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A ounterexample to the regularity of thedegenerate omplex Monge�Ampère equationby Szymon Pliś (Kraków)Abstrat. We modify an example due to X.-J. Wang and obtain some ounterex-amples to the regularity of the degenerate omplex Monge�Ampère equation on a ball in
C

n and on the projetive spae P
n.1. Introdution. The Monge�Ampère operator of a smooth plurisub-harmoni funtion u is given by

(ddcu)n = 4nn! det(uij)dL, where uij =
∂2u

∂zi∂zjand L is the 2n-dimensional Lebesgue measure. For an arbitrary ontinuousplurisubharmoni funtion u one an de�ne (ddcu)n as a regular Borel mea-sure. Let Ω be a stritly pseudoonvex domain in C
n (throughout the notewe always assume n ≥ 2). Then for any nonnegative f whih is ontinuousin Ω and for ϕ ontinuous on ∂Ω the Dirihlet problem

(1.1) 



u ∈ PSH(Ω) ∩ C(Ω),

(ddcu)n = fdL in Ω,
u = ϕ on ∂Ω,has a unique solution (see [B-T℄).Below we list some regularity results for solutions of (1.1):(1) ∂Ω ∈ C∞, ϕ ∈ C∞(∂Ω), f ∈ C∞(Ω), f > 0 ⇒ u ∈ C∞(Ω) (Ca�arelli,Kohn, Nirenberg and Spruk [C-K-N-S℄);(2) ∂Ω ∈ C3,1, ϕ ∈ C3,1(∂Ω), f1/n ∈ C1,1(Ω), f ≥ 0 ⇒ u ∈ C1,1(Ω)(Krylov [Kr1, Kr2℄).There are analogous regularity theorems for the real Monge�Ampèreequations on a strongly onvex domain Ω in R

n (see [C-K-N℄ and [G-T-W℄).In a forthoming paper about the degenerate Monge�Ampère equation on2000 Mathematis Subjet Classi�ation: 32W20, 35J70.Key words and phrases: omplex Monge�Ampère operator.[171℄



172 S. Pli±strongly pseudo-onvex domains in C
n, the author proves the following om-plex version of a result from [G-T-W℄:(3) ∂Ω ∈ C3,1, ϕ ∈ C3,1(∂Ω), f1/(n−1) ∈ C1,1(Ω), f ≥ 0 ⇒ u is almost

C1,1 (i.e. mixed omplex derivatives uij are bounded).Similar results are true for Kähler manifolds. LetM be a ompat Kählermanifold of omplex dimension n, with the Kähler form ω. We will saythat a ontinuous funtion φ on M is admissible if ddcφ + ω ≥ 0. For anynonnegative f whih is ontinuous onM and satis�es the neessary ondition(1.2) \
M

fωn =
\

M

ωn

the Monge�Ampère equation(1.3) {
φ is admissible,
(ddcφ+ ω)n = fωn in M,has a unique (up to a onstant) ontinuous solution (see [K1, K2, B3℄).We have the following results about regularity of (1.3):(4) f ∈ C∞(M), f > 0 ⇒ φ ∈ C∞ (Yau [Y℄);(5) f1/(n−1) ∈ C1,1(M), f ≥ 0 ⇒ φ is almost C1,1 (Bªoki [B2℄).In [W℄ Wang proved that the exponent 1/(n− 1) is optimal for analogousresults in the real ase. In this paper we show that in (3) and (5) the onstant

1/(n− 1) is also optimal. Our examples are very similar to Example 3 in [W℄but in the proof of Lemma 2.1 below, although the idea is also similar to [W℄,at some point we proeed quite di�erently than in the real ase.2. Examples. Let(2.1) f(z) = Aη

(
|zn|

|z′|α

)
|z′|β, (z1, . . . , zn−1, zn) = (z′, zn) = z ∈ C

n,where α, β > 2, A > 0 and
η(t) =

{
e−1/(1−t2), |t| < 1,

0, |t| ≥ 1.Let B be the unit ball in C
n.We need the following lemma:Lemma 2.1. Let u ∈ PSH∩C(B) be suh that u|{0}×C∩B is not onstant ,

(ddcu)n = fdL in Bwhere f is given by (2.1) and(2.2) u(z′, zn) = u(w′, wn) if |z′| = |w′| and |zn| = |wn|.
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u(0, εk) − u(0) ≥ Cε

(2α+2(n−1)+β)/nα
kfor some sequene εk ց 0 and C > 0 depending only on α, β and n. Inpartiular , if β < 2(n− 1)(α− 1), then u is not C1,a smooth for some a < 1.Proof. 1. By the maximum priniple, if |z′| ≤ |w′| and |zn| ≤ |wn|, then

u(z′, zn) ≤ u(w′, wn).2. Let h(x) = u(0, ex) for x ∈ [−∞, 0). Then h is onvex and reahesits strit minimum at x = −∞. Indeed, suppose that m = sup{x : h(x) =
h(−∞)} 6= −∞. There are µ > 0 suh that

h(m+ 2µ) < u(e(m−2µ)/α, 0, . . . , 0, em−2µ)and an a�ne funtion l suh that l(m − µ) = h(m − µ) and l(m + µ) =
h(m+ µ). So

{u(z′, zn) < l(log |zn|)} ⊂ V = {max{em−2µ, |z′|α} < |zn| < em+2µ}.But u is maximal in V , so this is impossible.3. There is a sequene εk ց 0 suh that u(z′, zn) = u(0, εk) for |z′|α <
|zn| = εk. Indeed, there is a sequene εk ց 0 suh that h is stritly onvexin εk for k ∈ N, i.e. there is an a�ne funtion l suh that {l(x) < h(x)} =
[−∞, 0) \ {εk}. From ontinuity and maximality of u (in int{f = 0}) it islear that for every small s > 0 we have l(log |zn|)+ s ≥ u(z) for z = (z′, zn)whenever |zn| = εk and |z′|α < |zn|.4. Let ε = εk and λ = ε1/α. Let T denote the transformation (w′, wn) =
T (z′, zn) = (z′/λ, zn/ε), and let

v(w′, wn) =
u(λw′, εwn) − u(0, ε)

(ελn−1)2/n
.Then v < 0 in B and (ddcv)n = f ◦ T−1.5. Let ψ = |z|2 − 1. Then ψ ∈ PSH−(B), limz→∂B ψ = 0 and ψ < −1/2on 1

2B. So [B1, Corollary 2.3℄ gives us
1

2n

\
1
2
B

(ddcv)n ≤
\
B

|ψ|n(ddcv)n ≤ ‖v‖n
B

\
B

(ddcψ)n = C1‖v‖
n
B.

6. Let
D =

{
z : |zn| <

1

2

(
λ

8

)α

,
λ

8
< |z′| <

λ

4

}
.Then D ⊂ T−1

(
1
2B

) and L(D) ≥ C2ε
2λ2(n−1) and

min
D

f = f

(
λ

8
, 0, . . . , 0,

1

2

(
λ

8

)α)
≥ C3λ

β.



174 S. Pli±7. Let B̃ = 1
2T

−1(B). We thus obtain
−v(0) = ‖v‖B ≥

(
C4

\
1
2
B

(ddcv)n
)1/n

=

(
C4

ε2λ2(n−1)

\̃
B

f dL

)1/n

≥

(
C4

ε2λ2(n−1)
L(D) min

D
f

)1/n

≥ C5λ
β/n = C5ε

β/αn.8. We therefore onlude
u(0, ε) − u(0) = (ελn−1)2/nv(0) ≥ C5ε

2
n

+
2(n−1)

nα
+ β

αn = C5ε
2α+2(n−1)+β

nα .Now we an give our example for the unit ball in Cn.Example 2.2. Let f be given by (2.1) where A = 1, β = 2(n−1)(α−1)−1and a > 1/(n− 1). Choose α suh that a ≥ 2α/β. Then fa is C1,1 but thesolution u of (1.1) with Ω = B and ϕ ≡ 0 is not C1,1.Proof. Sine f and ϕ satisfy ondition (2.2), by the uniqueness of so-lution, u also satis�es (2.2). From Lemma 2.1 we onlude that u is not
C1,1.For P

n we have the following example:Example 2.3. Let ̺ : [0,∞) → [0, 1] be a funtion of lass C∞ suhthat ̺|[0,1] ≡ 1 and ̺|[2,∞) ≡ 0. View P
n as a Kähler manifold arrying theFubini�Study metri ω =

∑
gijdzi ∧ dzj. Write P

n = C
n ∪ P

n−1 where P
n−1is the hyperplane at in�nity. Let f̃ : P

n → R+ be a ontinuous funtion givenin loal oordinates in C
n by

f̃ =
̺(|z|)f

4nn! det(gij)
,where f is given by (2.1), A is suh that f̃ satis�es the neessary ondition(1.2), β = 2(n − 1)(α − 1) − 1 and a > 1/(n− 1). Choose α suh that

a ≥ 2α/β. Then f̃a is C1,1 but the solution φ of (1.3) with M = P
n and with

f̃ in plae of f is not C1,1.Proof. In loal oordinates in C
n, gij are given by gij = (1

2 log(1+|z|2))ij .Let u = φ + 1
2 log(1 + |z|2). Then u is a ontinuous solution of the Monge�Ampère equation

(ddcu)n = f̺ in C
n.Sine φ is bounded, we have lim|zn|→+∞ u = +∞. Then from the sameargument as in the proof of Lemma 2.1 we see that the funtion zn 7→ v(0, zn)reahes its strit minimum at zn = 0. Sine ω and f̃ satisfy ondition (2.2),by the uniqueness of solution φ satis�es (2.2) and so does u. From Lemma2.1, u is not C1,1, so neither is φ.
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