.doi.org/10.1007/s00209-006-0067-2
http://dx.doi.org/10.4064/ap91-2-2
http://dx.doi.org/10.1007/BF02392348
http://dx.doi.org/10.1007/s11118-009-9119-7
http://dx.doi.org/10.1002/cpa.3160380206
http://dx.doi.org/10.1007/BF01181695
http://dx.doi.org/10.1007/BF02392899
http://dx.doi.org/10.4064/ap94-2-3

A Monge—Ampére type equation 97

[17]] U. Cegrell and S. Kotodziej, The equations of complex Monge—Ampére type and
stability of solutions, Math. Ann. 334 (2006), 713-729.

[18]] V. Guedj and A. Zeriahi, The weighted Monge—Ampére energy of quasiplurisubhar-
monic functions, J. Funct. Anal. 250 (2007), 442-482.

[19] S. Kolodziej, The range of the complex Monge—Ampére operator, II, Indiana Univ.
Math. J. 44 (1995), 765-782.

[20] —, Weak solutions of equations of complex Monge—Ampére type, Ann. Polon. Math.
73 (2000), 59-67.

[21] N. V. Krylov, Fully nonlinear second order elliptic equations: recent development,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), 569-595.

Rafal Czyz

Institute of Mathematics
Jagiellonian University
Y.ojasiewicza 6

30-348 Krakéw, Poland

E-mail: Rafal.Czyz@im.uj.edu.pl

Received 29.10.2009
and in final form 18.11.2009 (2108)


http://dx.doi.org/10.1007/s00208-005-0687-6
http://dx.doi.org/10.1016/j.jfa.2007.04.018




	Introduction
	Proof of the Main Theorem

