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On “special” fibred coordinates for
general and classical connections

by WLODZIMIERZ M. MIKULSKI (Krakow)

Abstract. Using a general connection I on a fibred manifold p : ¥ — M and
a torsion free classical linear connection V on M, we distinguish some “special” fibred
coordinate systems on Y, and then we construct a general connection F(I,V) on Fp :
FY — FM for any vector bundle functor F': M f — VB of finite order.

1. Introduction. A general connection on a fibred manifold ¥ — M
is a section I' : Y — J'Y of the first jet prolongation J'Y —Y of Y — M,
which can be (equivalently) considered as the corresponding lifting map I :
Y xyTM — TY.If p: Y — M is a vector bundle and I" : Y — JY
is a vector bundle map, then I' is called a linear general connection on
p:Y — M. A linear general connection I" : TM — J'TM on the tangent
bundle p : TM — M of M is called a classical linear connection on M, which
can be (equivalently) considered as its corresponding covariant derivative V.
A classical linear connection V on M is called torsion free if its torsion tensor
is zero. More information on connections can be found in the fundamental
monograph [KMS].

The present short note is devoted to studying prolongation of connec-
tions. In Section 2, given a general connection I' on a fibred manifold p :
Y — M and a torsion free classical linear connection V on M, we distin-
guish some “special” so called (I", V)-quasi-normal fibred coordinate systems
on Y. In fact, we essentially strengthen [M3| Lemma 2|. In Section 3, ap-
plying these (I', V)-quasi-normal fibred coordinate systems, we construct a
general connection F (IV) on Fp: FY — FM for any vector bundle func-
tor F': M f — VB (the concept of bundle functors can be found in [KMS]).

We recall that in [S], J. Slovak constructed a general connection F(I)
on Fp : FY — FM from a general connection I' on a fibred manifold
p:Y — M for any product-preserving bundle functor £ : Mf — FM. In
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IMI] (see also [M4]), we proved that if a vector bundle functor F' : M f — VB
(or a bundle functor F' : M f — FM with the point property) is not product-
preserving then there is no canonical construction of a general connection
on Fp : FY — FM from a general connection I' on a fibred manifold
p Y — M. Consequently, we see that an auxiliary torsion free classical
linear connection V on M is unavoidable to construct a general connection
on Fp: FY — FM from a general connection on p : ¥ — M. We also
recall that in [M2], given a general connection I" on a fibred manifold p :
Y — M and a p-projectable torsion free classical linear connection V on Y,
we constructed a general connection A" (I V) on Fp : FY — FM for any
vector bundle functor F' : M f — VB of finite order. Of course, torsion free
classical linear connections on M are “simpler” objects than p-projectable
torsion free classical linear connections on Y. So, the construction F (I, V)
(presented in this note) is “more economic” than AF (I, V) from [M2].
All manifolds and maps we consider are assumed to be (C*°) smooth.

2. On quasi-normal fibred coordinate systems. Just as in [M3], let
&, : J;THT'R™ @ R") — J5(R™,R™)g

be the usual symmetrization

r—1 r—1
P TR @ TR @ R" — P ST TER™ @ R”
q=0 q=0

modulo the obvious (GL(m)-invariant) identifications

r—1
IR @ R™) = @D STTER™ @ TER™ @ R™
q=0
and
r—1
P S TR @ R™ = Jj(R™,R™),.
q=0

In other words, &, : Jj H(T*R™ @ R") — J§(R™,R"), is the linear map
such that

‘ S 1 . o
@ (o (2™ .. 2t dad)ey,)) = Jo(x't .. .xtxley)
qg+1
for any 41,...,i¢,5 =1,...,m,¢=0,...,r—1and k = 1,...,n, where ¢
is the usual canonical basis in R” and z!,...,2™ are the usual coordinates

on R™. Then

@, (jo ' (do)) = jg (o)
for any o : R™ — R™ with ¢(0) = 0. Clearly, @, is GL(m)-invariant and
linear.
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Let m,n,r be positive integers, I' : Y — J'Y be a general connection
on a fibred manifold p : Y — M with dim(m) = M and dim(Y") = m + n,
V be a torsion free classical linear connection on M and yy € Y be a point
with zo = p(yo) € M.

DEFINITION 2.1. A (I',V, yo, r)-quasi-normal coordinate system on 'Y is
a fibred chart ¢ on Y with ¢ (yo) = (0,0) € R™ x R™ covering a V-normal
coordinate system 1 on M with centre xo such that

(2.1) @r(jg 1( Z ZZ aﬁaj d$]®ek>) 0

la|+|8|<r—1j=1 k=1
for any § € (NU{0})™ with |5] < r — 1, where

(2.2) j61< Yo YN 1) satyPdad ®(sz)
i=1

lo]+]Bl<r—1 j=1 k=1
is the coordinate expression of ] (zp* yand 2!,. .. 2

m ,,1

Y, ..., y" are the
usual coordinates on R™ x R™.

We prove the following result, which is essentially stronger than the one
in M3, Lemma 2|.

PROPOSITION 2.2. Let m,n,7, p:Y — M, I':Y — JY,V, y €Y,
xo = p(yo) € M be as above.

(a) There exists a (I',V, yo, r)-quasi-normal fibred coordinate system 1.
(b) If ¥t is another (I',V,yo, r)-quasi-normal coordinate system on Y
then

(2.3) Gyt = Jyo (A X H) 0 9))
for a map A € GL(m) and a diffeomorphism H : R™ — R"™ preserving 0.

Proof. (a) Because of the existence of V-normal coordinate systems and
the fact that J'Y is the orbit of j}(0) under the action of the pseudo-
group of local fibred diffeomorphisms, we may assume that ¥ = R™ x R",
M =R"™ p=pr; : R x R® — R™ is the obvious projection, yo = (0 0),
idgm is a V-normal coordmate system with centre 0, formula is the
coordinate expression of ]( LI for any r, and I'* =0 for k: = 1

0,0) 7(0)(0)

and j=1,...,m

We will proceed by induction on r.

The case r = 1 is trivial because Ff(o)(o) =0.

Now, we assume that there exists a (I, V, (0, 0), r—1)-quasi-normal fibred
coordinate system, r > 2. Replacing I" by the image of I" under this fibred
chart (this (I3, V(0,0),r — 1)-quasi-normal fibred coordinate system), we can
assume that idgm «gn is a (I, V, (0,0), 7 — 1)-quasi-normal fibred coordinate
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system. Next, for any § € (NU{0})" with [5] < r —1, let o = (Ug)zzl
R™ — R"™ be a map with 03(0) = 0 such that

J'S(Uﬁ)z@r<]51< > ZZ kT dmﬂ®ek)>.

|a|+|B|=r—1 =1 k=1
Define ¢ : R™ x R™ — R™ x R™ by
p(x,y) = (96,11— > yﬁaﬁ(l‘))-
|B]<r—1

It is easy to see that ](0 0)¢ id. We prove that ¢ is a (I, V, (0, 0), r)-quasi-
normal fibred coordinate system. We see that ¢ preserves

m n a
-r—1 &
J(0,0) ( Z Z ija B de? ® ak)
la|+]|8|<r—1 j=1 k=1
because j oo)¢—ld Y =id and F( 0)(0) = 0- Moreover, ¢ sends ji )(Zz (da’
® 821) to

n ok o
o (3 - T TS Pewae k).
|B|<r—1 k=1 i=1

Then expressing j/ (1/1* by (2.2)) with Z;faﬁ instead of I' faﬁ we see that

7

@T<j6 1( Z ZZ aﬁl‘ d$3®ek))

|a|+|8|<r—1j=1 k=1

(i (X DX rhetdr o)) - 0 o)
|a+|8|<r—1 j=1 k=1

= Jolog) —jolog) = 0.
for any 5 € (NU{0})" with || < r—1 (as (157«(]'671(ZWHWST,_2 ijaﬁxo‘dxj(@
er)) = 0 since idgmygrn is (I, V,(0,0),r — 1)-adapted).

(b) Replacing I" by 1, 1" we may assume that idgm xg» isa (I, V, (0,0), 7)-

quasi-normal fibred coordinate system. Next, we will proceed by induction
on 7.

The case r = 1 is clear.

Now, let ¢! be a (I', V, (0,0), r)-quasi-normal fibred coordinate system.
Then (clearly) it is a (I, V, (0,0), 7 — 1)-quasi-normal ﬁbred coordinate sys-
tem. Hence by the inductive assumption, j(ra Ol)wl j(o 0) L(A x H ) for some
A € GL(m) and some H : R” — R™. Clearly, Ax H is a (I, V, (0,0), 7)-quasi-
normal coordinate system. Then replacing I" by (A x H )« we may assume
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00)¢1 id. Next, replacing I" by (idgm X F) I, where H(y) = '(0,y),
(2, y) = (x, 9 (z,y)), we may assume ] ¢ = id and

Wl (z,y) = (x,y— Z y (m(fv)),

|B|<r—1

where og : R™ — R", 03(0) = 0. Then (quite similarly to the inductive step
in thetproof of (a)) expressing j( (wif ) by (2.2 . with Fk 3 instead of I’ ja,ﬁ
we ge

o=a,(5* (> ZZ hgetdal @ ey)) = 0= i)

la|+|B8|<r—17=1 k=1
for any g € (NU{0})"™ with |3] <r — 1. So, J(o 0)¢1 =id. m

3. An application to prolongation of connections. We are going
to apply the result from the previous section to prolongation of connections.
We start with the following lemma.

LEMMA 3.1. Let F : Mf — VB be a vector bundle functor. Let pr; :
R™ x R™ — R™ be the trivial bundle (the obvious projection).

(a) The fibred manifold Fpr, : F(R™ x R") — FR™ is isomorphic to
the trivial bundle Pry : (R™ x FyR™) x (R™ x ker(F(op)pry)) — R™ X
FoR™ (the obvious projection). An isomorphism @ : (R™ x FyR™) x (R x
ker(Fi ) pry)) — F(R™ x R") is given by

(2, X), (4,Y)) = Frigy) (Foi(X) +Y)
for any x € R™, X € FoR™, y € R", Y € ker(Fg ) pry), where i : R™ —
R™ x R™ is given by i(x) = (7,0) and 75, : R™ x R" — R™ x R" is the
translation by (x,y). The inverse isomorphism is given by
¢~ (v) = (2, X), (1,Y)
for v € F ) (R™ x R"), (7,y) € R™ x R", where X = F1_,(Fpry(v)) €
FoR™ and Y = F1_(, ) (v) — Foi(X) € ker(F(g,0) pry)-
(b) Let H : R™ — R" be a local diffeomorphism. Then (under the above
isomorphism)
Fdzon x H)((@, X), (5, Y) = (@, X), (3, 7))
for any ((z,X), (y,Y)) € F(R™ x R™), where H : R™ x ker(F 0y pry) —
R™ x ker(F\p,0) pry) is given by
H(yY) = (H(y), Flo,0)(idrm X (T_pgr(yy © H 0 7)) (Y)).
(c) Let A € GL(m). Then

F(A X idR")((an)a (yvy)) = (Al(x’X)vAZ(ya Y))



104 W. M. Mikulski

forany ((x, X), (y,Y)) € F(R™xR"), where Aj : R™ x FuR™ — R™ x FyR™
is given by Ai(z,X) = (A(z), FoA(X)) and Az : R x ker(F(g o) pry) —
R™ x ker(Fg ) pry) is given by Aa(y,Y) = (y, Flo,0)(A x idgn)(Y)).

Proof. The proof is standard. =
We now present the following example of prolongation of connections.

EXAMPLE 3.2. Let F': Mf — VB be a vector bundle functor of order r.
Consider a general connection I' on a fibred manifold p : ¥ — M and a
torsion free classical linear connection V on M. Write dim(M) = m and
dim(Y) = m+n. We construct a general connection F (I, V) on Fp: FY —
FM as follows. Let ug € F,,,)Y, yo € Y. Let ¢ be a (I',V,y,r + 1)-quasi-
normal fibred coordinate system (see Proposition 2.2(a)). We put

F(I,V)(ug) = JH(FY ) (O(F(ug))),

where © denotes the trivial general connection on the trivial bundle F'pry :
F(R™ x R") — FR™ (modulo the isomorphism from Lemma 3.1(a)). Sup-
pose ! is another (I',V, %o, + 1)-quasi-normal fibred coordinate system.
Then (by Proposition 2.2(b)) j;;rl(@bl) = j;:l((A x H) o)) for some A €
GL(m) and some local diffcomorphism H : R™ — R". But © is invariant

with respect to F'(A x H) because of Lemma 3.1(b)—(c). Hence
THE(WH™NOF @) (u))) = JH(Fy~ ) (O(Fi(u))),

ie. }z(F, V) is correctly defined. As we can choose a family of (I, V, yg, 7+1)-
quasi-normal fibred coordinate systems to be smooth in yg (it is sufficient

to analyse the proof of Proposition 2.2(a)), F(I,V) is a smooth general
connection on Fp: FY — FM.

4. A final remark. It seems that our quasi-normal fibred coordinate
systems from Proposition 2.2 may be used in the classification problems of
natural operators A(I', V) on pairs (I, V) of connections. Indeed, according
to the general theorem on natural operators [KMS]|, such natural operators
are in bijection with G7,  -invariant maps of respective type. Now, pass-
ing to quasi-normal fibred coordinate systems, we see that natural operators
A(I, V) are in bijection with GL(m) x G},-invariant maps. So, Proposition 2.2
gives a very strict reduction for natural operators on pairs (I', V) of connec-
tions. We hope that (for example) we may benefit from the above reduction
and find all natural operators A constructing general connections A(I", V) on
J?Y — M from general connections I on Y — M by means of torsion free
classical linear connections V on M. We note that a reduction for gauge nat-
ural operators on pairs (I, V) of principal and classical linear connections has
been described in [DM], [JV]. Some “special” principal coordinate systems
for principal and classical connections have been described in [H], [DM], [K].
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