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On the fiber product preserving
gauge bundle functors on vector bundles

by WroDzIMIERZ M. MIKULSKI (Krakow)

Abstract. We present a complete description of all fiber product preserving gauge
bundle functors F' on the category VB, of vector bundles with m-dimensional bases and
vector bundle maps with local diffeomorphisms as base maps. Some corollaries of this
result are presented.

Introduction. Modern differential geometry has clarified that product
preserving bundle functors on the category M f of manifolds and maps play
very important roles. To such bundle functors one can lift some geometric
structures as vector fields, forms, connections, etc. To define such lifts the
only important property is the product preservation. Such functors have
been classified by means of Weil algebras [5].

Research quite similar to that on manifolds has been done on fibered
manifolds. A wide class of bundle functors on the category F.M,, of fibered
manifolds with m-dimensional bases and fiber preserving maps with local
diffeomorphisms as base maps is the class of fiber product preserving func-
tors. Such functors have been classified in [6], and studied in [1]-[4], [8].

In turn research similar to that on fibered manifolds has been done on
vector bundles. A wide class of (gauge) bundle functors on the category V5,
of vector bundles with m-dimensional bases and vector bundle maps with
local diffeomorphisms as base maps is the class of fiber product preserv-
ing functors. For example the r-jet prolongation functor plays an important
role in the theory of higher order connections, Lagrangians, differential equa-
tions, etc. Below, we present many examples of such functors. Some of them
are well known. It seems natural and useful to classify all such functors.
The purpose of the present paper is to describe all fiber product preserving
gauge bundle functors on VB,,.
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We first recall the following definitions (see e.g. [5]).

Let F : VB,, — FM be a covariant functor into the category FM of
fibered manifolds and their fibered maps. Let Byg, : VB, — Mf and
Brap i FM — Mf be the respective base functors.

A gauge bundle functor on VB,, is a functor F' as above satisfying:

(i) (Base preservation) Bga o F' = Byp,,. Hence the induced projec-
tions form a functor transformation 7 : F' — Byp_ .
(ii) (Localization) For every inclusion of an open vector subbundle i gy :
E|U — E, F(E|U) is the restriction 7=Y(U) of 7 : FE — Byg, (E) to U
and Fipy is the inclusion 7= 1(U) — FE.
(iii) (Regularity) F transforms smoothly parametrized systems of V13,,-
morphisms into smoothly parametrized systems of F M-morphisms.

A gauge bundle functor F' : VB,, — FM is of finite order r if from
Jjuf = jrg it follows that F,f = F,g for any VB,,-objects Fy — M;,
Ey — Ms, any VB,,-maps f,g: F1 — Es and any x € M;.

Given two gauge bundle functors Fy, F5 on VB,,, by a natural transfor-
mation p @ Fi — Fs we mean a system of base preserving fibered maps
w1 E — FyF for every vector bundle E satisfying Fof oy = po Fyf for
every VB,,-morphism f: E — G.

A gauge bundle functor F' on VB, is fiber product preserving if for any
fiber product projections

pr pr
Ey < Ey Xy Ey —> Es

in the category VB,,,
FE, 0 R(B) xa By) 222 FE,

are fiber product projections in the category F M. In other words, we have
F(Ey xp E2) = F(E7) X F(E2) modulo the corestriction of (F pry, F pr,).

The most important example of a fiber product preserving gauge bundle
functor is the r-jet prolongation functor J" : VB,, — FM, where for a
VB,,-object p : E — M we have J"E = {jlo | o is a local section of E,
x € M} and for a VB,,-map f : E1 — E5 covering I : M7 — My we have
J'f: J'Ey — J"E, where J" f(ji0) = j},(fooo f71) for jio € JTEL.

Another example is the so-called vertical r-jet prolongation functor J :
VB, — FM, where for a VB,,-object p : E — M we have JJE = {jlv |
v is a local map M — E,, © € M} and for a VB,,-map f : Ey — E»
covering f : My — My we have Jf : JUE) — J]Eo, where J] f(j5v) =
j}(m)(foyoffl) for j7v € JUE;.

Still another example is the vertical Weil functor VA : VB,, — FM
corresponding to a Weil algebra A, where for a VB,,-object p : E — M
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we have VAE = |J, ., T*(E,) and for a VB,,-map f : By — E; we have
VAf = Usens, TA(f.): VAE, — VAE,. The functor VAE is equivalent to
E®A.

One more example is the following vector bundle modification T};) :

VB,, — FM of the vector r-tangent bundle T") over manifolds. For a
vector bundle p : E — M from VB,, we have a vector bundle T(E =
Ju(E,R)o = {jzv | v+ £ — R is fiber linear, v, = 0, # € M} over
M, where 7, is the restriction of v to the fiber E, of E over x € M. Let
T]EIT)E = (T} E)* be the dual vector bundle. Every VB,-map f : E — E
covering f : M — M induces a VB,,-map T ;lr) f T]S;)E — T JE;)E covering
f, where (T};)f(w),jg(m)v) = (w,jr(yof)) forw € (TJE;))IE, andy: E — R
is fiber linear with ;) =0, z € M.

The fiber product Fy xXp,, Fy : VB, — FM of fiber product pre-
serving gauge bundle functors Fi, Fs : VB,, — FM is again a fiber prod-
uct preserving gauge bundle functor. We recall that (F1 xp,,;, F2)(E) =
F\E xy F>E for any VB,,-object E — M, and (Fy xp,,; F2)(f)(v1,v2) =
(Fy f(v1), Faf(vg)) for any VB,,,-map f : E — G and any (vy,v3) € F1E X
FE.

The composition of fiber product preserving gauge bundle functors on
VB, is again a fiber product preserving gauge bundle functor on VB,,. (In
Lemma 1 it will be proved that every fiber product preserving gauge bundle
functor has values in VB,,. So, the composition is possible.)

If F:VB,, — FM is a fiber product preserving gauge bundle functor
of order r we define a new fiber product preserving gauge bundle functor
(F(*)* : VB, = FMby E — (FE*)* and f — (Ff*)*, where ()* denotes
the dualization of VB,,-objects and VB,,,-maps.

The first main result in this paper is that all fiber product preserving
gauge bundle functors F' on VB,, of finite order r are in bijection with so-
called admissible triples, i.e. triples (V, H,t) where V is a finite-dimensional
vector space over R, H : Gl — GL(V) is a smooth group homomorphism
from G}, = inv Jj(R™,R™) into GL(V) and ¢t : D), — gl(V) is a G}, -
equivariant unital associative algebra homomorphism from D], = J§(R™, R)
into gl(V).

The second main result is that natural transformations between two fiber
product preserving gauge bundle functors on VB,, of order r are in bijection
with morphisms between the corresponding admissible triples.

The third main result is that any fiber product preserving gauge bundle
functor on VB,, is of finite order.

As corollaries of the above results we describe explicitly all natural en-
domorphisms J" — J", J — J7 and VA — V4 for any Weil algebra A.
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All manifolds are assumed to be finite-dimensional. All manifolds and
maps are assumed to be smooth, i.e. of class C*°.

1. Fiber product preserving gauge bundle functors on VB,, cor-
responding to admissible triples

DEFINITION 1. An admissible triple of order r and dimension m is a
triple (V, H,t), where V is a finite-dimensional vector space over R, H :
G;, — GL(V) is a smooth group homomorphism from the Lie group G}, =
inv J§(R™,R™)q of invertible r-jets at 0 € R™ of diffeomorphisms R” —
R™ preserving 0 into the group GL(V') of linear isomorphisms of V', and
t: D), — gl(V) is a G},-equivariant unital algebra homomorphism from the
unital algebra D], = Jj(R™,R) of r-jets at 0 € R™ of maps R™ — R into
the unital associative algebra gl(V') of linear endomorphisms of V.

We recall that G7, acts on D7, by j5¢.j5y = j5(yo ¢~ 1) for jio € GT,
Jjovy € Dy,. This action will be denoted by H,,. We also recall that G, acts
on gl(V) by £A=H(§)o Ao H(E7Y) for £ € GT,, A € gl(V). These actions
are by unital algebra isomorphisms.

Let (V, H,t) be an admissible triple of order r and dimension m. We are
going to construct a fiber product preserving gauge bundle functor T(V-H:0)

VB, — FM.
ExXAMPLE 1. For a vector bundle p : E — M from VBB,, we put

TV E = | ) Homy, (JC*I(E), Vo M).
zeM

Here V : M fm — VB is the natural vector bundle corresponding to the G7,
space V, i.e. VM = PT M|V, H] (the associated bundle) for any m-manifold
M and ‘N/gp = P"plidy] : VM, — ‘7M2 for any embedding ¢ : M1 — M
between m-manifolds, and Hom,, (J"C/(E), V, M) is the space of module
homomorphisms over ¢, : J&(M,R) — gl(V,M) from the (free) J7(M,R)-
module J"C/(E ) of r-jets at & € M of germs at x of fiber linear maps
E — R into the gl(V,M)-module V, M, where t, : J7(M,R) — gl(V, M) is
the unital algebra homomorphism induced by t such that t,(jiv) = Voap o
t(jo(yop))o (1704,0)_1 for any v : M — R and any embedding ¢ : R™ — M
with ¢(0) = x (¢, is well defined because ¢ is G}, -equivariant).

Given a vector bundle trivialization (z! o p,...,2™ o p,yt, ... ,y") :

E|U — R™ x R™ we have an induced fiber bundle trivialization (z!,...,7™,
gy TVHYEU — R™ x V™ such that 79(P) = 2%(x) € R and
(D) = D(j5, (y") € Voo M =V for any & € HomtwO(JTCg‘;’fl(E),onM),

1=1,...,m,j=1,...,n, where V%"ZEOMis givenbyv<—>1~/((fvl,...,$m)*l
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O T(xi(xy)))(v) for v € V, and 7, : R™ — R™ is the translation by y € R™.
Then T("":) E with the obvious projection is a fiber bundle over M.

Every VB,,-map f : E1 — FE3 covering f : M; — M induces a fibered
map TV-HD B, — TV-HY B, covering f such that

T(V’H’t)f@)(jg(x)f) =V od(j;(£0 )

for any @ € Hom,, (J7Cf1(Ey),V,M), x € My, and any fiber linear map
¢:Ey — R

If in some vector bundle trivializations f(z,y) = (f(z),>_; fi(z)y;) for
x 6 Rm’ y = (yl""?yn) E Rn’ fJ = (flj) : Rm - Rk’ j = 17"'7”’
l=1,...,k, then in the induced trivializations

T(V’H’t)f(a:, v)
. k
= (£@), (DG o £ 0 mpe) N HGs (g 0 f o)) )

=1

j
for z € R™ and v = (vy,...,v,) € V™

The correspondence T(V-7:1) - VB, — FM is a fiber product preserving
gauge bundle functor of order r and it takes values in the category VB,,.

DEFINITION 2. We call T(V-H:t) - VB, — FM the fiber product preserv-
ing gauge bundle functor corresponding to the admissible triple (V, H,t).

2. Admissible triples corresponding to fiber product preserving
gauge bundle functors on VB,

LEMMA 1. Let F': VB, — FM be a f.p.p.g.b. functor.

(a) Given a vector bundle p: E — M we have a canonical vector bundle
structure on F'E.

(b) Given a VB,,-map f : E1 — Ey over f: My — Ms the induced map
Ff:FE|, — FFEs is a vector bundle map over f

Proof. The fiber sum map +% : E x); E — E, the fiber scalar multi-
plication maps AP : E — E for t € R and the zero map 0¥ : E — FE are
VB,,-maps and we can apply the functor F. We obtain +7% = F(+F) :
FE xy FE =2 F(E xy E) — FE, Mf'¥ .= F(\F) : FE — FE and
0FE .= F(0P): FE — FE. It is easily seen that (FE,+FE \FE 0FF) is a
vector bundle structure on F'E. m

Let F : VB,, — FM be a f.p.p.g.b. functor of order r. We are going to
construct an admissible triple (V ¥, H¥ ).

ExAMPLE 2. We put
VE = Fy(R™ x R),
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the fiber at 0 € R™ of the vector bundle F(R™ x R), where R™ x R is
(of course) the trivial vector bundle over R™ with fiber R. Then V¥ is a
finite-dimensional vector space over R.
We define HY : G, — GL(VF) by
HY (&) (v) := Fo(p x idr)(v), veVF e=4lpeqr,.
HY (€)(v) is well defined because F is of order r. By the definition of V¥
HF () € GL(VT). By the functoriality of F', H is a group homomorphism.

By the regularity of F, H¥ is smooth.

We define tf' : DI — gl(VE) by

t"(n)(v) = Fo(A)(v), v eV, n=j5yeDy,

where 7 : R™ x R — R™ x R is a VB,,-map such that y(z,y) = (z,v(x)y)
for z € R™, y € R. Then t'(n)(v) is well defined because F is of order r.
By the definition of V¥, tf'(n) € gl(VF). By the functoriality of F' and the
definitions of the actions one can verify in a standard (but long) way that
tt" is a GT -equivariant unital algebra homomorphism.

Then (VE, HY tF') is an admissible triple of order » and dimension m.

DEFINITION 3. We call (V| HY ") the admissible triple corresponding
to F'.

3. Admissible triples corresponding to some fiber product pre-
serving gauge bundle functors on VB,,. In this section we present
admissible triples corresponding to fiber product preserving gauge bundle
functors on VB, presented in the introduction. The results of this section
will not be used to prove the main result.

Facrt 1. The admissible triple corresponding to the r-jet prolongation
gauge bundle functor J" : VB,, — FM is (D}, H}, . t"), where H! : G}, —
Aut(D7) is defined after Definition 1 and t], : D} — gl(Dy,) is given by
tr(n)(e) = ne forn, o € Dy,.

Fact 2. The admissible triple corresponding to the vertical r-jet prolon-
gation gauge bundle functor J, : VB,, — FM is (D;,,H t. oel ), where

H} G — Aut(D;,) is defined after Definition 1, ] : D;, — gl(D],) is
defined above and €}, : D, — R C D;, is the algebra homomorphism.

Fact 3. The admissible triple corresponding to the vertical Weil gauge
bundle functor VA : VB,, — FM corresponding to a Weil algebra A is
(A,ida,e?), where ida : GT, — {ida} C GL(A) is the trivial group homo-
morphism and 4 : DI, — gl(A) is given by €4 (n)(a) = v(0)a for n = jivy
e€eD; . ac A

m?

The gauge bundle functors of Facts 1-3 are “almost restrictions” of fiber
product preserving bundle functors on FM,,. In general, let F : FM,, —
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FM be a fiber product preserving bundle functor and (A, H,t) be its cor-
responding triple in the sense of [6]. Then by “almost restriction” we have

a fiber product preserving gauge bundle functor F: VB, — FM given by
FE = FE for any VB,,-object E and Ff Ff for any VB,,-map f.

Fact 4. The admissible triple correspondmg to F is (A H t) wfiere A
is the vector space A, H:Gr, — GL(A) is H : GT, — Aut(A) C GL(A) and
t:Dr, — gl(A) is given by i(n)(a) = t(n)a for a € A and n € Dr,.

The gauge bundle functor V4 of Fact 3 is a particular case of the fol-
lowing general construction. Let V : M f,, — VB be the natural vector
bundle corresponding to a group homomorphism H : G}, — GL(V), i.e
VM = P"MIV,H]| (the associated bundle) for any m-manifold M and
Vo = Prylidy] : VM — VM, for any embedding ¢ : My — My between
m-manifolds. Let V : VB, — VB be the fiber product preserving gauge
bundle functor such that VE E®y VM for any VB,,-object p: E — M
and V f=f® 1% f VE, — VE2 for any VB,,-map f : E1 — E5 covering
[+ My — M,. (For V = A and trivial H : G, — {idy} C GL(V) we obtain
VA)

Fact 5. The admissible triple corresponding to the above 17 : VB, —
FMis (V,H,ev), where eV : DI, — gl(V) is given by €V (n)(v) = v(0)v for
n=j30v€<€D;,,veV.

FacTt 6. The admissible triple (V,H,t) of order r corresponding to
TJEZT) : VB, — FM (see the Introduction) is given by V = TO(T)R’” =

(J§(R™ R)o)*, H : Gy, — GL(Ty"R™), (H()(w). 5§7) = (.4(v © ),
t: Dy, — gl(TgR™), (to)(w), f57) = (w.jo(m) for w € (J(R™ R)o)*,
§=Joyp € Gy Jov € JE(R™,R)o, 0 = jgn € Dy,.

Let F: VB,, — FM be a fiber product preserving gauge bundle func-
tor of order r. Define a new fiber product preserving gauge bundle functor
(F(*)*: VB, > FMby E— (FE*)* and f — (Ff*)*, where ()* denotes
the dualization of VB,,-objects and VB,,-maps.

Fact 7. Let (V,H,t) be an admissible triple of order r corresponding
to a fiber product preserving gauge bundle functor F : VB,, — FM of
order r. The admissible triple corresponding to (F(*))* : VB,, — FM is
(V*, H*,t*), where H*(§) = (H(§™1))" for § € Gy, and t*(n) = (t(n))* for
neDy,.

Let F1, F5 : VB, — FM be fiber product preserving gauge bundle func-

tors of order r. Define Fy Xp,,, Fy: VB, — FM by (F1 X, F2)(E) =
F\E x FyE for any VB,-object E — M and (I'y X, F2)(f)(v1,v2) =
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(F1f(v1), Faf(vg)) for any VB,,-map f : E — G and any (vy,v2) € F1E X
FE. Then Fy Xy, Fo : VB, — FM is again a fiber product preserv-
ing gauge bundle functor of order r. Let (VI HFv ¢Fv) (V2 HFz tF2)
and (VFIXBVBm B2 phixoys, F2 4 Fixoys, Fz) be the admissible triples cor-
responding to Fi, Fs and Fy X Bys,, F2 respectively. We have a new admis-
sible triple (V1 @ VI HI @ HE2 t51 @ t£2) of order r and dimension m
such that (H* @ H™)(¢) = HI (&) o HE2 (&) : ViV - VR gV for
any £ € GT and (t1 @t (n) =t (n) @ tf2(n): VoV s Vi gy
for any n € Dy,.

FacT 8. We have (V7 Bven ™2 ghixeve, B2 ¢fixevs, 2y =
(VB @ VE: HFY @ HF2 t5 @ tF?),

Let Fi,F5 : VB,, — FM be fiber product preserving gauge bundle
functors of orders r; and ry (respectively). Then Fy and Fy are of order
r = r1 + ry. Since Fy has values in VB, (see Lemma 1), we have the
composition Fy o Fy : VB,, — FM which is a fiber product preserving
gauge bundle functor of order r. Let (V1 HF1 tFv) (V2 gF2 t£2) and
(VEok ppFiofs 4FioFz) he the admissible triples of order r and dimension
m corresponding to Fiy, Fs and F} o Fy respectively. By tensoring over R
we have the admissible triple (VI @ V2 Hf' @ H2 1 @ tF2) of order r
and dimension m, where (of course) (H™ @ H2)(¢) = HM (&) @ H(¢) :
VgV - VgV for any € € GT, and (t11 @t12)(n) = 11 (n) @t (n) -
VgV - v g VE: for any n € D,

OPEN PROBLEM. Express (VI1ofz prlickz yFioky) by (i gk ¢h)
and (V2 {2 t12) Is (Virel ek ¢Fiekz) canonically isomorphic to
(VB @ VP HP @ HF2 t51 @ t52)? In my opinion, it is not. Otherwise,
there is a natural exchanging automorphism of J! o J* : VB,, — FM. But
this is rather impossible because an exchanging automorphism of J! o J! :
FM,, — FM (over FM,,) does not exist (see [5], [7]).

4. Classification of fiber product preserving gauge bundle func-
tors on VB3, of order r in terms of admissible triples of order r and
dimension m. The following classification proposition shows that any fiber
product preserving gauge bundle functor on VB, of order r is equivalent to
some fiber product preserving gauge bundle functor as in Example 1.

PropoOSITION 1. Let F' : VB,, — FM be a fiber product preserving
gauge bundle functor of order r. Let (VE HE tF) be the admissible triple
(of order r and dimension m) corresponding to F. Then we have a natural

equivalence OF : F = TV H"t")

Proof. Let p: E — M be a VB,,-object. We construct canonically a
diffeomorphism 6 : FE — TV H ) E as follows. Given a point y €
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F,E, x € M, we define ©F (y) : J7C>/(E) — VEM by
O (y)(&) = Fu(f)(y) € Fu(M x R) = VEM, ¢ =jifeJCoIN(E),

where a fiber linear map f: F — R is (in an obvious way) considered as
the VB,,-map f : E — M X R covering the identity of M and where the
identification F,,(M x R) & VI M is given by F,(M xR) > F(¢ x idg)(v) =
(Jop,v) € VEM for v € VI = Fy(R™ x R), where ¢ : R™ — M is an
embedding with ¢(0) = z. Then ©%(y) is well defined because F is of
order 7. Recalling the definition of (V¥', H¥ ') (see Example 2) and using
the functoriality of F' one can verify in a standard (but long) way that
OF (y) is a module homomorphism over t£ : Jr(M,R) — gl(VEM), i.c.
F F ,F

ofy) etV 1 1E.

It remains to show that ©F : FE — TV - H"#") £ ig a diffeomorphism.

Because OF : F — TV H"t") is natural with respect to VB,,-maps,
and F and TV H" ") preserve fiber products, and E is locally a (multi)
fiber product of R™ x R, we may assume that £ = R™ xR, the trivial vector
bundle over R™ with fiber R. But for E = R™ x R the transformation ©F
is the composition F(R™ x R) = R™ x VI =~ T(VF’HF’tF)(Rm x R), where
the first identification is given by F,(R™ x R) 2 v = (x, F(7_; x idr)(v)) €
{2} x VF 2 € R™, and the second trivialization is induced (see Example 1)
by the obvious trivialization of R™ x R. =

5. Classification of admissible triples of order r and dimension
m in terms of fiber product preserving gauge bundle functors on
VB,, of order r. The following classification proposition shows that any
admissible triple of order r and dimension m is isomorphic to some admis-
sible triple as in Example 2.

PROPOSITION 2. Let (V, H,t) be an admissible triple of order r and di-
mension m. Let F = TW-HY  Then we have an isomorphism OWV-H:1) .
(V,H,t) = (VE, HE tF') of admissible triples.

We recall that a morphism (Vi, Hy,t1) — (Va, Ha, t2) of admissible triples
is a linear map O : Vi — V4 such that Ho(§)oO = Qo Hy(§) for any £ € G,
and ta(n) o O = O oty(n) for any n € D;,,.

Proof. The composition OV-H:4) . — VI = HomtO(JTCSO’fl(Rm x R),
VoR™) 2 {0} x V of OV-H:) with the isomorphism induced (see Example 1)
by the usual trivialization of R™ x R is the (almost) identity map. One can
show in a standard (but long) way that O(>:!) is a morphism (V, H,t) —
(VE HF tF) of admissible triples. m
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6. Natural transformations of fiber product preserving gauge
bundle functors on VB, of order r and induced morphisms between
admissible triples. Let Fy, F5 : VB,, — FM be fiber product preserving
gauge bundle functors of order r. Let (V1 Ht tF1) and (VF2, HF2 ¢F%)
be the corresponding admissible triples of order r and dimension m. Let
u: Fy — F5 be a natural transformation.

EXAMPLE 3. Define v* : VF1 — V2 to be the restriction and core-
striction of p : Fy(R™ x R) — Fy(R™ x R) to V1 = (F1)o(R™ x R) and
VE: = (Fy)o(R™ x R). Then v* : (VI HF ¢51) — (V2 HE2 $12) g a
morphism of admissible triples. If i is an isomorphism, then so is v*.

DEerFINITION 4. We call v* the morphism corresponding to L.

7. Morphisms between admissible triples and induced natural
transformations between fiber product preserving gauge bundle
functors. Let (Vi, Hy,t1) and (Va, Ho,t2) be admissible triples of order
r and dimension m. Let v : (Vi, Hy1,t1) — (Va, Ha,t2) be a morphism of
admissible triples.

ExaMpPLE 4. Given a VB,,-object p : E — M define a base preserv-
ing fibered map p* : TVHutOE s T(V2Hut) B ag follows. Let & €
TV B — Homy,,,, (J7CN(E), (i), M), © € M. Put p*(®) = 7,00 :
JrCINE) — (Vo) M, where 7, : (Vi)o M — (Vo) M, 0,((jip,v)) =
(jro,v(v)) for v € Vq and ¢ : R™ — M is an embedding with ¢(0) = x.
We see that p” (@) € Hom(tz)z(JTCgfo’fl(E),(‘72)IM) = 7" | and
that p¥ : TWVeHut) o 7(V2,Haotz) g 5 patural transformation. If v is an
isomorphism, then so is p”.

DEFINITION 5. We call p¥ the natural transformation corresponding
to v.

8. Object classification theorem. The first main result in this paper
is the following theorem.

THEOREM 1. The correspondence F s (VE HY ) induces a bijective
correspondence between the equivalence classes of fiber product preserving
gauge bundle functors F on VB, of order r and the equivalence classes of

admissible triples (V, H,t) of order r and dimension m. The inverse corre-
spondence is induced by (V, H,t) — TV-H:t),

Proof. The correspondence [F] ~— [(VE, HE tI)] is well defined, for
if 4 : F; — Fy is an isomorphism, then so is v# : (V1 Hf 1) —
(VE2 HF2 ¢F2),
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The correspondence [(V, H,t)] + [TV:H0)] is well defined, for if v :
(Vi,Hy,t1) — (Va, Ha, tp) is an isomorphism, then so is p? : T(Vi-Hit)
T(V2,Hz,t2)

From Proposition 1 it follows that [F] = [T(V"-#":t")]. From Proposi-
tion 2 it follows that [(V, H,t)] = [(VF, HF )] if F = TV:H1) u

9. Morphism classification theorem. Let I} and F5 be fiber product
preserving gauge bundle functors on VB,, of order r. Let (V1 HF1 1)
and (V2 HF2 t72) be the corresponding admissible triples of order r and
dimension m.

LEMMA 2. Let v : (VI HI 1) — (VI HT2 t52) be a morphism of
admissible triples. Let pl¥! : Fi — Fy be a natural transformation given by
the composition

£ 9_1:1> T(VFlaHFIJFl) ,u_“) T(VFQ,HF2,tF2) (&: Fg,
where OF s as in Proposition 1 and p* is described in Example 4. Then
pw = pl¥l s the unique natural transformation Fy — Fy such that v* = v,
where v* s as in Fxample 3.

Proof. Suppose i : F1 — F5 is another natural transformation such that
v# = v. Then @i coincides with i on the vector bundle R™ x R. Hence 7z =
by the same argument as in the proof of Proposition 1. m

Now, the following second main result of this paper is clear.

THEOREM 2. Let Fy and Fy be two fiber product preserving gauge bundle
functors on VB, of order r. The correspondence u — v* is a bijection be-
tween natural transformations Fy — Fy and morphisms (V1 HF tF1) —
(VE2 HE2 tF2) between corresponding admissible triples. The inverse corre-
spondence is v — pl)

10. Finite order theorem

THEOREM 3. Any fiber product preserving gauge bundle functor F : V1B,
— FM is of finite order.

Proof. Define AT : C>/{(R™ x R) — C®(F(R™ x R), F(R™ x R)) by
AF(f) = Ff, where a fiber linear map f : R™ x R — R is considered as a
base preserving VB,,-map R” x R — R™ x R in an obvious way. Clearly,
AF is m-local, where 7 : F(R™ x R) — R™ is the projection. The zero map
O € C>®/(R™ x R) is invariant with respect to the translations of R™.
Moreover, given f € C/H(R™ x R), v € Fy(R™ x R), a neighborhood W of
J6°(0) and a neighborhood U of 0 € Fy(R™ x R), there is t € R such that
Jo(for) € Wand FAi(v) € U, where \; is the fiber homothety by ¢. Then
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by the non-linear Peetre theorem [5] we deduce that the operator A% is of
finite order ;. In particular, Fy f depends on jj' f only.

We have the bundle functor GF' : Mf,, — FM such that GF'M =
F(M x R) for any m-manifold M and GF¢ = F(p xidg) : GFM — GI'N
for any embedding ¢ : M — N between m-manifolds. By the Palais—Terng
theorem (see [5]), G has finite order 5.

We prove that F' is of order r = max(rq,72). We consider a VI3,,-map
f:Ey — FEs and a point x € M;. It remains to show that F, f depends on
Jut-

Using VB,,-trivializations we can assume that £y = R™ x R", Fy =
R™ x R? and x = 0 € R™. Since F' preserves fiber products, we can assume
that ¢ = 1. For the same reason, we can assume that n = 1. (Apply the fact
that the map I : X}, F(R™ xR) — F(R™ x R") inverse to the fiber product
identification F(R™ x R") — X, F(R™ x R) is given by I(vi,...,v,) =
> F(g?)(v7) forvi,... vy € Fp(R™ xR), z € R™, g7 : R™ xR — R™xR",
¢ (z,y) = (z,e;y), e = (0,...,0,1,0,...,0) (1 in position j), j =1,...,n,
where the sum is the one in the vector bundle F(R™ x R™); see Lemma 1.)
Then we can write f = f (¢ x idgr), where f R™ xR — R™ x R is a base
preserving VB,,-map and ¢ : R™ — R™ is a O-preserving embedding. Then
Fof = Fof o GE ¢ depends on jolf and j;?¢ as we showed above. =

11. Applications. We give some applications of the main results. We
will use the Facts from Section 3.

LEMMA 3. Let a : D;, — D], be a G} -equivariant linear map, where
Dy is a G, -space via H as in Fact 1. Then there exist unique k,l € R
such that a = kldDr + e’ . where idD;n s the identity map and €], is the
map as in Fact 2.

Proof. Below «, 8 € (NU{0})™ with |a] <r and |5] < r. We can write
a(jiz®) =>. 5 03J0 z” for some unique real numbers ag. By the equivariance

m?

of a with respect to ji(r'z!,..., 7™a™) € GI we deduce that T%ag = Tﬁag
for any 7 = (71,...,7™) € RT. Then a(jjz®) = aljsz®. If o # (0), then
by the equivariance of a with respect to ji(z! + x*,22,...,2™) € G, we

deduce that afljgja’ + a2jiaz® = a(j(at + 2)) = a2 (jia' + jia®), ie.
a(joxr®) = ag jox®. So, it remains to put k = ag! and | = aggg —agt. m

LEMMA 4. Suppose that a : D], — D is a G}, -equivariant linear map
such that t] (n) oca = aot] (n) for any n = jiv € DL, where t], is as in
Fact 1. Then there exists a unique k € R such that a = kidpr .

Proof. By Lemma 3, a = kidpr +ley,. Since a commutes with ¢}, we
easily obtain [ = 0. =
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LEMMA 5. The space of endomorphisms of (V, H,e"') (see Fact 5) is the
space of G -equivariant linear endomorphisms of V, where V is a G}, -space
via H.

Proof. This is a simple observation. m

COROLLARY 1. Any natural endomorphism p : J* — J" is kid - for
some uniquely determined real number k.

Proof. By Theorem 2 natural endomorphisms J” — J” are in bijection
with endomorphisms of the admissible triple (D;,, H ,t].) corresponding to

J" (see Fact 1). By Lemma 4 these endomorphisms are kidp, for k € R. =

COROLLARY 2. Any natural endomorphism p : Jy — Jy is kidjr +lug,
for some uniquely determined real numbers k,l, where for any VB,,-ob-
ject p : E — M we have u, : JIE — JJE with u(jly) = jr(y(x)) for
v: M — E., x € M, where v(x) : M — E, is the constant map.

Proof. The proof is quite similar to that of Corollary 1. We use Theo-
rem 2, Lemma 3 and Fact 2. =

COROLLARY 3. Any natural endomorphism pu : YQ}E — I:/E for any VB, -

objectp : E — M, where V is as in Fact 5, is = idg @iy, for some natural
endomorphism [ : VM — VM.

In particular, any natural endomorphism p : VAE = E® A — VAE,
where VA is the vertical Weil gauge bundle functor corresponding to a Weil
algebra A, is p =idg @B for some B € gl(A).

Proof. The proof is quite similar to that of Corollary 1. We use Theo-
rem 2, Lemma 5 and Fact 5. That VAE = E ® A follows from the fact that
the admissible triples corresponding to the functors are isomorphic. m
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