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On the fiber product preserving
gauge bundle functors on vector bundles

by Włodzimierz M. Mikulski (Kraków)

Abstract. We present a complete description of all fiber product preserving gauge
bundle functors F on the category VBm of vector bundles with m-dimensional bases and
vector bundle maps with local diffeomorphisms as base maps. Some corollaries of this
result are presented.

Introduction. Modern differential geometry has clarified that product
preserving bundle functors on the categoryMf of manifolds and maps play
very important roles. To such bundle functors one can lift some geometric
structures as vector fields, forms, connections, etc. To define such lifts the
only important property is the product preservation. Such functors have
been classified by means of Weil algebras [5].

Research quite similar to that on manifolds has been done on fibered
manifolds. A wide class of bundle functors on the category FMm of fibered
manifolds with m-dimensional bases and fiber preserving maps with local
diffeomorphisms as base maps is the class of fiber product preserving func-
tors. Such functors have been classified in [6], and studied in [1]–[4], [8].

In turn research similar to that on fibered manifolds has been done on
vector bundles. A wide class of (gauge) bundle functors on the category VBm
of vector bundles with m-dimensional bases and vector bundle maps with
local diffeomorphisms as base maps is the class of fiber product preserv-
ing functors. For example the r-jet prolongation functor plays an important
role in the theory of higher order connections, Lagrangians, differential equa-
tions, etc. Below, we present many examples of such functors. Some of them
are well known. It seems natural and useful to classify all such functors.
The purpose of the present paper is to describe all fiber product preserving
gauge bundle functors on VBm.
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We first recall the following definitions (see e.g. [5]).
Let F : VBm → FM be a covariant functor into the category FM of

fibered manifolds and their fibered maps. Let BVBm : VBm → Mf and
BFM : FM→Mf be the respective base functors.

A gauge bundle functor on VBm is a functor F as above satisfying:

(i) (Base preservation) BFM ◦ F = BVBm . Hence the induced projec-
tions form a functor transformation π : F → BVBm .

(ii) (Localization) For every inclusion of an open vector subbundle iE|U :
E|U → E, F (E|U) is the restriction π−1(U) of π : FE → BVBm(E) to U
and FiE|U is the inclusion π−1(U)→ FE.

(iii) (Regularity) F transforms smoothly parametrized systems of VBm-
morphisms into smoothly parametrized systems of FM-morphisms.

A gauge bundle functor F : VBm → FM is of finite order r if from
jrxf = jrxg it follows that Fxf = Fxg for any VBm-objects E1 → M1,
E2 →M2, any VBm-maps f, g : E1 → E2 and any x ∈M1.

Given two gauge bundle functors F1, F2 on VBm, by a natural transfor-
mation µ : F1 → F2 we mean a system of base preserving fibered maps
µ : F1E → F2E for every vector bundle E satisfying F2f ◦ µ = µ ◦ F1f for
every VBm-morphism f : E → G.

A gauge bundle functor F on VBm is fiber product preserving if for any
fiber product projections

E1
pr1←− E1 ×M E2

pr2−→ E2

in the category VBm,

FE1
F pr1←− F (E1 ×M E2)

F pr2−→ FE2

are fiber product projections in the category FM. In other words, we have
F (E1×ME2) = F (E1)×M F (E2) modulo the corestriction of (F pr1, F pr2).

The most important example of a fiber product preserving gauge bundle
functor is the r-jet prolongation functor Jr : VBm → FM, where for a
VBm-object p : E → M we have JrE = {jrxσ | σ is a local section of E,
x ∈ M} and for a VBm-map f : E1 → E2 covering f : M1 → M2 we have
Jrf : JrE1 → JrE2, where Jrf(jrxσ) = jrf(x)(f ◦ σ ◦ f−1) for jrxσ ∈ JrE1.

Another example is the so-called vertical r-jet prolongation functor Jrv :
VBm → FM, where for a VBm-object p : E → M we have JrvE = {jrxγ |
γ is a local map M → Ex, x ∈ M} and for a VBm-map f : E1 → E2

covering f : M1 → M2 we have Jrvf : JrvE1 → JrvE2, where Jrvf(jrxγ) =
jrf(x)(f ◦ γ ◦ f−1) for jrxγ ∈ JrvE1.

Still another example is the vertical Weil functor V A : VBm → FM
corresponding to a Weil algebra A, where for a VBm-object p : E → M



Gauge bundle functors 253

we have V AE =
⋃
x∈M TA(Ex) and for a VBm-map f : E1 → E2 we have

V Af =
⋃
x∈M1

TA(fx) : V AE1 → V AE2. The functor V AE is equivalent to
E ⊗ A.

One more example is the following vector bundle modification T
(r)
fl :

VBm → FM of the vector r-tangent bundle T (r) over manifolds. For a
vector bundle p : E → M from VBm we have a vector bundle T r∗fl E =
Jrfl(E,R)0 = {jrxγ | γ : E → R is fiber linear, γx = 0, x ∈ M} over
M , where γx is the restriction of γ to the fiber Ex of E over x ∈ M . Let
T

(r)
fl E = (T r∗fl E)∗ be the dual vector bundle. Every VBm-map f : E → E

covering f : M → M induces a VBm-map T
(r)
fl f : T (r)

fl E → T
(r)
fl E covering

f , where 〈T (r)
fl f(ω), jrf(x)γ〉 = 〈ω, jrx(γ ◦f)〉 for ω ∈ (T (r)

fl )xE, and γ : E → R
is fiber linear with γf(x) = 0, x ∈M .

The fiber product F1 ×BVBm F2 : VBm → FM of fiber product pre-
serving gauge bundle functors F1, F2 : VBm → FM is again a fiber prod-
uct preserving gauge bundle functor. We recall that (F1 ×BVBm F2)(E) =
F1E ×M F2E for any VBm-object E →M , and (F1×BVBm F2)(f)(v1, v2) =
(F1f(v1), F2f(v2)) for any VBm-map f : E → G and any (v1, v2) ∈ F1E×M
F2E.

The composition of fiber product preserving gauge bundle functors on
VBm is again a fiber product preserving gauge bundle functor on VBm. (In
Lemma 1 it will be proved that every fiber product preserving gauge bundle
functor has values in VBm. So, the composition is possible.)

If F : VBm → FM is a fiber product preserving gauge bundle functor
of order r we define a new fiber product preserving gauge bundle functor
(F (∗))∗ : VBm → FM by E 7→ (FE∗)∗ and f 7→ (Ff∗)∗, where ()∗ denotes
the dualization of VBm-objects and VBm-maps.

The first main result in this paper is that all fiber product preserving
gauge bundle functors F on VBm of finite order r are in bijection with so-
called admissible triples, i.e. triples (V,H, t) where V is a finite-dimensional
vector space over R, H : Grm → GL(V ) is a smooth group homomorphism
from Grm = inv Jr0 (Rm,Rm)0 into GL(V ) and t : Drm → gl(V ) is a Grm-
equivariant unital associative algebra homomorphism from Drm = Jr0 (Rm,R)
into gl(V ).

The second main result is that natural transformations between two fiber
product preserving gauge bundle functors on VBm of order r are in bijection
with morphisms between the corresponding admissible triples.

The third main result is that any fiber product preserving gauge bundle
functor on VBm is of finite order.

As corollaries of the above results we describe explicitly all natural en-
domorphisms Jr → Jr, Jrv → Jrv and V A → V A for any Weil algebra A.
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All manifolds are assumed to be finite-dimensional. All manifolds and
maps are assumed to be smooth, i.e. of class C∞.

1. Fiber product preserving gauge bundle functors on VBm cor-
responding to admissible triples

Definition 1. An admissible triple of order r and dimension m is a
triple (V,H, t), where V is a finite-dimensional vector space over R, H :
Grm → GL(V ) is a smooth group homomorphism from the Lie group Grm =
inv Jr0 (Rm,Rm)0 of invertible r-jets at 0 ∈ Rm of diffeomorphisms Rm →
Rm preserving 0 into the group GL(V ) of linear isomorphisms of V , and
t : Drm → gl(V ) is a Grm-equivariant unital algebra homomorphism from the
unital algebra Drm = Jr0 (Rm,R) of r-jets at 0 ∈ Rm of maps Rm → R into
the unital associative algebra gl(V ) of linear endomorphisms of V .

We recall that Grm acts on Drm by jr0ϕ.j
r
0γ = jr0(γ ◦ ϕ−1) for jr0ϕ ∈ Grm,

jr0γ ∈ Drm. This action will be denoted by Hr
m. We also recall that Grm acts

on gl(V ) by ξ.A = H(ξ) ◦A ◦H(ξ−1) for ξ ∈ Grm, A ∈ gl(V ). These actions
are by unital algebra isomorphisms.

Let (V,H, t) be an admissible triple of order r and dimension m. We are
going to construct a fiber product preserving gauge bundle functor T (V,H,t) :
VBm → FM.

Example 1. For a vector bundle p : E →M from VBm we put

T (V,H,t)E =
⋃

x∈M
Homtx(JrC∞,flx (E), ṼxM).

Here Ṽ :Mfm → VB is the natural vector bundle corresponding to the Grm
space V , i.e. Ṽ M = P rM [V,H] (the associated bundle) for any m-manifold
M and Ṽ ϕ = P rϕ[idV ] : Ṽ M1 → Ṽ M2 for any embedding ϕ : M1 → M2

between m-manifolds, and Homtx(JrC∞,flx (E), ṼxM) is the space of module
homomorphisms over tx : Jrx(M,R) → gl(ṼxM) from the (free) Jrx(M,R)-
module JrC∞,flx (E) of r-jets at x ∈ M of germs at x of fiber linear maps
E → R into the gl(ṼxM)-module ṼxM , where tx : Jrx(M,R) → gl(ṼxM) is
the unital algebra homomorphism induced by t such that tx(jrxγ) = Ṽ0ϕ ◦
t(jr0(γ ◦ ϕ)) ◦ (Ṽ0ϕ)−1 for any γ : M → R and any embedding ϕ : Rm →M
with ϕ(0) = x (tx is well defined because t is Grm-equivariant).

Given a vector bundle trivialization (x1 ◦ p, . . . , xm ◦ p, y1, . . . , yn) :
E|U → Rm×Rn we have an induced fiber bundle trivialization (x̃1, . . . , x̃m,
ỹ1, . . . , ỹn) : T (V,H,t)E|U → Rm × V n such that x̃i(Φ) = xi(x0) ∈ R and
ỹj(Φ) = Φ(jrx0

(yi)) ∈ Ṽx0M
∼= V for any Φ ∈ Homtx0

(JrC∞,flx0
(E), Ṽx0M),

i=1, . . . ,m, j=1, . . . , n, where V ∼= Ṽx0M is given by v ↔ Ṽ ((x1, . . . , xm)−1
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◦ τ(xi(x0)))(v) for v ∈ V , and τy : Rm → Rm is the translation by y ∈ Rm.
Then T (V,H,t)E with the obvious projection is a fiber bundle over M .

Every VBm-map f : E1 → E2 covering f : M1 → M2 induces a fibered
map T (V,H,t)E1 → T (V,H,t)E2 covering f such that

T (V,H,t)f(Φ)(jrf(x)ξ) = Ṽ f ◦ Φ(jrx(ξ ◦ f))

for any Φ ∈ Homtx(JrC∞,flx (E1), ṼxM), x ∈ M1, and any fiber linear map
ξ : E2 → R.

If in some vector bundle trivializations f(x, y) = (f(x),
∑
j f

j(x)yj) for

x ∈ Rm, y = (y1, . . . , yn) ∈ Rn, f j = (f jl ) : Rm → Rk, j = 1, . . . , n,
l = 1, . . . , k, then in the induced trivializations

T (V,H,t)f(x, v)

=
(
f(x),

(∑

j

t(jr0(f jl ◦ f−1 ◦ τf(x)))(H(jr0(τ−f(x) ◦ f ◦ τx))(vj))
)k
l=1

)

for x ∈ Rm and v = (v1, . . . , vn) ∈ V n.
The correspondence T (V,H,t) : VBm → FM is a fiber product preserving

gauge bundle functor of order r and it takes values in the category VBm.

Definition 2. We call T (V,H,t) : VBm → FM the fiber product preserv-
ing gauge bundle functor corresponding to the admissible triple (V,H, t).

2. Admissible triples corresponding to fiber product preserving
gauge bundle functors on VBm

Lemma 1. Let F : VBm → FM be a f.p.p.g.b. functor.

(a) Given a vector bundle p : E →M we have a canonical vector bundle
structure on FE.

(b) Given a VBm-map f : E1 → E2 over f : M1 →M2 the induced map
Ff : FE1 → FE2 is a vector bundle map over f .

Proof. The fiber sum map +E : E ×M E → E, the fiber scalar multi-
plication maps λEt : E → E for t ∈ R and the zero map 0E : E → E are
VBm-maps and we can apply the functor F . We obtain +FE := F (+E) :
FE ×M FE ∼= F (E ×M E) → FE, λFEt := F (λEt ) : FE → FE and
0FE := F (0E) : FE → FE. It is easily seen that (FE,+FE , λFEt , 0FE) is a
vector bundle structure on FE.

Let F : VBm → FM be a f.p.p.g.b. functor of order r. We are going to
construct an admissible triple (V F ,HF , tF ).

Example 2. We put

V F := F0(Rm × R),
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the fiber at 0 ∈ Rm of the vector bundle F (Rm × R), where Rm × R is
(of course) the trivial vector bundle over Rm with fiber R. Then V F is a
finite-dimensional vector space over R.

We define HF : Grm → GL(V F ) by

HF (ξ)(v) := F0(ϕ× idR)(v), v ∈ V F , ξ = jr0ϕ ∈ Grm.
HF (ξ)(v) is well defined because F is of order r. By the definition of V F ,
HF (ξ) ∈ GL(V F ). By the functoriality of F , HF is a group homomorphism.
By the regularity of F , HF is smooth.

We define tF : Drm → gl(V F ) by

tF (η)(v) = F0(γ̃)(v), v ∈ V F , η = jr0γ ∈ Drm,
where γ̃ : Rm × R → Rm × R is a VBm-map such that γ̃(x, y) = (x, γ(x)y)
for x ∈ Rm, y ∈ R. Then tF (η)(v) is well defined because F is of order r.
By the definition of V F , tF (η) ∈ gl(V F ). By the functoriality of F and the
definitions of the actions one can verify in a standard (but long) way that
tF is a Grm-equivariant unital algebra homomorphism.

Then (V F ,HF , tF ) is an admissible triple of order r and dimension m.

Definition 3. We call (V F ,HF , tF ) the admissible triple corresponding
to F .

3. Admissible triples corresponding to some fiber product pre-
serving gauge bundle functors on VBm. In this section we present
admissible triples corresponding to fiber product preserving gauge bundle
functors on VBm presented in the introduction. The results of this section
will not be used to prove the main result.

Fact 1. The admissible triple corresponding to the r-jet prolongation
gauge bundle functor Jr : VBm → FM is (Drm,Hr

m, t
r
m), where Hr

m : Grm →
Aut(Drm) is defined after Definition 1 and trm : Drm → gl(Drm) is given by
trm(η)(%) = η% for η, % ∈ Drm.

Fact 2. The admissible triple corresponding to the vertical r-jet prolon-
gation gauge bundle functor Jrv : VBm → FM is (Drm,Hr

m, t
r
m ◦ εrm), where

Hr
m : Grm → Aut(Drm) is defined after Definition 1, trm : Drm → gl(Drm) is

defined above and εrm : Drm → R ⊂ Drm is the algebra homomorphism.

Fact 3. The admissible triple corresponding to the vertical Weil gauge
bundle functor V A : VBm → FM corresponding to a Weil algebra A is
(A, idA, εA), where idA : Grm → {idA} ⊂ GL(A) is the trivial group homo-
morphism and εA : Drm → gl(A) is given by εA(η)(a) = γ(0)a for η = jr0γ
∈ Drm, a ∈ A.

The gauge bundle functors of Facts 1–3 are “almost restrictions” of fiber
product preserving bundle functors on FMm. In general, let F : FMm →
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FM be a fiber product preserving bundle functor and (A,H, t) be its cor-
responding triple in the sense of [6]. Then by “almost restriction” we have
a fiber product preserving gauge bundle functor F̃ : VBm → FM given by
F̃E = FE for any VBm-object E and F̃ f = Ff for any VBm-map f .

Fact 4. The admissible triple corresponding to F̃ is (Ã, H̃, t̃), where Ã
is the vector space A, H̃ : Grm → GL(Ã) is H : Grm → Aut(A) ⊂ GL(Ã) and
t̃ : Drm → gl(Ã) is given by t̃(η)(a) = t(η)a for a ∈ Ã and η ∈ Drm.

The gauge bundle functor V A of Fact 3 is a particular case of the fol-
lowing general construction. Let Ṽ : Mfm → VB be the natural vector
bundle corresponding to a group homomorphism H : Grm → GL(V ), i.e.
Ṽ M = P rM [V,H] (the associated bundle) for any m-manifold M and
Ṽ ϕ = P rϕ[idV ] : Ṽ M1 → Ṽ M2 for any embedding ϕ : M1 → M2 between

m-manifolds. Let ˜̃V : VBm → VB be the fiber product preserving gauge

bundle functor such that ˜̃V E = E ⊗M Ṽ M for any VBm-object p : E →M

and ˜̃V f = f ⊗ Ṽ f : ˜̃V E1 → ˜̃V E2 for any VBm-map f : E1 → E2 covering
f : M1 →M2. (For V = A and trivial H : Grm → {idV } ⊂ GL(V ) we obtain
V A.)

Fact 5. The admissible triple corresponding to the above ˜̃V : VBm →
FM is (V,H, εV ), where εV : Drm → gl(V ) is given by εV (η)(v) = γ(0)v for
η = jr0γ ∈ Drm, v ∈ V .

Fact 6. The admissible triple (V,H, t) of order r corresponding to
T

(r)
fl : VBm → FM (see the Introduction) is given by V = T

(r)
0 Rm =

(Jr0 (Rm,R)0)∗, H : Grm → GL(T (r)
0 Rm), 〈H(ξ)(ω), jr0γ〉 = 〈ω, jr0(γ ◦ ϕ)〉,

t : Drm → gl(T (r)
0 Rm), 〈t(%)(ω), jr0γ〉 = 〈ω, jr0(ηγ)〉 for ω ∈ (Jr0 (Rm,R)0)∗,

ξ = jr0ϕ ∈ Grm, jr0γ ∈ Jr0 (Rm,R)0, % = jr0η ∈ Drm.

Let F : VBm → FM be a fiber product preserving gauge bundle func-
tor of order r. Define a new fiber product preserving gauge bundle functor
(F (∗))∗ : VBm → FM by E 7→ (FE∗)∗ and f 7→ (Ff∗)∗, where ()∗ denotes
the dualization of VBm-objects and VBm-maps.

Fact 7. Let (V,H, t) be an admissible triple of order r corresponding
to a fiber product preserving gauge bundle functor F : VBm → FM of
order r. The admissible triple corresponding to (F (∗))∗ : VBm → FM is
(V ∗,H∗, t∗), where H∗(ξ) = (H(ξ−1))∗ for ξ ∈ Grm and t∗(η) = (t(η))∗ for
η ∈ Drm.

Let F1, F2 : VBm → FM be fiber product preserving gauge bundle func-
tors of order r. Define F1 ×BVBm F2 : VBm → FM by (F1 ×BVBm F2)(E) =
F1E ×M F2E for any VBm-object E →M and (F1 ×BVBm F2)(f)(v1, v2) =
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(F1f(v1), F2f(v2)) for any VBm-map f : E → G and any (v1, v2) ∈ F1E×M
F2E. Then F1 ×BVBm F2 : VBm → FM is again a fiber product preserv-
ing gauge bundle functor of order r. Let (V F1 ,HF1 , tF1), (V F2 ,HF2 , tF2)
and (V F1×BVBmF2 ,HF1×BVBmF2 , tF1×BVBmF2) be the admissible triples cor-
responding to F1, F2 and F1 ×BVBm F2 respectively. We have a new admis-
sible triple (V F1 ⊕ V F2 ,HF1 ⊕HF2 , tF1 ⊕ tF2) of order r and dimension m
such that (HF1 ⊕HF2)(ξ) = HF1(ξ)⊕HF2(ξ) : V F1 ⊕V F2 → V F1 ⊕V F2 for
any ξ ∈ Grm and (tF1 ⊕ tF2)(η) = tF1(η)⊕ tF2(η) : V F1 ⊕ V F2 → V F1 ⊕ V F2

for any η ∈ Drm.

Fact 8. We have (V F1×BVBmF2 ,HF1×BVBmF2 , tF1×BVBmF2) =
(V F1 ⊕ V F2 ,HF1 ⊕HF2 , tF1 ⊕ tF2).

Let F1, F2 : VBm → FM be fiber product preserving gauge bundle
functors of orders r1 and r2 (respectively). Then F1 and F2 are of order
r = r1 + r2. Since F2 has values in VBm (see Lemma 1), we have the
composition F1 ◦ F2 : VBm → FM which is a fiber product preserving
gauge bundle functor of order r. Let (V F1 ,HF1 , tF1), (V F2 ,HF2 , tF2) and
(V F1◦F2 ,HF1◦F2 , tF1◦F2) be the admissible triples of order r and dimension
m corresponding to F1, F2 and F1 ◦ F2 respectively. By tensoring over R
we have the admissible triple (V F1 ⊗ V F2 ,HF1 ⊗HF2 , tF1 ⊗ tF2) of order r
and dimension m, where (of course) (HF1 ⊗HF2)(ξ) = HF1(ξ) ⊗HF2(ξ) :
V F1⊗V F2 → V F1⊗V F2 for any ξ ∈ Grm and (tF1⊗tF2)(η) = tF1(η)⊗tF2(η) :
V F1 ⊗ V F2 → V F1 ⊗ V F2 for any η ∈ Drm.

Open Problem. Express (V F1◦F2 ,HF1◦F2 , tF1◦F2) by (V F1 , HF1 , tF1)
and (V F2 ,HF2 , tF2). Is (V F1◦F2 ,HF1◦F2 , tF1◦F2) canonically isomorphic to
(V F1 ⊗ V F2 ,HF1 ⊗ HF2 , tF1 ⊗ tF2)? In my opinion, it is not. Otherwise,
there is a natural exchanging automorphism of J1 ◦ J1 : VBm → FM. But
this is rather impossible because an exchanging automorphism of J1 ◦ J1 :
FMm → FM (over FMm) does not exist (see [5], [7]).

4. Classification of fiber product preserving gauge bundle func-
tors on VBm of order r in terms of admissible triples of order r and
dimension m. The following classification proposition shows that any fiber
product preserving gauge bundle functor on VBm of order r is equivalent to
some fiber product preserving gauge bundle functor as in Example 1.

Proposition 1. Let F : VBm → FM be a fiber product preserving
gauge bundle functor of order r. Let (V F ,HF , tF ) be the admissible triple
(of order r and dimension m) corresponding to F . Then we have a natural
equivalence ΘF : F ∼= T (V F ,HF ,tF ).

Proof. Let p : E → M be a VBm-object. We construct canonically a
diffeomorphism ΘF : FE → T (V F ,HF ,tF )E as follows. Given a point y ∈
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FxE, x ∈M , we define ΘF (y) : JrC∞,flx (E)→ Ṽ FxM by

ΘF (y)(ξ) = Fx(f)(y) ∈ Fx(M × R) ∼= Ṽ FxM, ξ = jrxf ∈ JrC∞,fl(E) ,

where a fiber linear map f : E → R is (in an obvious way) considered as
the VBm-map f : E → M × R covering the identity of M and where the
identification Fx(M ×R) ∼= Ṽ FxM is given by Fx(M ×R) 3 F (ϕ× idR)(v) ∼=
〈jr0ϕ, v〉 ∈ Ṽ FxM for v ∈ V F = F0(Rm × R), where ϕ : Rm → M is an
embedding with ϕ(0) = x. Then ΘF (y) is well defined because F is of
order r. Recalling the definition of (V F ,HF , tF ) (see Example 2) and using
the functoriality of F one can verify in a standard (but long) way that
ΘF (y) is a module homomorphism over tFx : Jrx(M,R) → gl(Ṽ FxM), i.e.

ΘF (y) ∈ T (V F ,HF ,tF )
x E.

It remains to show that ΘF : FE → T (V F ,HF ,tF )E is a diffeomorphism.
Because ΘF : F → T (V F ,HF ,tF ) is natural with respect to VBm-maps,

and F and T (V F ,HF ,tF ) preserve fiber products, and E is locally a (multi)
fiber product of Rm×R, we may assume that E = Rm×R, the trivial vector
bundle over Rm with fiber R. But for E = Rm × R the transformation ΘF

is the composition F (Rm × R) ∼= Rm × V F ∼= T (V F ,HF ,tF )(Rm × R), where
the first identification is given by Fx(Rm ×R) 3 v = (x, F (τ−x × idR)(v)) ∈
{x}×V F , x ∈ Rm, and the second trivialization is induced (see Example 1)
by the obvious trivialization of Rm × R.

5. Classification of admissible triples of order r and dimension
m in terms of fiber product preserving gauge bundle functors on
VBm of order r. The following classification proposition shows that any
admissible triple of order r and dimension m is isomorphic to some admis-
sible triple as in Example 2.

Proposition 2. Let (V,H, t) be an admissible triple of order r and di-
mension m. Let F = T (V,H,t). Then we have an isomorphism O(V,H,t) :
(V,H, t) ∼= (V F ,HF , tF ) of admissible triples.

We recall that a morphism (V1,H1, t1)→ (V2,H2, t2) of admissible triples
is a linear map O : V1 → V2 such that H2(ξ)◦O = O◦H1(ξ) for any ξ ∈ Grm
and t2(η) ◦ O = O ◦ t1(η) for any η ∈ Drm.

Proof. The composition O(V,H,t) : V → V F = Homt0(JrC∞,fl0 (Rm×R),
Ṽ0Rm) ∼= {0}×V of O(V,H,t) with the isomorphism induced (see Example 1)
by the usual trivialization of Rm ×R is the (almost) identity map. One can
show in a standard (but long) way that O(V,H,t) is a morphism (V,H, t)→
(V F ,HF , tF ) of admissible triples.
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6. Natural transformations of fiber product preserving gauge
bundle functors on VBm of order r and induced morphisms between
admissible triples. Let F1, F2 : VBm → FM be fiber product preserving
gauge bundle functors of order r. Let (V F1 ,HF1 , tF1) and (V F2 ,HF2 , tF2)
be the corresponding admissible triples of order r and dimension m. Let
µ : F1 → F2 be a natural transformation.

Example 3. Define νµ : V F1 → V F2 to be the restriction and core-
striction of µ : F1(Rm × R) → F2(Rm × R) to V F1 = (F1)0(Rm × R) and
V F2 = (F2)0(Rm × R). Then νµ : (V F1 ,HF1 , tF1) → (V F2 ,HF2 , tF2) is a
morphism of admissible triples. If µ is an isomorphism, then so is νµ.

Definition 4. We call νµ the morphism corresponding to µ.

7. Morphisms between admissible triples and induced natural
transformations between fiber product preserving gauge bundle
functors. Let (V1,H1, t1) and (V2,H2, t2) be admissible triples of order
r and dimension m. Let ν : (V1,H1, t1) → (V2,H2, t2) be a morphism of
admissible triples.

Example 4. Given a VBm-object p : E → M define a base preserv-
ing fibered map µν : T (V1,H1,t1)E → T (V2,H2,t2)E as follows. Let Φ ∈
T

(V1,H1,t1)
x E = Hom(t1)x(JrC∞,flx (E), (Ṽ1)xM), x ∈M . Put µν(Φ) = ν̃x◦Φ :
JrC∞,flx (E) → (Ṽ2)xM , where ν̃x : (Ṽ1)xM → (Ṽ2)xM , ν̃x(〈jrxϕ, v〉) =
〈jrxϕ, ν(v)〉 for v ∈ V1 and ϕ : Rm → M is an embedding with ϕ(0) = x.
We see that µν(Φ) ∈ Hom(t2)x(JrC∞,flx (E), (Ṽ2)xM) = T

(V2,H2,t2)
x E and

that µν : T (V1,H1,t1) → T (V2,H2,t2) is a natural transformation. If ν is an
isomorphism, then so is µν .

Definition 5. We call µν the natural transformation corresponding
to ν.

8. Object classification theorem. The first main result in this paper
is the following theorem.

Theorem 1. The correspondence F 7→ (V F ,HF , tF ) induces a bijective
correspondence between the equivalence classes of fiber product preserving
gauge bundle functors F on VBm of order r and the equivalence classes of
admissible triples (V,H, t) of order r and dimension m. The inverse corre-
spondence is induced by (V,H, t) 7→ T (V,H,t).

Proof. The correspondence [F ] 7→ [(V F ,HF , tF )] is well defined, for
if µ : F1 → F2 is an isomorphism, then so is νµ : (V F1 ,HF1 , tF1) →
(V F2 ,HF2 , tF2).
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The correspondence [(V,H, t)] 7→ [T (V,H,t)] is well defined, for if ν :
(V1,H1, t1) → (V2,H2, t2) is an isomorphism, then so is µν : T (V1,H1,t1) →
T (V2,H2,t2).

From Proposition 1 it follows that [F ] = [T (V F ,HF ,tF )]. From Proposi-
tion 2 it follows that [(V,H, t)] = [(V F ,HF , tF )] if F = T (V,H,t).

9. Morphism classification theorem. Let F1 and F2 be fiber product
preserving gauge bundle functors on VBm of order r. Let (V F1 ,HF1 , tF1)
and (V F2 ,HF2 , tF2) be the corresponding admissible triples of order r and
dimension m.

Lemma 2. Let ν : (V F1 ,HF1 , tF1) → (V F2 ,HF2 , tF2) be a morphism of
admissible triples. Let µ[ν] : F1 → F2 be a natural transformation given by
the composition

F1
ΘF1−→ T (V F1 ,HF1 ,tF1 ) µν−→ T (V F2 ,HF2 ,tF2 ) (ΘF2 )−1

−−−→ F2,

where ΘF is as in Proposition 1 and µν is described in Example 4. Then
µ = µ[ν] is the unique natural transformation F1 → F2 such that νµ = ν,
where νµ is as in Example 3.

Proof. Suppose µ : F1 → F2 is another natural transformation such that
νµ = ν. Then µ coincides with µ on the vector bundle Rm×R. Hence µ = µ
by the same argument as in the proof of Proposition 1.

Now, the following second main result of this paper is clear.

Theorem 2. Let F1 and F2 be two fiber product preserving gauge bundle
functors on VBm of order r. The correspondence µ 7→ νµ is a bijection be-
tween natural transformations F1 → F2 and morphisms (V F1 ,HF1 , tF1) →
(V F2 ,HF2 , tF2) between corresponding admissible triples. The inverse corre-
spondence is ν 7→ µ[ν].

10. Finite order theorem

Theorem 3. Any fiber product preserving gauge bundle functor F : VBm
→ FM is of finite order.

Proof. Define AF : C∞,fl(Rm × R) → C∞(F (Rm × R), F (Rm × R)) by
AF (f) = Ff , where a fiber linear map f : Rm × R → R is considered as a
base preserving VBm-map Rm × R → Rm × R in an obvious way. Clearly,
AF is π-local, where π : F (Rm × R)→ Rm is the projection. The zero map
O ∈ C∞,fl(Rm × R) is invariant with respect to the translations of Rm.
Moreover, given f ∈ C∞,fl(Rm×R), v ∈ F0(Rm×R), a neighborhood W of
j∞0 (0) and a neighborhood U of 0 ∈ F0(Rm × R), there is t ∈ R+ such that
jr0(f ◦λt) ∈W and Fλt(v) ∈ U , where λt is the fiber homothety by t. Then
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by the non-linear Peetre theorem [5] we deduce that the operator AF is of
finite order r1. In particular, F0f depends on jr10 f only.

We have the bundle functor GF : Mfm → FM such that GFM =
F (M × R) for any m-manifold M and GFϕ = F (ϕ× idR) : GFM → GFN
for any embedding ϕ : M → N between m-manifolds. By the Palais–Terng
theorem (see [5]), GF has finite order r2.

We prove that F is of order r = max(r1, r2). We consider a VBm-map
f : E1 → E2 and a point x ∈ M1. It remains to show that Fxf depends on
jrxf .

Using VBm-trivializations we can assume that E1 = Rm × Rn, E2 =
Rm ×Rq and x = 0 ∈ Rm. Since F preserves fiber products, we can assume
that q = 1. For the same reason, we can assume that n = 1. (Apply the fact
that the map I : ×nMF (Rm×R)→ F (Rm×Rn) inverse to the fiber product
identification F (Rm × Rn) → ×nMF (Rm × R) is given by I(v1, . . . , vn) =∑
j F (gj)(vj) for v1, . . . , vn ∈ Fx(Rm×R), x ∈ Rm, gj : Rm×R→ Rm×Rn,

gj(x, y) = (x, ejy), ej = (0, . . . , 0, 1, 0, . . . , 0) (1 in position j), j = 1, . . . , n,
where the sum is the one in the vector bundle F (Rm ×Rn); see Lemma 1.)
Then we can write f = f̃ ◦ (ϕ× idR), where f̃ : Rm×R→ Rm×R is a base
preserving VBm-map and ϕ : Rm → Rm is a 0-preserving embedding. Then
F0f = F0f̃ ◦GF0 ϕ depends on jr10 f̃ and jr20 ϕ as we showed above.

11. Applications. We give some applications of the main results. We
will use the Facts from Section 3.

Lemma 3. Let a : Drm → Drm be a Grm-equivariant linear map, where
Drm is a Grm-space via Hr

m as in Fact 1. Then there exist unique k, l ∈ R
such that a = k idDrm+ lεrm, where idDrm is the identity map and εrm is the
map as in Fact 2.

Proof. Below α, β ∈ (N ∪ {0})m with |α| ≤ r and |β| ≤ r. We can write
a(jr0x

α) =
∑
β a

α
βj
r
0x

β for some unique real numbers aαβ . By the equivariance
of a with respect to jr0(τ1x1, . . . , τmxm) ∈ Grm we deduce that ταaαβ = τβaαβ
for any τ = (τ 1, . . . , τm) ∈ Rm+ . Then a(jr0x

α) = aααj
r
0x

α. If α 6= (0), then
by the equivariance of a with respect to jr0(x1 + xα, x2, . . . , xm) ∈ Grm we
deduce that ae1e1j

r
0x

1 + aααj
r
0x

α = a(jr0(x1 + xα)) = ae1e1(jr0x
1 + jr0x

α), i.e.

a(jr0x
α) = ae1e1j

r
0x

α. So, it remains to put k = ae1e1 and l = a
(0)
(0) − ae1e1 .

Lemma 4. Suppose that a : Drm → Drm is a Grm-equivariant linear map
such that trm(η) ◦ a = a ◦ trm(η) for any η = jr0γ ∈ Drm, where trm is as in
Fact 1. Then there exists a unique k ∈ R such that a = k idDrm .

Proof. By Lemma 3, a = k idDrm+ lεrm. Since a commutes with trm, we
easily obtain l = 0.
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Lemma 5. The space of endomorphisms of (V,H, εV ) (see Fact 5) is the
space of Grm-equivariant linear endomorphisms of V , where V is a Grm-space
via H.

Proof. This is a simple observation.

Corollary 1. Any natural endomorphism µ : Jr → Jr is k idJr for
some uniquely determined real number k.

Proof. By Theorem 2 natural endomorphisms Jr → Jr are in bijection
with endomorphisms of the admissible triple (Drm,Hr

m, t
r
m) corresponding to

Jr (see Fact 1). By Lemma 4 these endomorphisms are k idDrm for k ∈ R.

Corollary 2. Any natural endomorphism µ : Jrv → Jrv is k idJrv +lµrm
for some uniquely determined real numbers k, l, where for any VBm-ob-
ject p : E → M we have µrm : JrvE → JrvE with µ(jrxγ) = jrx(γ(x)) for
γ : M → Ex, x ∈M , where γ(x) : M → Ex is the constant map.

Proof. The proof is quite similar to that of Corollary 1. We use Theo-
rem 2, Lemma 3 and Fact 2.

Corollary 3. Any natural endomorphism µ : ˜̃V E → ˜̃V E for any VBm-

object p : E →M , where ˜̃V is as in Fact 5, is µ = idE ⊗µM for some natural
endomorphism µ : Ṽ M → Ṽ M .

In particular , any natural endomorphism µ : V AE = E ⊗ A → V AE,
where V A is the vertical Weil gauge bundle functor corresponding to a Weil
algebra A, is µ = idE ⊗B for some B ∈ gl(A).

Proof. The proof is quite similar to that of Corollary 1. We use Theo-
rem 2, Lemma 5 and Fact 5. That V AE = E ⊗A follows from the fact that
the admissible triples corresponding to the functors are isomorphic.
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