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Solutions for a class of hemivariational inequalities
with p(z)-Laplacian

by XIA ZHANG and YONGQIANG Fu (Harbin)

Abstract. We study a class of hemivariational inequalities with p(z)-Laplacian.
Applying nonsmooth critical point theory for locally Lipschitz functions, we obtain the
existence of solutions on interior and exterior domains.

1. Introduction and main results. Since the paper by Kovacik and
Rakosnik [12] where the spaces LP®) and W'P(*) were thoroughly stud-
ied, variable exponent Sobolev spaces have been used extensively to model
various phenomena. In [17] Ruzicka applied them in the study of electro-
rheological fluids. In recent years, the differential equations and variational
problems with p(z)-growth conditions have been extensively investigated
(see for example [1, 9, 10, 14]).

Here we discuss a class of hemivariational inequalities with p(x)-Lapla-
cian. Hemivariational inequalities arise in problems of mechanics and engi-
neering, when one considers more realistic laws of nonmonotone and multi-
valued nature. For concrete applications, we refer to Naniewicz—Panagioto-
poulos [15] and Panagiotopoulos [16]. In this paper, we study the following
hemivariational inequality:

ue WirW (),
V(IVuP D=2 Vuvo + [uP®~2uw) da
(1.1) )
+ S Fo(z,u(z); —v(x))dz >0, Yoc Wol’p(x)(!?),
2

where 2 C R” is a domain, p is Lipschitz continuous on {2 and satisfies
1 <p_ <p(x) <py <N.
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Now we recall some basic properties of variable exponent spaces LP(*)(£2)
and variable exponent Sobolev spaces Wl’p(x)(ﬁ), where 2 ¢ RY is a do-
main. For a deeper treatment of these spaces, we refer to [5, 6, 12].

Let P({2) be the set of all Lebesgue measurable functions p : {2 — [1, 00)
and for p € P({2) set

(1.2) |u]p(z) = inf {)\ >0: S lu/\P®) da < 1}.
Q
The variable exponent space LP(*)(£2) is the class of all functions u such that
§olu() P(*) dz < oo; it is a Banach space equipped with the norm (1.2).
The variable exponent Sobolev space WP () is the class of all func-
tions u € L) (£2) such that |[Vu| € LP(*)(£2); it can be equipped with the
norm

(1'3) Hqu,p(m) = ’u|p(m) + ’vu|p(z)

We denote by VVO1 #(@) (2) the subspace of WP (§2) which is the closure
of C$°(§2) with respect to the norm (1.3); if £2 C RY is a bounded domain,

then |ully p(z) and [Vul,,) are equivalent norms on W&’p(x)((}).
For all p € P(£2), we write

pr =supp(z), p- = inf p(z),
xef? zef2

and denote by p; < po the fact that inf,cq(p2(z) — p1(z)) > 0.

Throughout this paper, we assume that F : 2xR — R is a Carathéodory
function which is locally Lipschitz in the second variable and F(z,0) = 0
for all x € 2. FO(x,s;2) is the generalized directional derivative of F(z,-)
at s € R in direction z € R.

In addition, we need various conditions on F' corresponding to the cases
when {2 is an interior or exterior domain. Firstly, consider the case when {2
is an interior domain, i.e. {2 is bounded.

(H1) There exists a € C(£2) with p(z) < a(z) < p*(x) such that
€] < ag + aq [t

for all (z,t) € 2 x R and & € OF(x,t), where 0F(x,t) is the
generalized gradient of F'(x,-) at t € R, and ag,a; > 0.

(H2) There exists p(x) < u such that pF(x,t) < —F9(x,t;—t) for all
(z,t) € 2 x R. Moreover, there exist an open set 29 C {2 and
ag,as > 0 such that F(x,t) > as|t|* — as for any (x,t) € 2y x R.

(H3) limy_omax{|¢| : £ € OF (x,t)}/[t|P®~1 = 0 uniformly for almost
every r € (2.

(H4) There exists 8 € P(£2) with 1 < f_ < (z) < p(z) such that

€] < bo + by [¢]P@)1
for all (z,t) € 2 x R and € 9F (z,t), where by, by > 0.
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(H5) Let SB(x) be as in (H4). There exist bs > 0, 0 < 6 < 1 and an open
set 2y C £2 such that F(z,t) > bo|t|?®) for all (z,t) € 2y x (0,0).

Under these conditions, we get the following results.

THEOREM 1.1. Let 2 C RN be a bounded domain. Under hypotheses
(H1)-(H3), problem (1.1) has at least one non-trivial solution.

THEOREM 1.2. Let 2 C RN be a bounded domain. Under hypotheses
(H4), (H5), problem (1.1) has at least one non-trivial solution.

We now consider the case when {2 is an exterior domain, i.e. the com-
plement of a bounded domain.

(H6) |£] < g(z)[t|*@®)=1 for all (z,t) € 2 x R and & € OF(z,t), where
a € P(2) with p(z) < a(z) < p*(x), g(x) > 0 and g € L>®(2)N
L 9)(@) with 1(a) = '(2)/ 3" () - a(x)

(H7) |€] < h(z)|t]?@®=1 for all (x,t) € 2 xR and ¢ € OF (z,t), where
BeP(R2) with1 < < B(z) < p(x), h(x) > 0and h € L®(2)N

LeE)(02) with gx(z) = p*(2)/ (0" () — B()).
With these assumptions we have the following results.

THEOREM 1.3. Assume hypotheses (H2), (H6) hold and 2 C RY is an
exterior domain. Then problem (1.1) has at least one non-trivial solution.

THEOREM 1.4. Assume hypotheses (H5), (H7) hold and £2 C RY is an
exterior domain. Then problem (1.1) has at least one non-trivial solution.

2. Critical point theory for locally Lipschitz functions. In this
paper, our approach is mainly based on variational methods for nondif-
ferentiable functionals, namely, locally Lipschitz functionals. For a deeper
treatment of this theory, we refer to [2, 3, 4, 13]. Now we present some basic
definitions and preliminary results.

Let (X,]|-||) be a Banach space, X* its topological dual, and ¢ : X — R
a locally Lipschitz function. The generalized directional derivative of ¢ at
u € X in direction v € X is defined by

to) —
©°(u;v) = limsup plw+ tv) go(w).
w—u t
t—0+

The generalized gradient of ¢ at u € X is the set
dp(u) = {w* € X* : (w*,v) < ¢ (u;v), Yv € X},

where (-, -) is the duality pairing between X* and X. A point v € X is
a critical point of ¢ if 0 € Jp(u). If w € X is a critical point, the value
¢ = ¢(u) is a critical value of p.
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In the classical (smooth) theory, a basic analytical tool is a compactness-
type condition, known as the Palais—Smale condition. In the present non-
smooth setting this condition takes the following form: A locally Lipschitz
function ¢ : X — R satisfies the nonsmooth Palais—Smale (P.S.) condition
if every sequence {u,} C X such that ¢(u,) is bounded and

AMup) = min{||w*||x* : w* € Op(un)} — 0
as n — 00, has a convergent subsequence in X.

ProposiTION 2.1. If X is a reflexive Banach space, ¢ : X — R is
a locally Lipschitz function which satisfies the nonsmooth (P.S.) condition
and for some r > 0 and 1, x2 with ||z1 — x2||x > r, we have
max{p(z1), p(z2)} < inf{p(z) : |z —21|x =7},
then there exists a critical point yg € X of ¢ such that

¢ =¢(yo) = inf{p(z) : |z — z1llx =7}
and c is defined by the following minimazx formula:

— inf t
c ngptrerlﬁf]sO(v( ),

where I' = { € C([0,1], X) : v(0) = z1, (1) = x2}.

PROPOSITION 2.2. If X is a reflexive Banach space, and ¢ : X — R is
a locally Lipschitz function which satisfies the nonsmooth (P.S.) condition
and is bounded from below, then ¢ = inf,cx p(u) is a critical value of .

3. The case of interior domain. Throughout this section, we as-
sume that 2 € RY is a bounded domain and denote by ¢; various positive
constants. In order to discuss the problem (1.1), we need to define two func-

tionals on Wol’p(m)(ﬁ) :

Y(u) = | F(z,u)de,
(7

2 — Tl — ) — |Vu|P®) 4 | [P()
o) = ) = vi) = | =

THEOREM 3.1. Under condition (H1) or (H4), v is well defined and is
a locally Lipschitz functional on Wol’p(x)(ﬁ).

dx —¥(u).

Proof. Here we only consider the case where F' satisfies (H1).
(i) ¥ is well defined. For all t1,ts € R, by Lebourg’s mean value theorem
(see [4]), there exist 6 € (0,1) and & € OF (z,0t1 + (1 — 6)ta) such that

F($,t1) — F(l’,tg) = fg(tl - tQ)
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for all x € 2. By condition (H1), we get
|F(z,t1) — F(2,t2)| < (a0 + a1|0t1 + (1 — 0)ta|* @)t — to
< (ag + c1]t1]*@ 7Y 4 ¢t |2ty — o).
We also get

u)| < S |F(z,u)|dx < S(ao + 1 ]ul*@ Y u| da.
2 2
By Theorem 1.1 in [8], we have u € L'(2) and v € L*®)(£2) for all u €
WeP®)(£2). Hence [1h(u)| < oo.
(ii) v s locally Lipschitz on WOLP(OC)(Q). Note that for all uj,us €
W&”’“)(m,

() = d(ug)| < | [F(z,u1) = F(z,us)| do

ao + e u [*@ 7 4 e ug |® Y uy — ug| da

t/wb

< 02|1 [ 4 Jua| Y g - i — o]
< 03‘1 + ‘uﬂa(x)il + |u2‘a(x)fl‘a/(x) . ]Vul — VUQ‘p(x)
Hence it is easy to get the result. =

THEOREM 3.2. Under condition (H1) or (H4), for all u,v € Wol’p(z)(_Q)
we have
YO(u;v) < | P (2, u(x); v(z)) da.
N

Proof. We only consider the case where F' satisfies (H1).
(i) §o FY(z,u(z);v(z))de < oco. In fact, F(z,-) is continuous for all
T € (2, thus

F(:‘Uay‘FtU(x)) —F(l’,y)

lim sup
y—u(x) t
t—0+
F ~F
= limsup (,2 + u(z) + tv(z)) (z,2+u(x))
z—0 t
t—0+
F - F
= lim sup (@, 2n + u(z) + tav(z)) (x, zn —I—u(x)),
zn—0 tn
tn—0+

where z,, t, are rational values. As u(x), v(z) are measurable, we see that
FO(x,u(z);v(x)), being the “countable limsup” of measurable functionals
of x, is also measurable.
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We know F2(x,u(x);v(z)) = max{¢ - v(x) : £ € OF (z,u(x))} £ & - v(w)
for all z € 2. By condition (H1), we get
| (@, u(@);v(x))] = € - o(@)] < aolo(@)] + arfo(@)] - Ju(2)|*@ 7,
and so FO(x,u(x);v(x)) € LY(£2).
(i) ¥2(wv) < §, F2(2,u(z);v(z))de. By the definition of 4°(u;v),
there exist ¢, — 0+ and w,, — u in VVO1 P (w)(Q) such that
(PO(U; U) — lim ()O(wn + tnv) — (p(wn) ]

Wp—U tn

tn—0+

Passing to a subsequence, still denoted by {w,}, we may assume that

wp(r) — u(z) a.e. in 2 as n — co. Set
F(z,wp(z) + thv(z)) — F(x, w,(x))
(x) tn 9
By () = (ao + 1w (@) + to(@)[ O 4 e |wg () o (),
gn(z) = —An(z) + B ().

It is easy to verify that g,(x) > 0 for all x € (2,
lim sup S —gn(x)de < S lim sup(—gy(z)) dx.

Note that
S lim sup(—g,(z)) dz = S limsup(A4, (z) — By (x)) dx,
0 n—oo 0 n—oo
S lim sup A,,(z) dx S lim sup Fla,y+to(z)) = F(z,y) dx
n N 0 y—u(z) t
t—0+
= S FO(z,u(z);v(x)) d,
Q
| lim inf B, (2) de = | (ao + 2e1]u(2)[*™ 1) v ()| da.
Q
Therefore
S lim sup(—gp(x)) dx < S FO(z,u(z);v(z)) dx
Q " 2
— V(a0 + 2¢1 [u(@) ")) o ()| d.
Q

For all (z,t) € 2 x R, define f(x,t) = |v(z)|-|t|*®~1. Then there exists
¢4 > 0 such that |f(z,t)] < ca(1 + |vP"@ + [¢t]P"®)). We know that the
Nemytskii operator

Ny LP"@(Q) — LH2) s u s f(z,u)

is continuous. By Theorem 1.1 in [8], w,, — u in LP"®)(£2), so
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flzywy, + thv) — f(z,u)
in L(£2). Thus
S lwn + t,|* @ o| de — S |u|*@) 1 y| da
2 %)
and {, Bn(z) dz — {,(ao + 2c1|u(z)[*®~1)|v(z)| dz as n — oco. Hence
tim sup | —gn () dz = 903 0) — | (a0 + 261 |u(@)|*@1) o(a)] d.
Now the progf is complete. » !

THEOREM 3.3. Under condition (H1) or (H4), any critical point of ¢ is
a solution of (1.1).

Proof. Tt is easy to verify that J € C’l(W&’p(x)(Q),R). Combining this
with Theorem 3.1, we find that ¢ is locally Lipschitz. If u is a critical point
of ¢, then 0 € dp(u). Thus for any v € Wol’p(x)(ﬁ), ©%(u;v) > 0. Noting
that

¢ (u;0) = (J'(u), 0) + (=) (wsv) = (J'(w), v) +9°(u; —v)
< S(|Vu]p(x)72Vqu + |uP®) " 2u0) dx + S Fo(z,u(z); —v(x)) du,
10 Q
it is easy to get the result. =»

LEMMA 3.1. Under conditions (H1), (H2), ¢ satisfies the (P.S.) condi-
tion.

Proof. Take {u,} C VVO1 P (z)(Q) such that ¢(u,) is bounded and
Nitn) = min{ ey ey 0 € Do)} 2 iy 1oy — 0
as n — 0o. Then
P (unsvn) 2 (Wi un), =" (univn) < JJwpll - [Vn]p).
(i) {un} is bounded in Wol’p(w)(ﬁ). In fact, as pu > p(x), we get
5+ [Vt 2 1) = = (g )

Un

(1) = {0, ) = 20005 )

(= e

é}(F T, ) + — Fo(m un(x);—un(x))> d

(p(lfv u)'va

)
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when n is sufficiently large. It is easy to deduce that {u,} is bounded in
17
WO p(x)(Q)
(ii) {un} has a convergent subsequence. In fact, as Wol’p(x)(ﬁ) is reflexive,
passing to a subsequence, still denoted by {u,}, we may assume that there

exists u € Wol’p(m)(ﬂ) such that u,, — u weakly in Wol’p(m)(_Q). Then u,, — u
in L*®)(£2) and in LP®)(£2). Noting that

0" (n;u — un) = (J'(un), 0 = tn) + 9" (un; un — w),
0" (s — ) = (J (u), 1 — u) + 97 (w50 — un),
we get
(T (un) = J'(w), un — u)
= YO (up; un — 1) + 0 (w5 u — up) — O (Un; u — up) — O (us Uy — u).
For all w* € dp(u), ©°(u;u, — u) > (w*, u, — u), so
I%H_l)gf 0% (u; uy, — u) > 0.
As @O (un;u — up) > (wk,u — uy) > —cs||w?]|, we have
linrr_1>ioréf ©° (Un; u — up) > 0.
By Theorem 3.2, we get
V0 (s wn = ) + 90 (w5 — un)
< S FO(z, upn () un(x) — u(z)) dz + S FO(x, u(z); u(x) — up(z)) de

2 2
< | max{¢ - (un(z) — u(@)) : £ € OF (2, up(2))} dz
2
+ | max{¢ - (u(@) — un(x)) : € € OF (z,u(x))} da
k0]
< S ce(1+ ]un]a(x)fl + |u]a(m)71)|un — u|dx
2

< er|1 4 un|* @7 4 u DY ) Tun = ulag) < cslun — ulagm) — 0.
Thus lim sup,, . (J' (u,) — J'(u), up, — u) < 0. Similar to Theorem 3.1 in [1],
we conclude that u,, — v in Wol’p(x)(ﬁ). ]

LeEMMA 3.2. We have ¢(0) = 0. Under conditions (H1), (H3), there

exist 1,51 > 0 such that o(u) > 0 for 0 < |[Vulygy < 71 and o(u) > s1 for
\Vu|p(l,) =T7.

Proof. 1t is easy to show that ¢(0) = 0. By condition (H3), for all € > 0,
there exists & > 0 such that

max{|{| : € € OF (z,t)} < e|t|P® 1
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for all |t| < § and = € §2. By Lebourg’s mean value theorem, there exist
6 € (0,1) and & € OF (x, 0t) such that F(x,t) = gt. Combining this with
condition (H1), we see that for all € > 0, there exists cg > 0 such that

P2, 0)] < eltP® + ot}
for all (z,t) € 2 x R. For ¢ < 1/p., we get

p(z) p(z)
SD(U) > S <|VU| + |U| 76|u|p(m) _ 69|u|a(z)) dx
0 P+
p(z)
> S <|VU| 69u|a(z)) dr.
P+

2
As p(z) < a(z), similar to Theorem 3.1 in [1], we get the result. =

LEMMA 3.3. Under condition (H2), there exists e € WoLp(x)(Q) such
that (e) < 0.

Proof. Fix xg € {2y and 0 < R < 1/2 such that Bag(xzg) C (2. Let
6 € C§(Ban(0)), 0 < 6(x) < 1, [Vo(x)| < 1/R, and suppose ¢(z) = 1 for
x € Br(zg). For t > 1, it is easy to get

VoI + [t )
th) = — F(x,t4) ) d
S S (Clgtp+ — a2|t¢\“ + (13) dz.

Bar(z0)

As > p(x), we get p(td) < 0, when t is sufficiently large. m

Proof of Theorem 1.1. By Lemmata 3.1-3.3 and Proposition 2.1, we
easily get the result. m

LEMMA 3.4. Under condition (H4), the functional ¢ is bounded from
below.

Proof. By Lebourg’s mean value theorem, there exist § € (0,1) and
& € OF (x, Ot) such that F(xz,t) = &yt. Hence

|[F(x,1)] < bolt] + by |7
for all (z,t) € £2 x R. Thus

p(z) p(z)
B p(x)

for all u € WiP@ (). As B(x) < p(z), similar to Theorem 3.2 in [1], there
0
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exists ¢11 > 0 such that

p(u) >

p(x)
S |VU| dr — C11
9]

D+
for all u € Wol’p(x)(ﬂ). Thus we get the result. m

LEMMA 3.5. Under condition (H5), there exists e € Wol’p(x)(_Q) such
that p(e) < 0.

Proof. Fix xy € {2y and R > 0 such that Bagr(z¢) C 2y and

b= sup Bz)<pi= inf p()
z€Byg(wo) x€Bag(x0)

Let ¢ € C3°(B2r(z0)), 0 < ¢(z) <1, |Vo(z)| < 1/R, and suppose ¢(z) =1
for € Br(zp). For 0 < t < min{1,d}, by condition (H5),

tVolP@) )
I

— F(z, t¢)> dx
Bar(zo)
< S (12t — by(t)"")) da
Bar(wo)
< th S (012751)1—/31 _ b2¢ﬂ($)) dx.
Bar(zo)
As ¢(xz) = 1 for x € Bp(zg), we have SBQR(:cO) ¢?@) dx > 0. When t is
sufficiently small, we get ¢(t¢) < 0. =
Proof of Theorem 1.2. Similar to Lemma 3.1, it is easy to verify that

the functional ¢ satisfies the (P.S.) condition. Combining this with Lemmata
3.4, 3.5 and Proposition 2.2, we know that

c= inf  p(u) <0
uewy @ ()

is a critical value of p. Now the proof is complete. »

4. The case of exterior domain. Throughout this section, we as-
sume that 2 C RY is an exterior domain and denote by d; various positive
constants.

THEOREM 4.1. Under condition (H6) or (HT), ¢ is well defined and is
a locally Lipschitz functional on Wol’p(z)(ﬁ).

Proof. We only consider the case where the functional F' satisfies (H6).
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(i) ¥ is well defined. By Lebourg’s mean value theorem, for all ¢,y € R,
there exist 6 € (0,1) and & € OF (z,0t1 + (1 — 6)t2) such that

F(z,t1) — F(x,t2) = §(t1 — t2)
for all x € 2. By condition (H6), we get
P, 1) — o, t2)] < g()[6t: + (1 — 0)1°@ 1 [ty — )
< dig(@)([ta|*@ 71 4 (82| — 2.
By the Young inequality, we also get
()] < ) 1F(@,w)l do < § dig(@) u]*™) do < § da(g(x)™ )+ [uf” ™)) da.
Q Q Q
Thus by Theorem 1.1 in [8], we have |[¢)(u)| < oo for all u € Wol’p(x)(ﬁ).
(ii) 4 is locally Lipschitz on Wol’p(m) (£2). In fact, for all uy,ug € Wol’p(x)(ﬂ),

[(w) = P(ug)| < | [F(a,ur) = Fz,us)| do
02

< Jdig(@)(jur "7 4 Jug| @) fuy — g da
2
< dsg(@) ur|* 7" + g () ug @

p*(2))’ : ‘ul — U2 p*(x)
< d4|g(.7})|U1’a(x)_1 + g(ar)\U2|°‘(x)_1‘(p*(m))/ . ||U1 - U2”1,p(z)'
By the Young inequality, we get
} (9@l *HEE d < { d(g(2)™ )+ fun 7)) dr
2 (9}
As g € L9®) () and the imbedding Wol’p(x)(()) < LP"(#)(£2) is continuous,
we can easily get the result. m

THEOREM 4.2. Under condition (H6) or (HT), for allu,v € Wol’p(w)(ﬁ),
we have

0w 0) < § F(, u(z); v(a) d.
Q

Proof. (i) Similar to Theorem 3.1, we prove that FQ(z,u(z);v(x)) is
measurable. Here we only consider the case where the functional F' satisfies
(H6).

Noting that FO(z,u(x);v(r)) = max{¢ - v(z) : & € OF(z,u(z))} =
& - v(x), we get

|y (2, u(x); 0(@))| = [& - o(@)] < g(a)|u(@)| " o(z)]
< do(g() + [ul" 4 o),

Hence FO(z,u(z);v(x)) € LY($2).



284 X. Zhang and Y. Q. Fu

(i) ¥O(w;v) < §, F2(2,u(z);v(z))de. By the definition of 4°(u;v),
there exist ¢, — 0+ and w, — u in Wol’p(ac)(ﬁ) such that

t —
(PO(U; U) — lim ()O(wn + nv) (p(wn) ]
Wp—U tn

tn—0+4
Passing to a subsequence, still denoted by {w,}, we may assume that

wp(z) — u(z) a.e. in 2 as n — oo. Set

Ay () = F(z,w,(x) + tnvt(:)) - F(a:,wn(x))’
Ba(z) = dig(z) (Jun(x) + tno(@)|*@ 7+ Joa (@) ) o(2),

gn(z) = —Ap(x) + Bp(z).

Then similar to the proof of Theorem 3.2, we get the result. m

LEMMA 4.1. Under condition (H6), ¢ satisfies the (P.S.) condition.

Proof. Take {u,} C WO1 P ($)(!2) such that ¢(u,) is bounded and
Aup) = min{[[w”[ly-10) ) : W € dp(un)} £ [0} -1y — 0
) (£2)

as n — oo. Then similar to Lemma 3.1, we see that {u,} is bounded in
17
W, p(x)( 0).
As I/VO1 P (x)(Q) is reflexive, passing to a subsequence, still denoted by
{un}, we may assume that there exists u € Wol’p(x)(ﬁ) such that u, — u

weakly in Wol’p(x)(ﬁ). Then u, — u in L*®)(2) and in LP®) (). Noting
that

‘PO(UM u—up) = (J (un),u — up) + wo(un; U, — u),
O (u; ty — ) = (J'(w), uy — u) + 0O (w;u — uy),
we get
(J'(un) = J'(u), un — u)
= 0 (Un; U — 1) + V(50— up) — 0 (un;u — up) — 00 (w5 Uy — ).
For all w* € dp(u), @°(u;u, — u) > (w*, u, — u), so
liminf " (u; up, — u) > 0.
As ©O(un;u — up) > (W, u — uy) > —dr||w}]|, we have

liminf " (up; u — uy) > 0.
n—oo
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Moreover,
@bo(un; Un — u) + ¢0(U; U — Un)

S F2(x, un (); up () — u(x)) de + S F2(z,u(x); u(x) — up(x)) de
)

max{¢ - (up(z) —u(z)) : £ € OF (z,un(x))} dz

IN

IN

2
2
+ | max{¢ - (u(x) — un(x)) : £ € OF (z,u(x))} da
2
<V 9(@)(fun @7 + @), — ul da.
2
Similar to Theorem 4.3 in [11], we get
§ 9() (a7 4 1Oy — uf de — 0
n
as n — oo. Then limsup,,_, . (J'(un) — J'(u),up, — u) < 0, and similar to
Theorem 3.1 in [10], it is easy to get u,, — w in Wol’p(x)(Q). .
Proof of Theorem 1.3. Firstly, we assert that there exist ro, 59 > 0 such
that ¢(u) > 0 for 0 < [Vul,g) < re and p(u) > sz for [V, = ra.
In fact, by Lebourg’s mean value theorem, there exist § € (0,1) and
&p € OF (x, Ot) such that F(x,t) = &yt for all (z,t) € 2 x R. Combining this
with condition (H6), we obtain
|F(x,t)] < g(@)]t]**) < dslt|*™)
for all (z,t) € £2 x R. Thus

p(z) p(z)
(,O(U) > S (’Vu\ + "UJ‘ . d8|u|a(:v)> dr
0 P+
p(x) p(x) p(z) p(z)
_ S |Vu P + [u d:z:+§ <\VU’ + |ul _d8|u|a(:c)> dz.
p 2p4 5 2p4

and similar to Theorem 3.1 in [10], we easily get the above assertion. Then
by Lemmata 3.3, 4.1 and Proposition 2.1, we complete the proof. m

Proof of Theorem 1.4. Firstly, we need to verify that the functional ¢
is coercive. By Lebourg’s mean value theorem, there exist § € (0,1) and
& € OF (x,0t) such that F(x,t) = &t. Hence for all (x,t) € 2 x R, we get

|F(x,t)] < h()]t").
Thus

o) > h<x>|u|ﬁ<1’>) da

S < |V P@®) 4 |y B
p p(z)
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for all u € Wol’p(m)(ﬂ). As ((z) < p(x), similar to Lemma 4.3 in [11], there
exists dg > 0 such that

Vu|P@) L |y|P(®)

dr — dg
2py

N

for all u € VVO1 P (x)(_Q). Then similar to the argument for Theorem 1.2, the
proof is complete. u

5. Some examples. In this section, we give some concrete examples of
functionals F satisfying the assumptions of Theorems 1.1-1.4.

ExAMPLE 5.1. Let 2 € RY be a bounded domain. Define F : 2xR — R
by
,t,a(m)

F(z,t) = W

)

where o € C(£2) with p, < a_. We can check that —F9(z,t; —t) = [¢|*(®)
and OF (x,t) = {[t|*®~2t}. If we let p = a_, it is easy to verify that F
satisfies the assumptions in Theorem 1.1.

ExAMPLE 5.2. Let 2 € RY be a bounded domain. Let F: 2 xR — R
be defined by
- 1P

- + ,

p- Blx)

where 3 € P(£2) with 1 < f_ < (x) < p(z). Then we can verify that
OF (x,t) = {|t|°~ 72t + [t|*)~2¢}

F(x,t) =

and F satisfies the assumptions in Theorem 1.2.

EXAMPLE 5.3. Let £2 = RY \ B(0,1), where B(0,1) is the closed unit
ball in RY. Define F': 2 x R — R by

Flot) = g(a) 10
) - g O[(l’) Y
where o € P(£2) with p(z) < a(z) < p*(z), g(z) = |z|~V. Then it is easy to

see that g € L=(2)NL1®)(2) with ¢ (z) = p*(z)/(p *( ) — a(x)). Thus we
can apply Theorem 1.3. If we choose o € P(£2) with 1 < a_ < a(z) < p(x),
then F' satisfies the assumptions of Theorem 1.4.

Based on Theorems 1.1-1.4, we can solve a larger class of hemivaria-
tional inequalities which have p(x)-growth conditions. In particular, Theo-
rems 1.1-1.4 are also applicable when the function p(z) is a constant.



Hemivariational inequalities with p(x)-Laplacian 287

REMARK. In particular, if F': 2 x R — R is defined by
t

F(z,t) = Sf(z,s) ds,
0

where 2 C RY is a domain and f € C(£2 x R, R), then the inequality (1.1)
takes the form

S(|Vu|p("”)*2Vqu + |uP®) 240 d + S flz,uw)vdr =0
2 Q

for all v € WOLP(x)(Q), ie ue ng’p(x)(ﬂ) is a weak solution of

— div(|Vw|[P®) =2V w) + [w|P®) 2w = f(z,w),
w e WP (0).

The existence of solutions for the above equation has been studied recently:
we refer to [1, 7, 10, 11, 18].
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