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Piecewise-deterministic Markov processes

by JOLANTA Kazak (Katowice)

Abstract. Poisson driven stochastic differential equations on a separable Banach
space are examined. Some sufficient conditions are given for the asymptotic stability of a
Markov operator P corresponding to the change of distribution from jump to jump. We
also give criteria for the continuous dependence of the invariant measure for P on the
intensity of the Poisson process.

1. Introduction. We will consider the stochastic differential equation
of the form

(1.1) dE(t) = a(€(8))dt + | o(£(t), 0) No(Ae(dt), dg)  for t >0

e
with the initial condition
(1.2) £(0) = &o,
where
t
(1.3) Ac(t) = | A(&(s)) ds

and (£(t))i>0 is a stochastic process with values in a separable Banach
space X, the functions a and o are deterministic, and N, is a Poisson random
counting measure. In the function A\: X — RT, called the intensity of
the Poisson process, is bounded and Lipschitzian. The process A¢ influences
the time at which jumps occur and it depends on the solution & of the prob-
lem (L.1)), (1.2). The process (Np(Ag(t),A))i>0 describes the occurrence of
jumps. The fact that A, depends on the solution is crucial.

The solution ¢ is a Markov process which is piecewise-deterministic. It
evolves deterministically until a random time (depending on position) when
it jumps to a new random state. Such processes feature significantly in con-
temporary monographs devoted to Markov processes (see [3]). They have
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been used in models of numerous phenomena, such as the growth of a size-
structured population of cells [4, [5 5], fragmentation processes [23], 24],
and in population dynamics [18]. Recently the problem , has ap-
peared in financial investment models [1]. For further examples (short noise,
photoconductive detectors, etc.) see [25] .

In the nature of things, the probabilistic description of the solution of
(L.3), leads us to the examination of a semigroup (P?);>o of Markov
operators acting on the space of Borel measures on X. This semigroup de-
scribes the distribution of the position of a trajectory at any time. Moreover,
there exists a discrete semigroup (P"),>; defined by the jump operator P.
This operator describes the distribution of the position of a trajectory from
one perturbation moment to the next.

The aim of this paper is to give criteria for the asymptotic stability of
the discrete semigroup (P"),>1. With this end in view, we will prove the
nonexpansiveness of P and its global concentration. Next, we will verify the
condition for the local concentration of P by using the asymptotic stabil-
ity of the associated operator P with constant intensity A = sup,cy A(z).
Moreover, we will prove a theorem on continuous dependence of the invariant
measure for P on the intensity of the Poisson process. This result strengthens
the one of [29] obtained in the case A = const. We will examine the Markov
operator P corresponding to the change of distribution of £(¢) from jump to
jump and not the semigroup (P');>o describing the distribution of £(t) at
any time.

There are many papers devoted to piecewise-deterministic Markov pro-
cesses, but usually in the case A = const (see [8, @, [10, 11, 28]) or in the
case X = R? (see [2] [16] [30]). Similar problems in the space L!'(R?) were
considered in [19] 22} 20, 21].

The paper is organized as follows. Sections 2 and 3 have an introductory
character. Section 2 presents the notation and some known facts concerning
Markov operators and point processes. In Section 3 we define the solution of
the problem , and derive a formula for the operator P. In Section 4
we give criteria for the asymptotic stability of P, and in Section 5 we prove
continuous dependence.

2. Preliminaries. Let (X, ||-]|) be a separable Banach space. We denote
by B(X) and By(X) the o-algebra of Borel subsets of X and the algebra of
bounded Borel subsets of X, respectively. For A € B(X) we denote by diam A
the diameter of A, i.e. diam A = sup{||x — y[|: z,y € X}. Let A C X and
r > 0. We denote by O(A,r) the closed r-neighbourhood of A4, i.e.

O(A,r) = {3: €X: ;22“117 —yll < 7‘}.
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Let B(X) denote the space of all bounded, Borel, real-valued functions
on X equipped with the supremum norm, and C(X) the subspace of B(X)
which consists of all bounded continuous functions. By Mg, D> M D My
we denote, respectively, the space of all finite signed Borel measures on X;
the subset of all nonnegative finite Borel measures on X; and the subset of
all probability measures, called distributions. For any A € B(X), we set

M ={peMp:pu(X\A) =0}
We will use the abbreviation

(f,m) =\ f@)p(dz) for f € B(X), p € Myig.
X

An operator P: M — M is called a Markov operator if:

(i) P(Mip1 + Aap2) = A Puy + Ao Pug for A1, Ao > 0 and pg, pg € M,
(i) Pu(X) = u(X) for p € M.

An operator U: B(X) — B(X) is called dual to P if

(2.1) (Uf,p) = (f, Pp) for f € B(X), peM.
If there exists a dual operator, it is unique. Setting u = d, in ([2.1]), we obtain
(2.2) Uf(x) = (f,Pd;) for fe B(X),xzeX.

If an operator U: B(X) — B(X) is dual to P then U is a linear operator
satisfying the following conditions:

[Ull=1; Ulx=1x; Uf>0 forf>0;

Ufnd 0 for f,, 1O, (fn)nZl CB(X)

A dual operator U can be extended to the set of all, not necessarily bounded,
Borel functions f: X — R4 in such a way that the resulting operator satis-

fies . Namely, we set
Uf(x) = nh_{glo Ufn(z), where (fn)n>1 C B(X) with f, T f.
Given a dual operator U, its corresponding Markov operator P is of the form
Pu(A) = (Uly,p) for pe M, Ae B(X).
A Markov operator P is called a Feller operator if there exists an operator

U dual to P such that U(C(X)) C C(X). In Mg, we introduce the Fortet—
Mourier norm (see [17])

lallene = sup{[(f, )] = f € F}

where ' = {f € C(X) : [f(z)| < 1, [f(x) = f(y)| < ||lz —y| for z,y € X}.
It is well known that (Mg, || - [|Fm) is a normed vector space. Furthermore,
(M1, ]| - [lrm) is a complete space, and convergence in the Fortet—Mourier
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norm on M is equivalent to weak convergence. We say that a sequence
(n)n>1 C My converges weakly to pn € My (written p, — ) if

(fsn) = (fy ) for f e C(X).

Apart from the Fortet—Mourier norm, one can introduce on some subset
of M7 another norm called the Hutchinson norm. We set

Mg = {M e My: | Il p(da) < oo}.
X

lim
n—oo

The Hutchinson norm is defined by the formula

[l = sup{[(f, m)] : f € H}  for p€ My,

where H={f € C(X): f>0,|f(z)— f(y)] < ||z —y| for z,y € X}. Note
that

(2.3) Iy = pllene < lpx = p2lln - for pa, po € Mag.
A Markov operator P is called nonexpansive with respect to the norm ||-||pm
if
[Py — Puallem < [lp1 — pollpm for p, po € My,
A measure pu € M is called invariant or stationary for a Markov operator P

if Pu = p. A Markov operator P is called asymptotically stable if there is a
stationary distribution u. € Mj such that

lim ||P"u— p|lpm =0 for p € M.
n—oo

We now recall some concepts used for point processes [12, pp. 42-43].
Let (£2,€,P) be a complete probability space, and (@,G) be a measurable
space. A mapping p: Dy — O, where D} is a countable subset of (0, 00), is
called a point function on @. Such a function p defines a counting measure
Np(dr,df) on the measurable space (R4 x ©,B(R,) x G) by the formula

Np([0,t] x K) = card{s € Dp: s <t,p(s) e K} fort>0, K e€g.

We assume that N5([0,¢] x K) < oo for all t > 0, K € G. To abbreviate, we
write NV5(t, K) instead of N3([0,t] x K). For the point function p, we also
write p = (7p, On)n>1, where 6, = p(7,,), 7 € Dp. Let Ilg be the collection
of all point functions on @, and B(Ilg) be the smallest o-algebra on Ilg
with respect to which all mappings {p — Nz(t,K) : t > 0, K € G} are
measurable. A mapping p: {2 — Ilg which is F/B(Ilg)-measurable is called
a point process. A point process p is a Poisson point process if
(i) for each Z € B(R4) x G, the mapping w — N (,)(Z) is a Poisson dis-
tributed random variable, i.e. P(Ny(Z) = k) = ([n,(Z)]F/k!)e »(2),
where n,(Z) = EN,(Z),
(i) if Z1,...,2Z; € B(R4) x G are disjoint sets, then the random variables
Np(Zy), ..., Np(Z;) are mutually independent.
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The process p defines a Poisson random counting measure N,. Let k be a
measure on (0, G) such that k() = 1. The Poisson point process is station-
ary if EN,(t, K) = tk(K) for all t > 0, K € G. The measure « is called the
characteristic measure of p.

3. Poisson driven Markov process. In this section we study the so-
lution of the problem (1.1)), (1.2). Throughout the paper we assume:

(i) The function a: X — X is Lipschitzian: ||a(x) — a(y)|| < l4||x — y||
for z,y € X.

(ii) There is a measure space (0, G, k) with x(©) = 1 such that the per-
turbation coefficient 0: X x@ — X is a B(X)xG/B(X)-measurable
function such that o(z,-) € L?(k) for each z € X and

lo(z,-) = oy, Mz <lolle -yl forz,y e X.
(iii) The function A\: X — R* is Lipschitzian:
[A() =AW < Wllz =yl forz,y € X,

and

0<A=inf AM(z), X=supA(z) < oo.
zeX zeX

(iv) There are given a probability space ({2, F,P), a sequence (7,)n>0 of
nonnegative random variables, and a sequence (6y,)n>0 of random
elements with values in ©. The variables ¢, = 741 — 7, (70 = 0)
are nonnegative, independent and have the same distribution with
density function e™" for » > 0. The elements 6,, are independent,
and have the same distribution k. Moreover, the sequences (Tn)nzo
and (0,)n>0 are independent.

By a solution of (1.1)), (1.2) we mean a process ({(t))s>0 with values in X

such that the following two conditions are satisfied with probability one:

(a) the sample path is a right-continuous function such that for every

t > 0 the limit £(t—) = limg_s, s<¢ £(s) exists;
t t

(b) £(t) = &0 + [a(&(s)) ds + | | o(€(s—). 0) Np(Ae(ds), dB)  for ¢ > 0.

0 0o
Assumption (iv) implies that the mapping
23w pw) = (Ta(w), On(w)) 1

defines a stationary Poisson point process with characteristic measure «, and
N, given by this process is a Poisson random counting measure. The sample
path of NV, has jumps at times (7;,)n>1, whereas N, (¢, A) = N, (A¢(t), A) for
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A € G have jumps at (t,)n>1 such that

tn
SA({(S))ds:Tn, n=12....
0

The sequence (t,),>1 is well defined because A(-) > A > 0. The point process
r is of the form r = (¢, 0, )n>1. The definition of integral now implies

|V o (€(s—), 0N (Ae(ds), dB) =~ a(&(tn—),0n) for t > 0.
0

e ta<t

We can understand this integral both as a stochastic integral and as an inte-
gral on sample paths. For every fixed w € 2, we can write an explicit formula
for the unique solution of (1.1)), (1.2)). Namely, we consider the Cauchy prob-
lem

(3.1) V'(t) =a(v(t)) forteR, v0)==z z€X.

We denote the solution of (3.1)) by v(t) = n'z, t € R. Then for every fixed
value of 7(w) = (tn(w), n(w))n>1 the solution of (1.1), (1.2) is of the form
(32) {(tn) = &(tn—) + o(§(tn—),0n), neN, £(0) =&,

(3.3) E(t) =7ntng(t,)  for t € [ty tui1), n € Ny,

where t,11 is such that

tn+1

(3.4) | A (E(t) ds = o

tn
Define the mappings L, H by

t
(3.5)  L(t,z) = S)\(wsz) ds, H(t,z)=L"Ytz) forteR", zeX,
0

where L1 is the inverse with respect to t. Let

(3.6) q(z,0) =z+0(z,0) forze X, 0c0.

We denote &, = £(t,,). Taking into account (3.4)), we obtain
L(tns1 —tn,&n) = 0n,  Otn =tni1 — th = H(0n,&n)-

Hence formulae , may be rewritten as

(3.7) Ens1 = q(m10m ), 0,14),

(3.8) £(t) = Z Wt*t"fnl[o,H(gn, et —1tn).
n=0
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Assumption (i) implies that there exists a constant a € R such that the
solution 7tz of (3.1)) satisfies

(3.9) 7'z — xty|| < ez -yl forz,y € X,t>0.

Analogously, from assumption (ii) it follows that the function ¢: X x© — X
given by (3.6) is measurable, g(x,-) € L'(k), and there exists a constant
lq > 0 such that

(3.10) (@, ) = a(y, M) <lgllz -yl forz,y € X.

Now we are going to derive an explicit formula for the operator P which
describes the change of the distribution of £(¢) from a perturbation moment
to the next. Denote by uy the distribution of &;. Take an arbitrary function
h € B(X). The expectation of h(;11) is given by

(3.11) E (h(&k+1)) = S h(z) pg+1(d).
X

Applying (3.7]), independence of g, Ok, £k, and (3.5) we obtain
(3.12)  E(h(&1)) = | h(g(r@ g 05 11)) dP

hg(w &2z 0))e™ k(d6) di puy,(da)

h(q(wtz, 0))e PGP\ (wte) k(dO) dt p(dz).

If we pick h = 1p, where 1p denotes the indicator function of D, and equate

(3.11)) with (3.12]), we have
oo

(3.13) (D) = | | {1p(a(n'x,0))e "D N (w' ) k(dB) dt p(do)

X 06

for D € B(X). Define the operator P by

(3.14) Pu(D) =\ |\ 1p(q(n'z,0))e "2\ (n'2) k(dO) dt p(da).
X060

Then may be rewritten as px41 = Pug.

The operator P is called the jump operator. 1t is a linear operator in the
space M, and it maps every probability measure to a probability measure,
so it is a Markov operator.

A straightforward calculation by applying shows that the operator
U dual to P is of the form

(3.15) Uf(x) =\ | fla(z'z,0))e "D \(x"2) k(dO) dt  for f € C(X).
06
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4. The asymptotic stability of the Markov operator. In this sec-
tion we present theorems which give conditions for the asymptotic stability
of the Markov operator P. The proof is based on the criterion developed
by Szarek [26, Theorem 3.1|. Let us recall the notions which appear in this
criterion.

A Markov operator P is called globally concentrating if for every € > 0
and every A € By(X) there exist B € By(X) and ng € N such that

(4.1) P'u(B)>1—¢ forn >mng, p€ M.

A Markov operator P is called locally concentrating if for every € > 0
there exists v > 0 such that for every A € By(X) there exist C' € By(X)
with diam C < € and ng € N such that

(4.2) P'u(C) >~ forn >ng, p€ M.

THEOREM 4.1. If a nonexpansive Markov operator is globally and locally
concentrating then it is asymptotically stable.

We introduce a new norm on the space X:
X 3 x— clz|| € [0,00),

where ¢ is an arbitrary constant satisfying

A+ A)
B A(A_O‘_qu)'
This norm gives the same topology and the same class of bounded sets.
Denote by || - || the Fortet—Mourier norm given by the formula

llle = sup{[{f, w): f € Fe}  for p € Mg,

where F. = {f € O(X) : [f(2)| < 1, [f(z) — f(y)| < cllz —y] for z,y € X}.
For all measures p,, u € Mj, we have

Jim [l = plle =0 = Tim |, — plfev = 0.
We now prove a theorem on the nonexpansiveness of P.

THEOREM 4.2. Assume that conditions (3.9)) and (3.10)) are satisfied. If
additionally

(4.3) Ag+a<A
then P given by (3.14) is nonexpansive with respect to the norm || - ||..
Proof. We will show that U f € F. for every f € F.. Then

| Pur — Puzlle := sup [{f, Pur — Pua)| = sup [(Uf, u1 — p2)| < [lpa — pzlle
feFe feFe

implies the nonexpansiveness of P with respect to the norm || - ||.
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Fix f € F.. From the definition of U it follows that Uf € C(X) and
|U f| < 1. Moreover, using (3.15)) we obtain

o0

Uf(x) = Ufl < | VI f(a(nz,0) = fla(my, 0)\(wy)e V) w(d6) dt
06

+ | VI, 0)) M(m'z)e 20 — A(x'y)eH09)| i (do) dt
06
=1 + I
Taking into consideration f € F., (3.10), (3.9), the boundedness of A, and
the inequality A > «, we obtain

pY;
(4.4) L <ex—y z —yl|.

Now we will estimate the integral 5. In view of |f| < 1, we have
L < [ IMa'z) = A(r'y) e 20D dt 4 | e 20D — e LED)| N (nty) dt.

‘ 0 0
Since

(4.5) le™? —e | <e[B—y| forB,y>c>0,

we have |e=L(t®) — o=LtW)| < e~ L(¢,2) — L(t,y)|. Definition (3.5)), as-
sumption (iii), and condition (3.9) now imply that

l l
(40) et ] < (DO B Yoy
@ !
By the properties of A, (3.9)), (4.6) ., and since A > «a, A > 0, we have
LA+
(4.7) I < lz =yl
AAr—a)
Combining (4.4) with . we get
Al LA+
U < 4 - _
Uf(z) = Uf(y)l ‘3o Slle =yl + A=) |z =yl
From the choice of the constant c it follows that
qu IN(A+ X) <

Yo 2w
Therefore |U f(z) — Uf(y)| < [|# — yllc, which concludes the proof.

We now show global concentration for the jump operator P. A condition
which guarantees this property can be formulated by applying the Lyapunov
function. Recall that a continuous function V: X — [0, 00) is called a Lya-
punov function if

lim V(z)=oc.
[lzf| o0
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The following lemma connects the existence of a Lyapunov function satisfy-
ing a certain inequality with a condition which implies global concentration.

LEMMA 4.3. Let P be a Feller operator and U its dual. Assume that there
exists a Lyapunov function V, bounded on bounded sets and such that

(4.8) UV(z)<aV(x)+b forzxzelX,

where a,b are nonnegative constants and a < 1. Then for every e > 0 there
exists a set B € By(X) (depending only on a, b and V') such that for every
set A € By(X) there is ng € N satisfying

(4.9) P'u(B)>1—¢ forn>ng, pe M u

The proof of this lemma is the same as the proof of [26, Lemma 4.1].
Analysing that reasoning we can see that the set B does not depend on A.
Clearly, a Markov operator satisfying is globally concentrating.

The operator U given by can be extended to the set of all Borel
nonnegative functions, not necessarily bounded, in such a way that condition

(2.1) is satisfied. Let V: X — [0, 00) be given by
V(z) = ||z forxe X.
THEOREM 4.4. Assume that (3.9), (3.10), and (4.3)) hold, and

(4.10) A >,

Then for any nonnegative constants dyi,ds such that

(4.11) Mo gy <1,
Alglla(0)]]

4.12 dy > 170 .

the following inequality is satisfied:
UV(z)<diV(z)+da forxzeX.
Proof. By (33.10), (3.9)), the boundedness of A, and (4.3]) we obtain

UV(z) < | | llg(x"z,0) — q(x'0,0) | A(w'z)e~FE") (dp) dt
06

+ S [ lla(x'0,0) [ A (') H02) w(d) dt
06

Ay

<
T A-

)+ | Vlla(a0,0) |\ (x"z)e =0 i(d6) dt.
06
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From the fact that {° e LD \(xtx) dt = 1 for every z € X, and the prop-
erties of A and g, it follows that

o0 o0

V Vlla(x'o, 0)|[A(xz)e™ ) k(dh) dt < Ny | |7*0]le™> dt + (0, )| r (x).
06 0
We now estimate ||7'0[|. We have
t t
Ix*0]| < | [la(7°0) — a(0)[| ds + [|a(0) [t < L | [|x*0] ds + [|a(0)]|¢.
0 0
An application of Gronwall’s inequality gives
||a( )l
I70]] < F=—= (et —1).
Inequality (4.10)) now implies
T e Nglla
§§ lan 0, 0)(r e 20 wat) ar < T 4 (0,910
06 -

Taking into consideration - and , we obtain
UV(z) <diV(x )—i—dg forxe X. u
From Theorem 1.4 and Lemma [£.3] we obtain:

REMARK 4.5. If conditions (3.9)), (3.10), (4.3)), and (4.10|) hold, then the

jump operator P is globally concentrating.
In the proof of local concentration we will apply

LEMMA 4.6 (|27, Lemma 3.1]). Let pu1, pa € My and €>0. If ||p1 —pa2llrm
< &2 then py (O(A,€)) > pa(A) —¢ for Ac B(X). =

Now, we will prove that an operator P associated with P is asymptoti-
cally stable. The operator P is derived from P by substituting the constant
A for the function A. Thus the Markov operator P is given by the formula

[e.e]

Pu(A) = | | | 1a(g(ntz0,0)) e k(d0) dt pi(da).
X 06

We will deduce the asymptotic stability of P from the following theorem of
A. Lasota.

THEOREM 4.7 ([13| Theorem 3.2]). Let P: M — M be a Markov Feller
operator and U its dual. Assume that there is a constant b < 1 such that

(4.13) Uf(x) =Ufy)l <bllz -yl forz,ye X, feH.
Moreover, assume that

Ug(0) < 0o, where g(x)=|z].
Then P is asymptotically stable.
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THEOREM 4.8. Assume that (3.9)) and (3.10) hold, and
(4.14) ANg+a<d, <A\
Then P is asymptotically stable.

Proof. We will show that the assumptions of Theorem [£.7] are satisfied.
Fix f € H. Using (3.9 -, and X\ — a > 0 we obtain

Tf(z) - Tfy)| < 5 {If(a(n'z,0)) — fla(nty,0)Ne ™ k(d) dt
06e
Ay
<
A=

Condition 4) implies that inequality (4 holds with b = M,/(A — a)
< 1. Now we check that Ug(0) < oo. Estlmatmg as in Theoremwe obtain

N

eyl

Tg(0) = { { ot 0)1Re ™ () de < 4 4 a0,
06e

Now Theorem yields the asymptotic stability of P. m

Observe that if the assumptions of Theorem [ are satisfied, then the
operator P is asymptotically stable.
From Theorems and it follows that P has the following properties:

(4.15) P(Myu) C Mg,
(4.16) [Ppr — Ppzlln < bllpa — polln - for pa,p2 € Mig. =

We now show the local concentration of P.

THEOREM 4.9. Assume that all assumptions (3.9), (3.10), (4.3), and
(4.10) hold. Then P is locally concentrating.

Proof. From Theorem and Lemma it follows that there exists
B € By(X) such that for every A € By(X) one can find ny € N such that

(4.17) P"u(B)>1/2 forn>no, pe M{‘.

Fix ¢ > 0. Fix A € B(X) and choose ng € N such that ( is satisfied.
Fix p € M4'. We claim that

Uf(z) 2 =Uf(x) for f € B(X).

y\\\y
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Indeed, applying the boundedness of A\, we obtain

Uf(x) =

€ N, we have

- A (= n—
P (D) = \ Ulp(x)P"p(dz) > = | Ulp(x)P"" pu(dx).
A
X X
Thus by an induction argument,

A\ —

P"u(D) > ()\) S U™1p(z)P" ™u(dz) for D € B(X), n,m €N, m <n.
e

The operator P is asymptotically stable. Denote by 7, an invariant measure

for P. Take any y € supp f,. Let By = B(y,e/4). Set a := 11,(B1). Define

C = O(By,0), where § < ¢/4 and 0 < a. Then diamC < e. From the

asymptotic stability of P it follows that

(4.18) P"6, »m, forzeX.
We will show
(4.19) le |P"6, — fi,|[pm = 0 uniformly in = € B.

Fix zg € B. Take an arbitrary « € B. For n € N we have
1P" 60 — T llen < (1P 80 — P G llint + ([P 02y — Tl lont-
Applying , , and we obtain
[P" 80 — P 8apllpnt < P80 — P8 ||
<00y — Oz || < D) — mo|| < 0" diam B.

Taking into account b < 1 and diam B < oo, we have

(4.20) lim sup |[P"6, — P "0z, |lpm = 0.
n—0o0 zEB

According to (4.18)), we obtain

(4.21) Jim [[P" 85, — 7. |pn = 0.

Combining (4.20) and (4.21]) immediately yields (4.19). Let m € N be such
that

|P" 6, — fiullpm < 02 for x € B.
Using Lemma 4.6 we obtain
(4.22) P"6,(C)>7,(B)—d=a—06 forzeB.
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Take n > m + ng. Then

P"u(C) > <> | T"10(x) PP pu(da).
X

From this, and from (4.22) and (4.17)), it follows that

PWKC)2:<i>mgf”WIKDf”’mMOM)2:<i)m0v—5ﬂ”muﬂﬂ

>5(3) -0

completing the proof. m
Combining Theorems [4.2] and [£.9 and Corollary [£.5] we obtain

THEOREM 4.10. Assume that all hypotheses of Theorem[4.4] are satisfied.
Then the operator P is asymptotically stable.

5. Continuous dependence. In this section we prove the continuous
dependence of the invariant measure for Py on the function A. Denote by Py
the jump operator defined by , which varies with A. Similarly denote
by U, the dual operator for Py.

In the proof we are going to use

LEMMA 5.1 (|26l Theorem 3.1, Step 3|). If a nonexpansive Markov op-
erator P is locally and globally concentrating, then for every A € By(X) and
€ > 0 there exists N € N such that

1PNy — PN psllen <& for p, pp € M7 m

To formulate the main theorem of this section we define the family of
functions
A=) Ny +a< ) la <A},
where «, Iy, and [, are determined by conditions , , and assumption
(i) respectively. Moreover, A, A\ depend on A(-). By the previous section, for
each A € A there exists a unique invariant distribution for P). Denote it
by py. Thus we can define function A: A — M;j by

(5.1) ANC)) = px for A€ A.

We will show the continuity of A, where the convergence on M; is in the
Fortet—Mourier norm, and in A we have uniform convergence, denoted by
An = Ao-

LEMMA 5.2. Let \g € A, suppose (An)nen converges uniformly to Ag.
Then for every € > 0 there exists Zy € By(X) such that

wn,(Zo) >1—¢  for neN.
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Proof. From the assumption it follows that there exist ki, ks > 0 and
ng € N such that

(52) k1 < An’ Xn <ksy, M€A forn>ng.

The proof of Theorem now implies that there exist a Lyapunov function
V: X —[0,00), bounded on bounded sets, and nonnegative constants di, da
such that

Anlg Anlglla(0)]]
<d 1 doy > 0,-
A —a- 1 <1 2 Z A (A iy ) HQ( ) )HLI(H)?

T

Ux,V(z) <diV(x)+dey forze X, n>ng.

Thus Lemma shows that for every ¢ > 0 there exists Z € By(X) such
that

liminfP{"0,(Z) >1—¢ forn >ng, v € X.

m—o0

Without loss of generality, we may assume that Z is closed. The asymptotic
stability of Py, for n > ng and the Aleksandrov theorem yield

px, (Z) > l}’gioréfPﬁéw(Z) >1—¢ forn>nyg.
The Ulam theorem implies that there exists a compact set K C X such that
wi(K)>1—¢ forie{l,...,ng—1}.
Setting Zy = Z U K we obtain the conclusion of the theorem. m

Now, we prove the continuous dependence of the invariant measure for
P, on the function A. The first part of the proof will be analogous to the
argument of Szarek and Wedrychowicz (|29, Theorem 4.5]).

THEOREM 5.3. The function A: A — M defined by (5.1)) is continuous.

Proof. Fix e > 0 and \g € A. By Theorem [£.2] Corollary and Theo-
rem [£.9|the operator Py, is nonexpansive, globally and locally concentrating.
Suppose A\, = Ag. From Lemma it follows that there exists Zy € By(X)
satisfying

iy, (Zo) >1—¢/6  for n € Ny.

Define u/\ ,1/)\ € MZO for n € Ny by

px, (BN Zp)
ta, (Zo)

V7 (B) = g[Mn(B) —(1—e/6)u(B)] for B € B(X), n € No.

P (B) =

Then
fix, = (1 —/6)u30 + (/6)v{°
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and

[ PXotixn, — PiotiallFn
< (1 —e/6)[|Pnps = PLpse llem + (2/6) | PRavilllint + (2/6) || PRevi [ en
< (1—¢/6)||Pus® — Prpslllen +¢/3  for m,n € No.
From Lemma [5.1] it follows that there exists N € N such that
HP)]\\glufg — P)]\\gungFM <eg/3 forn € Np.

Hence

1P in, — P o llem < 26/3  for n € No.
For n € Ny we have

(5.3)  |lta, — maollenm = [|1PAY pia, — P fing v
<IPY a, = Py g llent + [ Pas pix, — Prs fixo|lEn

< sup sup |Uy) f(x) — U f(2)| + 2¢/3
feFxzeX

< sup sup |U)J\Ylf(x) —U){\gf(xﬂ +2¢/3
IflI<1zeX

= U — U +2¢/3.

In the second part of the proof, we will estimate ||U)]\Y1 — U)]\\;H Applying
U, || =1 for n € Ny we obtain

(5.4) UY - Uy
= |(Un, = Ux)Ux 4+ Uny(Un, = Un)UN 24+ + UN U, — Un,)|
< N||Uy, — Uxl-

Take any f € C(X) such that ||f|| < 1. According to (3.15]), we obtain

o0
Un, f(2) = Uno f(2)] < | [An(m'@)e™ P20 — g (nlaw)e™ P20 dt = hy (),
0

where L) given by (3.5)) depends on A. We will show that h, = 0. The

X
convergence A, =% Ao implies that there exists k > 0 such that A\, > k jor
n € Np, and there exists ng € N such that |\, (z) — Ao(7)| < €k?/(k + Xo)
for n > ng,z € X. Hence inequality (4.5) yields
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ho(x) < | e\ (nla) — No(n'x)| dt
0
+ S Ao(mtz)|e™Ean b) _ g=lag(B2)| gy
0
S — e Mdt+ N S e MLy, (t,x) — Ly, (t,2)| dt
0 k+ Ao 0
koo~ T ek?
< L +)\OS r_ te *dt=¢ forn > ng.
k+ Mo o k+ A
This estimate depends neither on x nor on f. Therefore,
lim ||Uy, — Uyl = 0.
n—oo
Hence there exists n; € N such that
€
(5.5) |Ux, — Ux | <3N for n > ny.

Combining (5.5)) and (5.4]), we conclude that condition (5.3)) is satisfied, and
the proof of the theorem is complete.

References

[1] R. Cont and P. Tankov, Financial Modelling with Jump Processes, Chapman and
Hall/CRC, Boca Raton, FL, 2004.
[2] O. L. V. Costa, Stationary distributions for piecewise-deterministic Markov pro-
cesses, J. Appl. Probab. 27 (1990), 60-73.
[3] M. H. A. Davies, Markov Models and Optimization, Chapman and Hall, London,
1993.
[4] O. Diekmann, H. J. Heijmans and H. R. Thieme, On the stability of the cell size
distribution, J. Math. Biol. 19 (1984), 227-248.
[5] O. Diekmann, H. A. Lauwerier, T. Aldenberg and A. J. Metz, Growth, fission and
the stable size distribution, J. Math. Biol. 18 (1983), 135-148.
[6] S.N. Ethier and T. G. Kurtz, Markov Processes. Characterization and Convergence,
Wiley, New York, 1986.
[7] I I. Gikhman and A. V. Skorokhod, Stochastic Differential Equations and Their
Applications, Naukova Dumka, Kiev, 1982 (in Russian).
[8] K. Horbacz, Invariant measures related with randomly connected Poisson driven
differential eguations, Ann. Polon. Math. 79 (2002), 31-43.
[9] K. Horbacz, Randomly connected differential equations with Poisson type perturba-
tions, Nonlinear Stud. 79 (2002), 81-98.
[10] K. Horbacz, Randomly connected dynamical systems—asymptotic stability, Ann.
Polon. Math. 68 (1998), 31-50.
[11]] K. Horbacz, Random dynamical systems with jumps, J. Appl. Probab. 41 (2004),
890-910.
[12] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Pro-
cesses, North-Holland, Amsterdam, 1981.


http://dx.doi.org/10.2307/3214595
http://dx.doi.org/10.1007/BF00277748
http://dx.doi.org/10.1007/BF00280662
http://dx.doi.org/10.4064/ap79-1-3
http://dx.doi.org/10.1239/jap/1091543432

296

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
22]
23]
[24]

[25]
[26]

27]
[28]
29]

(30]

J. Kazak

A. Lasota, From fractals to stochastic differential equations, in: Chaos—The In-
terplay Between Stochastic and Deterministic Behaviour, Karpacz’ 95, P. Gar-
baczewski et al. (eds.), Lecture Notes in Phys. 457, Springer, 1995, 235-255.

A. Lasota and M. C. Mackey, Chaos, Fractals, and Noise. Stochastic Aspects of
Dynamics, Springer, New York, 1994.

A. Lasota and M. C. Mackey, Cell division and the stability of cellular populations,
J. Math. Biol. 38 (1999), 241-261.

A. Lasota and J. Traple, Invariant measures related with Poisson driven stochastic
differential equation, Stoch. Process. Appl. 106 (2003), 81-93.

A. Lasota and J. A. Yorke, Lower bound technique for Markov operators and iterated
function systems, Random Comput. Dynam. 2 (1994), 41-77.

M. C. Mackey and R. Rudnicki, Lower bound technique for Markov operators and
iterated function systems, J. Math. Biol. 33 (1994), 89-109.

K. Pichor, Asymptotic stability of a partial differential equation with an integral
perturbation, Ann. Polon. Math. 68 (1998), 83-96.

K. Pichor and R. Rudnicki, Asymptotic behaviour of Markov semigroups and appli-
cations to transport equations, Bull. Polish Acad. Sci. Math. 45 (1997), 379-397.
K. Pichér and R. Rudnicki, Continuous Markov semigroups and stability of transport
equations, J. Math. Anal. Appl. 249 (2000), 668—685.

R. Rudnicki, On asymptotic stability and sweeping for Markov operators, Bull. Polish
Acad. Sci. Math. 43 (1995), 245-262.

R. Rudnicki and R. Wieczorek, Fragmentation-coagulation models of phytoplankton,
Bull. Polish Acad. Sci. Math. 54 (2006), 175-191.

R. Rudnicki and R. Wieczorek, Phytoplankton dynamics: from the behaviour of cells
to a transport equation, Math. Modelling Natural Phenomena 1 (2006), 83-100.

D. Snyder, Random Point Processes, Wiley, New York, 1975.

T. Szarek, Markov operators acting on Polish spaces, Ann. Polon. Math. 67 (1997),
247-257.

T. Szarek, The stability of Markov operators on Polish spaces, Studia Math. 143
(2000), 145-152.

T. Szarek and J. Myjak, Capacity of invariant measures related to Poisson-driven
stochastic differential equations, Nonlinearity 16 (2003), 441-455.

T. Szarek and S. Wedrychowicz, Markov semigroups generated by a Poisson driven
differential equation, Nonlinear Anal. 50 (2002), 41-54.

J. Traple, Markov semigroups generated by Poisson driven differential equations,
Bull. Polish Acad. Sci. Math. 44 (1995), 161-182.

Jolanta Kazak

Institute of Mathematics
University of Silesia
Bankowa 14

40-007 Katowice, Poland
E-mail: jolkazak@yahoo.com

Recetved 8.12.2011
and in final form 6.11.2012 (2671)


http://dx.doi.org/10.1007/s002850050148
http://dx.doi.org/10.1016/S0304-4149(03)00017-6
http://dx.doi.org/10.1007/BF00160175
http://dx.doi.org/10.1006/jmaa.2000.6968
http://dx.doi.org/10.4064/ba54-2-9
http://dx.doi.org/10.1088/0951-7715/16/2/305
http://dx.doi.org/10.1016/S0362-546X(01)00724-6

	1 Introduction
	2 Preliminaries
	3 Poisson driven Markov process
	4 The asymptotic stability of the Markov operator
	5 Continuous dependence
	References

