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Long time behaviour of a Cahn—Hilliard system
coupled with viscoelasticity

by IRENA PAwrLOW and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. The long-time behaviour of a unique regular solution to the Cahn-Hilliard
system coupled with viscoelasticity is studied. The system arises as a model of the phase
separation process in a binary deformable alloy. It is proved that for a sufficiently regular
initial data the trajectory of the solution converges to the w-limit set of these data. More-
over, it is shown that every element of the w-limit set is a solution of the corresponding
stationary problem.

1. Introduction. As a continuation of [5], we study the asymptotic
behaviour as ¢ — oo of a regular solution to the following Cahn—Hilliard
system coupled with viscoelasticity:

uy — V- [We(e(u),x) +vAe(uy)] =b  in 2% = 2 x (0, 00),
(1.1)  u(0) =up, u(0) = in 2,
u=20 on S =5 x (0,00),

Xt —Au=0 in 2%
(1.2) x(0) = xo in (2,
n-Vu=0 on S,

p=—yAX+Y'(x) + Wy(e(u),x) in 2%,
n-Vx=0 on S,

where 2 C R? is a bounded domain with a smooth boundary S; the un-
knowns are the fields w : 2° — R3, y : 2° — R, and pu : 2° — R,
representing respectively the displacement vector, the order parameter and
the chemical potential; e(u) = 3(Vu+(Vu)T) is the linearized strain tensor;
the functions W (e(u), x) and () are specified below, and v, 7y are positive
constants.
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2 I. Pawlow and W. M. Zajaczkowski

The system arises as a model, regularized by a viscous damping, of the
phase separation process in a deformable two-component a-b alloy cooled
below a critical temperature. In the previous paper [5] we have proved the
existence and uniqueness of a global in time, regular solution to this system.
Moreover, we have shown the existence of an absorbing set. Our objective
in the present paper is to study the asymptotic behaviour of the solution as
t — o00.

System (1.1)—(1.3) represents balance laws of linear momentum, mass,
and the equation for the chemical potential. The associated free energy den-
sity has the Landau—Ginzburg form

(14) Fle(u).x. V) = W), x) + 900 + 5 [V,
where

(15)  We(w),x) = g (elu) () - Ale(w) ~ ().
and

(16) Y= 70—

represent respectively the elastic energy and the double-well potential; the
positive constant -y is related to the surface tension.

The order parameter Yy characterizes the material phase. In case of a
binary alloy it is related to the volumetric fraction of one of the two phases,
characterized by different crystalline structures of the components. We shall
assume that y = —1 is identified with phase a and x = 1 with phase b.

The elasticity tensor A = (A;jp) and the eigenstrain tensor &(x) =
(€ij(x)) are given by
(L7)  Ae(u) = Atre(u)l + 2fe(u),  &(x) = (1 — 2(x))ea + 2(x)&s,

where I is the identity tensor, A, [i are the Lamé constants satisfying fi > 0,
3A+2iu > 0, g4, & are the constant eigenstrains of phases a,b, and z : R —
[0, 1] is a sufficiently smooth interpolation function such that

(1.8) z(x)=0 for x < -1 and z(x)=1 forx>1.

The term v Ae(uy), with v = const > 0, represents the viscous stress tensor;
v is the viscosity coefficient. The derivatives of W (e(u), x) with respect to
€ and Y, given by

We(e(u), x) = Ae(u) —(x)),
Wle(u),x) = —&'(x) - Ale(u) — €(x)),
denote respectively the elastic stress tensor and the elastic contribution to

the chemical potential. For a detailed description of system (1.1)—(1.3) and
a discussion of related literature we refer to [5].



Long time behaviour of a Cahn—Hilliard system 3

By introducing the linear elasticity operator
(1.9) u— Qu=V-(Ae(u)) = pAu+ A+ p)V(V - u)
with the domain D(Q) = H?(2)NH}(£2), and the auxiliary constant quan-
tities
(1.10) B=-A(,—&,), D=-B-(6,—&,), FE=-B-g,
we have
We(e(u),x) = Ae(u) — Aeq + 2(x) B,
(1.11) W (e(u),x) = 2'()(B - e(u) + Dz(x) + E),
V- We(e(u), x) = Qu + 2'(x) BVx.
On account of (1.9)—(1.11) it is convenient to recast system (1.1)—(1.3) into
the following simplified form:
uy — Qu —vQuy = 2 (x) BVx +b  in 2%,
(1.12) u(0) = ug, u(0) =uy in 2,
u=~0 on S,

Xt —Au=0 in 2%,
(1.13) x(0)=x0  ing,
n-Vu=0 on S,

p=—yAx+¢'(x) + 2 (x)(B-e(u) + Dz(x) + E) in 2%,
n-Vx=0 on S°.

It has been proved in [5] (see Theorem 2.1 below) that system (1.1)-(1.3)
admits a unique global solution (u, x, p) such that

u € CH([0, 00); H?(£2) N Hy(£2)) N C*([0, 00); H(£2)),
X € C([0,00); HF (£2)) N CH([0, 00); L2(£2)),

p € C([0,00); Hy(2)),  §x(t)dz = xm = xodz for all ¢ € [0,00),
2 (0]

(1.14)

for initial data satisfying
(w(0), u:(0), wi (0), x(0), x¢(0)) € W
= {(H2(2) 0 H)Q))x (H*(2) 0 HY(R)) x HYQ) x B3 (2) x Ly(2)},
where
H%(2)={¢: €€ H*(N),n-VE=0on S}.
Thus, the solution defines a nonlinear, strongly continuous semigroup
5(t) : W 3 (u(0), u(0), it (0), x(0), x¢(0)) —
(w(t), we(t), uae(t), x (1), xe(t)) € W, t €0,00).
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In this paper we prove that for any initial data belonging to W the trajectory
of the solution converges as t — oo to the w-limit set of these data.

Moreover, we show that the w-limit set is a compact and connected subset
of the space

Z = HL(Q) x H5(2) x Ly(2) x HY(Q) x (H'(2)),

and enjoys the standard properties, namely it is positive invariant with re-
spect to semigroup S(t) defined by the solution, and the total energy func-
tional is constant on this set. We also prove that every element of the w-limit
set is a solution of the corresponding stationary problem.

In the proof of these results we use arguments similar to those applied
in [7] for the single Cahn—Hilliard equation, and the procedure of long-time
analysis devised in [I], [2] for phase-field models.

We use the same notation as in [5]. Vectors and tensors are denoted by
bold letters. A dot designates the inner product irrespective of the space
in question, e.g. for vectors a = (a;), @ = (@;) and tensors B = (Bjy;),
B= (Bij) we write a - a = a;a;, B - B = BijBij. Here and throughout the
summation convention over repeated indices is used.

The symbols V and V- denote the gradient and the divergence operators.
For the divergence we use the convention of contraction over the last index,
e.g. V-e= (861]/8373)

For simplicity, the space and time derivatives (material) are denoted by
fi = 0f/0x;, fr = O0f/0t. Moreover, for e = (g;5) we write W.(e, x) =
(OW (g, x)/0¢ij). We use the standard Sobolev space notation. In addition,
the spaces of vector- or tensor-valued functions are indicated by bold letters.

2. Main results. First we recall the existence and uniqueness result for
(1.1)-(1.3), proved in [5] under the following assumptions:

(A1) 2 C R3 is a bounded domain with the boundary S of class at least
C?, T >0is an arbitrary fixed number.
(A2) The Lamé coefficients fi, A satisfy

i>0, 3\4+20>0.
This ensures that the elasticity tensor A is coercive and bounded, i.e.,
(2.1) cile|® < e- Ae < cflef?

for all symmetric second order tensors € in R?, with positive constants
¢y and c¢*. Moreover, due to this condition the operator @ given by
(1.9) is strongly elliptic and satisfies

(2.2) collullgzo) < 1QullLy(o) for w e D(Q) = H?(£2) N Hy(12)

with a positive constant co-
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(A3) W(e(u),x) is given by (1.5); the function z : R — [0, 1] is of class C?
satisfying (1.8) and

12700+ 12" ()| < e forall x € R.

The auxiliary quantities B, D and E are defined in (1.10).

(A4) ¥(x) is given by (1.6).
(A5) v and v are positive constants.

The next assumption concerns the initial data. In addition to
u(0) =wg, w(0)=wu1, x(0)=x0 in £,

we introduce in compatibility with (1.12)—(1.14) the initial conditions corre-
sponding to uy(0) and x¢(0):

uy = uyt(0) = Quo + vQuy + 2'(xo0) BVxo + b(0),
X1 = x¢(0) = Ap(0)
= — A%+ A (x0) + 2 (x0)(B - e(ug) + Dz(x0) + E)]  in 0.
We assume
(A6) ug,u1 € H*(2)NH(2), uz € H(2), xo € H3(2) :={¢ € H*(2) :
n-VE=0on S}, xm = §,xodz < 00, x1 € Lo({2), which implies
that wg € H3(2) N H{(2), xo € HY(2) N H%(9).
As regards the external force, we require
(A7) b € L1(0,00; Ly(£2)) N WL (0, 00; H}(£2)).
The existence theorem is as follows:

THEOREM 2.1 (see [5, Thms. 2.1, 2.3]). Let assumptions (A1)—(AT) hold
true. Then problem (1.1)—(1.3) (in simplified formulation (1.12)—(1.14)) ad-
mits a unique global solution (u,x, ) on [0,00) such that

u € C([0,00); H?(2) N H(£2)) N C*([0, 00); Ho(£2)),
X € C([0,00); H(£2)) N C*([0,00); La(12)),
23) pec(oc) (@), fxde = forallt€0,00),
Q
uy € Lo(0,00; HY(2)), V€ Ly(0,00; Ly(£2)),
(24)  uw(0) =uo, w(0) =ur, ww(0) =uz,  x(0) = x0, x:(0) = xu,
and, for any t € [0,00) and any fixred number T > 0,
wy € Lo(t,t +T; HX(2) N Ho(2)),  ww € La(t,t + T; (Hg(2))'),
(2.5) Xt € Lo(t, t + T HY(£2)), Xit € La(t,t + T; (HX (£2))"),
NELQ(t7t+T;H1(Q))7 MteLQ(tat+T;L2(Q>)‘

Furthermore, the solution satisfies the following estimates:
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e uniformly in time,
(2.6)  llullogo,eo)m ) + 1wellcqoco)ra2) + IXlle(o,00)m1(2)
Fllwell 1y 0,003 (2)) T IVEN 2(0,00:L2(2)) < O,
2.7)  Nullero,00)m202) + Ntellogo,00): 1 (2)) T XN (0,00):02 (22))
+ Ixtllco.soyLa(2)) + Il oo,00):m2 (2)) < €
where
Co = CO(HU0||H5(Q)7 HU1||L2(9)7 ||X0”H1(_Q)v ”bHLl(O,oo;Lg(Q)))v
¢ = c([[woll g2 () luill g2y, 12l 1) X0l B2, (2, X1l La(02)
16llw1 (0,00:L2(2)))
are positive constants;
e for any t € [0,00) and any fivred T > 0,
(28)  IXloermmz () + 1lLy e m @) < c(eo) (T2 + 1),
(29)  Nwetl pyepsrmz oy + X6l Laerrsmz, @) < TV +1),
(2.10) st oy o0 mycaicyyy + el Loce ez, (20
el Lo s miLa(y < (T2 +1)
with constants cqy, ¢ as above.
Let us introduce the spaces
W= (H*(2) N Hy(2)) x (H?*(£2) N Hy($2))
(2.11) x H}(2) x H3(02) x Ly(£2),
Z:=H{(2) x H{(2) x Ly(2) x HY(2) x (H'(2))'.

In view of (2.7) the solution in Theorem 2.1 generates a strongly continuous,
nonlinear semigroup

(2.12) St):oeW—((t)eW, t>0,
where
CO = (Uo, Ui, u2, X0, Xl)a C(t) = (’U/(t), ut(t)7 utt(t)7 X(t)7 Xt(t))
Let us introduce the w-limit set of the initial data (o € W:
(213) W(CO) = {COO = (uomuoo,tauoo,ttaXooaXOO,t) EWCZ:
It} C (0,00), t,, — 0o and
C(tn) = S(tn)CO — (oo strongly in Z}

The main result of this paper is stated in the following
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THEOREM 2.2. Assume that (A1)—(AT7) hold. Let S(t) : W — W, t >0,
be the nonlinear semigroup generated by the unique solution of system (1.1)—
(1.3). Then

(i) The w-limit set w((p) of the initial data (y = (wp, w1, u2, X0, X1) €
W C Z is a nonempty, compact and connected subset of Z. Further-
more, w(p) is positive invariant with respect to S(t), i.e.,

S(t)w(¢o) Cw(Co) for anyt > 0.
(ii) If b= 0 then the map Fp : W — R defined by

214) Fa(¢(t) = | [l (e(a(t) x(0) +o(x(0)+ ] VO] do
2

is the Lyapunov functional for the semigroup S(t), i.e.,
Fo(S(t)¢o) < Fa(Co)  for any (o € W, t > 0;

Fq is constant on the w-limit set w({p).
(ili) Every element (oo = (oo, Uoo,t, Uoo,tts Xoo» Xoo,t) Of the w-limit set
w(Co) s characterized by
(2.15) (oo = (U0, 0,0, Xoo, 0)
with functions Use, Xoo independent of time, solving the stationary
problem corresponding to (1.1)—(1.3):

—V - We(e(tux), Xoo) =0 a.e.in §2,

2.16
( ) U =0 a.e. on S,
—YAXoo + ¥ (Xoo) + Wi(e(too) Xoo) = i a.e. in £2,
(2.17) n-Vxoo =0 a.e. on S,
SXoodx = Xm ‘= SXdey
0 19
where i is a constant to be determined along with the functions
uOO’ XOO'

In the proof of Theorem 2.2 a crucial role is played by uniform in time
estimates (2.6) and (2.7). In particular, Ly estimates of €(u;) and Vu on the
infinite time interval (0,00) (which are due to the mechanical and diffusive
dissipation) ensure that w; and Vy vanish in the limit ¢ — oo.

3. Outline of the existence proof. Basic estimates. In this section
we present the main ideas of the proof of Theorem 2.1 (see [5] for details) with
complementary estimates needed in the study of the asymptotic behaviour.

The proof consists in prolonging the local solution on the intervals [kT,
(k+1)T], T > 0, k € NU{0}, up to k = co. The existence of a local solution
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is obtained by implementing a Galerkin method and passing to the limit with
the approximation. A crucial role in prolonging local solutions is played by
absorbing type estimates. They have the property of time-decreasing influ-
ence of the initial data. We use two kinds of estimates: energy and regularity
estimates. The energy estimates are derived on the basis of the original form
(1.1)-(1.3) of the system whereas the regularity estimates on the basis of its
time-differentiated form.

3.1. Energy estimates

3.1.1. Energy identity. A characteristic property of system (1.1)—(1.3) is
the mass conservation

Sx(t)da::() for t > 0,
n

which follows from (1.2); and (1.2)3, and shows that the mean value of y is
preserved, i.e.,

(3.1) § x(t) dx = & Xodr =: Xy fort > 0.
19 19
Another property is the energy identity

SIS

d
(32) o F(t)+v | e(ui(t) - Ae(uy(t)) dz + | [Vu(t)|* do
2 2
= | b@®) - w(t)dw fort >0,
2
with the function F' : [0,00) — [0,00), given by

Ft) = | B (B + W (eu(0), x(0)) + 6((0)) + 2 19X ()| do
2

representing the total energy of the system. The two nonnegative integrals
on the left-hand side of (3.2) correspond to the mechanical and diffusive
dissipation.

Formally, (3.2) results by testing (1.1); with w.(¢), (1.2); with u(t), and
(1.3); with —x¢(¢), integrating over 2 and by parts, and summing up the
resulting identities.

From (3.2) we infer the Lyapunov property: if b = 0 then
d

(3.3) 5 F =0,

which shows that F' is nonincreasing on solution paths, i.e.,
F(t) < F(0) fort>0.
On account of the structure assumptions (A3)-(A5),

(3-4) F(t) > cr(lu) 3 o) + 1wz, + X1 0) = cF
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with some explicitly computable positive constants ¢y and . Hence, F'(t)
provides estimates for (w(t),us(t), x(t)) in the energy norms of H}(£2) x
Ly(2) x HY(£2). Integrating (3.2) with respect to time from ¢t = 0 to ¢ €
(0,00), we get
(35)  llwllp (0,001 (2)) T 10t Lo (0,00:L5(2)) T X Loc (0,001 (22))

+ ||Ut”L2(o,oo;H5(n)) + ||VM||L2(0,oo;L2(Q)) < co

with constant co = (| (w0, w1, x0) | m1 (@)« Lo(2) x H1.(2)5 1011 L1 (0,00:L5(2)))-
Since F() is continuous on [0, c0) this shows estimate (2.6).

3.1.2. Additional estimates. From (1.14) it follows, on account of (3.5),
that

(3.6) H udx‘ < e (I + ()] + 1) dz < c(cg)  for t > 0.
02 02

Hence, by the Poincaré inequality, estimates (3.5) and (3.6) imply that for
any t > 0 and any fixed T' > 0,

t+T
61 Wldesraaon <¢ | (10,0 + [§ nda] ) at
t 2 2 ,
< AIVullLy@airna) T ¢T te;&ljﬂ‘éudl"
< () (T +1).
Thus,
HMH%Z(t,HT;Hl(Q)) < ¢(co)(T + 1),
which yields the second estimate in (2.8).
The first estimate in (2.8) follows by testing (1.14) with Ax and using
the Cauchy—Schwarz inequality, which on account of (3.7) and (3.5) yields
WA Lot 7522(2)) < Ml ot Lac2)) + IXP = XN Lo 47i00(2))
+cllle()l Lyt i+1L002)) +1) < c(co)(TV? +1).
This together with (3.1), by the ellipticity of the Laplace operator, shows
(2.8).
3.2. Energy estimates of absorbing type

3.2.1. A differential inequality for a modified energy function. Let G :
[0,00) — [0,00) be defined by

(3.8)  G(t)=F(t)+

vesdy S

5 [ut(t) ~u(t) + - e(u(t)) - Ae(u(t))| dx

N R

2
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with the constant ¢, > 0 given in the coercivity condition (2.1) and d; > 0
denoting the constant from the Korn inequality

1/2
Ay |ull g o) < lle(w) oy for u e HY(2).

By definition of G(t),
1
G(t) > F(t) — 1 ||ut(t)||%2(!2)'

Hence, similarly to F'(¢), the function G(¢) provides estimates on (w,ut, X)
in the energy norms of H(£2) x Lo(£2) x H'(£2).

It has been proved (see [5, Lemma 3.3|) that solutions of (1.1)—(1.3)
satisfy the differential inequality
VC*dl

(39) 460+ HG) +

1
lae() 2y + 5 IV 0
< A||b()3, ) + 42 fort >0,

with some explicitly computable positive constants 31, A1, As.

The proof of (3.9) is based on three identities: the energy identity (3.2),
the identity

vV IVXP da + [ (0)x + Wiy(e(w), x)x] dz = | py da,
2 2 ko)
resulting from testing equation (1.3); with x(¢), and the identity

d
pn S wy - wdr + S We(e(u),x) e(u)dr +v S e(u) - Ae(uy) dx
9] 9] 2
= S b -udr+ S |ut]2d:v,
0] 2
following by testing (1.1); with w(¢). An appropriate technical construc-
tion based on the structure assumptions on W(e(u), x) and ¢(x) and us-

ing straightforward calculations allows us to deduce (3.9) from the above-
mentioned identities.

3.2.2. Absorbing estimate for G(t). From (3.9) it follows that

(3.10) G(t) < Aj(1 — e P + G(0)e Pt = G(t), t>0,
where
A = 3 ( 1 osup [[b(t)][7, (o) + A2).
1 te(0,00)

This estimate is of key importance for prolonging the solution step by step
n [kT,(k+1)T], k € NU{0}, up to k = oco. In particular, it provides the
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estimate
(3.11) )l + @@ + IXE s 0) < G+
§A1+G(0)+C’FEcl
on each time interval [kT, (k + 1)T] with constant ¢; independent of k.
3.2.3. Absorbing set in energy norms. Inequality (3.10) implies that
limsup G(t) < A4;.

t—o0

Let us consider two cases:
A1 <G(0) and A; > G(0).
In the first case
G'(t) = (A, — G(0)Bre Pt <0

so G/(t) decreases from G(0) to A;. Let A} be any positive number such that
A} > Ay. Then there exists a time t1 = t1(G(0), A}) given by

1, GO
T B AL A
such that G(t) < A} for all ¢t > ¢;. Hence
(312)  [luw®)llg1) + lue®)l ) + X0
< Al +cdp=ci, forallt >t.

This shows the absorbing set for (u,us, ) in the energy norms of H(£2) x
Ly(02) x HY(£2).

In the second case (A1 > G(0)), G'(t) > 0 so G(t) is increasing from
G(0) to A;. Hence (3.12) is automatically satisfied.

3.3. Regularity estimates of absorbing type

3.3.1. A differential inequality in higher norms. Let N : [0,00) — [0, c0)
be the function constructed from a regular solution, defined as a linear com-
bination with appropriately chosen coefficients (depending on the constant
c1 in (3.11)) of the modified energy G(t) and the norms

1Qu(t)|17,(0): HQI/QUt(t)HzLQ(Q)a 1Que(t)7, (02> ”Ql/QUtt(t)H%Q(Q),
X2, 1AXDIIT,0); Ixe (117,02

Here Ql/ 2 stands for the fractional power of the operator Q with the domain
D(QY?) = H}\(12), satisfying

HQl/QUH%Q(Q) = (—Qu, u) L,
= il Vull,) + A+ BV -uli,m forueD@Q)
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By construction, the function N (t) satisfies the bound
(313) N = en(lul®)a g + lur®) 20 + lun® 2 o)
+ HX(t)H?{gV(Q) + e ON7,2) — v

with explicitly computable, positive constants ¢y and ¢ depending on ¢;.
Thus, N (t) provides estimates for (w(t), w(t), wi (t), x(t), x¢(t)) in the norms
of H?(2) x H?*(2) x H}(2) x HZ,(2) x La(£2).

It has been proved in [5, Lemma 4.5 that solutions of (1.1)—(1.3) satisfy
the differential inequality

d -
(3.14) T N(t) + BsN(t) + BN (t)
< Asll6(t)][T, () + Aallbe(®)]17,0) + 45 for t >0,

where

N(t) = ||utt(t)||§_12(g) + HXt(t)H%ﬂ(Q)v

and Bs, 35, A3, A4, A5 are explicitly computable positive constants depending
on cp.

Derivation of that inequality is based on differentiating system (1.12)-
(1.14) with respect to time. A straightforward but technical procedure con-
sists of the following main steps. In the first step we derive a differential
inequality corresponding to the elasticity system (1.12):

(3.15) L H() + BH() + B

dt
< (VX + Ixe VXD T, + VX1 7,0)
O[T, 0 + 10T, )  for >0,

where H : [0,00) — [0,00) is a linear combination of the norms

1Qu(D)IT, ) 1R uet)T, 0y Q)T  1Q w(t)]F, 0,
and

H(t) = ua(t)7, ) + 1Quu(t)1, )

and Ba, B2, cy are explicitly computable positive constants.

In the second step we derive a differential inequality corresponding to
system (1.13), (1.14) which allows one to handle the terms on the right-hand
side of (3.15). The inequality has the form

LT85 (1) + BT (1) < ea(le(wnlt)) [y o +1) fort >0,

where J : [0,00) — [0,00) is a linear combination of the norms

(3.16)

IOy 1AXON L@ O,
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and .
) = Ixe®) 220

and f33, B3, c; are positive constants.

In the third step we combine (3.15) and (3.16) to deduce the differential
inequality

d _
(3.17) - K(t) + BuK (1) + SaK (1)
< ex (eI + B0y + 1Be(O30) + 1) for t >0,
where K : [0,00) — [0,00) is a linear combination of the terms of H(t) and
J(t); moreover, ) ) )
K(t)=H(t)+ J(t),

and f4, B, cx are positive constants.

Finally, combining inequalities (3.17) and (3.9) allows us to absorb the
term ||€(ut(t)||%2(9) on the right-hand side of (3.17) and thereby deduce

(3.14).
3.3.2. Absorbing estimate for N(t). On account of (3.14) we have

(3.18) N(t) < Ay(1 — e Pt + N(0)e 5
where
Ay = (/13 sup [[b(6)[17,0) + A1 sup [[Be(0)]7, () + As)-
ﬁ5 te(0,00) te(0,00)

Estimate (3.18) allows one to prolong a regular solution step by step on the
intervals [kT, (k+1)T], k € N. It provides the following bound uniform in k:

3.19 sup max  N(t) < Ay + N(0).
( ) keNU{0} t€[KT,(k+1)T] Q ? ©)

Moreover, by integrating (3.14) with respect to time, it follows that

(k+1)T
(3.20) sup | BsN(t)dt < TAyfs + Ay + N(0).
keNu{0} Lp

In view of the definitions of N (t) and N (t), estimates (3.19) and (3.20) imply
the corresponding bounds on v and x in (2.7)-(2.9).
Furthermore, testing (1.2); with Ap and using estimate (2.7) on x; gives
[ Awll e (0,00):L2(02)) < -
Hence, recalling (3.6), the ellipticity of the Laplace operator with homoge-
neous boundary condition implies that

< _ <
el 0,000 2, (2)) < C(||AH||C([0,OO),L2(Q)) - tes[}igo) é}uda:‘) <c

which provides the estimate on p in (2.7).
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3.3.3. Additional estimates. On the basis of (2.6)-(2.9) we can deduce
additional estimates (2.10) which are used in the long-time analysis. The
estimate on g in (2.10) follows from the identity (resulting by differentiating
(1.14); with respect to time)

pe= —vAx + " 00xe + 2" (X)xe(B - e(u) + Dz(x) + E)
+2'(x)(B - e(us) + D2 (x)xt)
by testing it with p; and applying the Cauchy—Schwarz inequality. Then
(3:21) el ot 7:La(2)) < DX Lottt T:La2)) + XXt Lo (4T L2 (02)
+ Ixtl Lot 41300 2)) + Xt | Lott47:L2(02))
+ lle(wn)l| Ly ertiLa(ey) < (T2 +1),

where we used (2.7) and (2.9), in particular the bounds

X Latt4TiLoo(2)) < T2 XN Lttt i) < (T2 4 1),
Estimate on wyy in (2.10) follows from equation (1.12); differentiated
with respect to t. Then for any test function n € Lo(t,t + T; H'(12)),

t+T t+T

| ez dt| = | | [(As(u) + vAe(un).e(m)1ao)

+ (Z"(X)xtBVx + 2 (X) BV Xt M) 1,(02) + (b, M) 1y (2)] dt’

< c(lle(ui)ll ot t+12002)) + llEet) | o et+7522 ) IV Lot 6473 L2(2))

+ (Xt VXN Lota+7:02(2)) T IV XE Lo (0473 L2(2))
10t Lot t+ 1L 2) 10 Lo (14473 L0(2))
< (T2 + Dl Ly o ram @)
where we used (2.7) and (2.9). This proves (2.10);.

Similarly, by testing equation (1.13); differentiated with respect to time
with a function & € Ly(0,T; H%(£2)), and using (3.21), we get

t+T t+T
‘ | (a9 ae) dt/‘ =’ V (i1, A 1) dt!
t t

< el poasriza@) el Loz 2y < T2+ DIEl o, @)
This proves (2.10)a.
3.3.4. Absorbing set in stronger norms. For completeness we also recall

(see [, Th. 2.2|) the absorbing set in the norms induced by the function
N(t).
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On account of the absorbing estimate (3.12) in energy norms one can
infer from inequality (3.18) that for all ¢ > ¢,
(3.22) N(t) < Azq(1 — e %at) - N(0)e !

where (5, and As, are positive constants independent of the initial condition
N(0), obtained by replacing, in appropriate expressions, the constant ¢; from
(3.11) by c¢14 from (3.12). From (3.22) it follows that

limsup N (t) < Agg.

t—o00
Thus, for any positive number A} satisfying A, > Ag,, there exists a time

to = t2(N(0)7 AIQ)? N(())

lo
ﬂf)a %8 AL~ Az, Al A2a
such that N(t) < A} for all ¢ > t, = max{t;, t2}. Hence, by (3.13),
CNa(Hu(t)H%ﬂ(Q) + Hut(t)”?ﬂ(_o) + ||utt(t)‘|§1(1)(9)
IO ) + IO y) < 45 +yy forall > 2,

where ¢y, and ¢, are positive numbers independent of N(0). This estab-
lishes the absorbing set for (w, ws, ws, X, x¢) in H2(2) x H?*(2) x H}(02) x
H%(92) x La(02).

122

4. Proof of Theorem 2.2. (i) Due to (2.7) the orbit J,~, S(t)(o start-
ing at (o = (ug, w1, U2, X0, x1) is bounded in the space W, thus it is relatively
compact in Z. Hence, the w-limit set w({y) is a nonempty and compact subset
of Z. Moreover, since by (2.3),

(w, ug, wi, X, x¢) € C([0,00); W) C C([0,0); Z),

the known results of the theory of dynamical systems (see e.g. |3 Prop. 2.1])
show that this set is connected in Z, and positive invariant with respect to

S(t). Indeed, if ¢ € w((p), say ¢ = lim, o0 S(t,)Co, then
S(t)¢ = nlglgo S(t)S(tn)Co = nlin;o S(t+tn)Co € w(Co)-

(ii) The map F given by (2.14) coincides with the function F'(t) defined
in the energy identity (3.2). Thus, the Lyapunov property of Fp, results
immediately from (3.3).

The claim that Fp; is constant on w((p) follows from a general result
in [3, Proposition 2.2], due to the continuity of Fp. Indeed, let Fo =
limy o0 Fo(S(t)(p). Choosing any ¢ € w((p), say ¢ = limy, o0 S(tn)Co, We
deduce by the continuity of Fp, that

Fo(¢) = FQ(T}LT{DIO S(tn)Co) = Jim. Fo(S(tn)C0) = Fooo,

which implies that Fy, is constant on w((p).
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(iii) We shall characterize the elements of the w-limit set. Let (oo, Uoo ¢,
oot Xoos Xoot) € w(Uo, Wi, U2, X0, X1), and t, be a sequence of positive
numbers such that ¢,, — oo and
(4.1)  (w(tn), wi(tn), wi(tn), x(tn), xt(tn))

- (uom Uoo,ty Uoo,tty Xoos Xoo,t) Strongly in Z.

For a fixed number 7' > 0 and ¢ € [0, 7] we define the functions

Wy (t) :=uty +1), Uni(t) :=u(tn +1), upu(t) = uu(t, +1),
(4.2)  xn(t) :=x(n +1), Xne(t) = Xeltn +1), () = pltn + 1),

by (t) :=b(t, + 1),
where (u,x, p) is the solution of (1.1)—(1.3) on [0,00). Thus, (wn, Xn, fin)
solve the system

Un tt — Qun - VQun,t

(4.3) =2 () BV + b in @1 = 2 (0,7),
. ’U,n(()) = U(tn), un,t(o) = Ut(tn> in £2,
un =0 on ST =8 x (0,T),
Xnt — A =0 in o7
(4.4) Xn(0) = x(t,)  in £,
n-Vy, =0 on ST,
(4.5) + 2 (xn)(B - €(uy) + Dz(xn) + E)  in 27,

n-Vy,=0 on ST.

By virtue of (2.6) and (2.7) the following estimates hold true independently
of T" and n:

(4.6)  lwnllp 0,111 2) T 1UntllLw©mL292) + IXnll Lo 0,81 (2))

F lwn il 0,011 2) F IVEI Lo 07525 (02)) < <0
(4.7) Nunllwz o;m2(02) T 1Wnitll L0, (2)) + X0l L0712, (2))

F Xl Loc0,7522(2)) + B0l Lo 0,702 (2)) < €

Moreover, by (2.8)—(2.10),

(4.8) IXnll o012, (2)) + ltnll 0,101 (2)) < e(T),

(4.9) lwnatll 0,0 m2(02)) + IXntll Lyo.1m2 (2)) < (T),
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(4.10) ”un,ttt||L2(0,T;(H(1)(.Q))/) + HX”vttHLz(O,T;(H]?\,(Q))/)
+ ltntll Lo 0,7:L0(02)) < e(T)

with a constant ¢(7") depending on 7" but not on 7.

The above estimates allow us to pass to the weak limit n — oo in (4.
(4.5). In fact, it follows from (4.6)—(4.10) that there exist functions (u,
with

3)-
X, 1)
w € Wi, (0,T; H*(2) N Hy($2)),

Uy € Loo(0,T; HY(2)) N La(0,T; H?($2)),
e € La(0,T; (Hg(2))'), X € Loo(0, T HY (92)),
Xt € Loo(0,T; Ly(2)) N Lo(0, T H(12)),
Xet € L2(0,T; (H3 (£2))),
[i € Loo(0,T; HY(£2)),  fie € Lo(0, T Ly(£2)),
(

and subsequences of (U, Xn, ftn) (Which we still denote by the same indices)
such that as n — oo,

U, — U weakly* in WL (0,T; H*(2)),

(4.11)

(4 12) un,tt — 'att weakly* in L (0 T HO( ))
' and weakly in Lo (0, T; H*(2)),
Unp,tit — Uy weakly in L (0, T (Ho( N,
Xn — X weakly® in Loo(0,T; H%(12)),
(4.13) Xnt — Xt weakly™ in Lo (0,7 La(£2))
' and weakly in Ly (0, T; H(12)),
Xn,tt — Xtt weakly in Ly (0,T; (HN( '),
(4.14) Ly — [ weakly* in Lo (0,T; Hx(£2)),

Pint — it weakly in Lo(0, T L2(£2)).
Hence, by the standard compactness results (see e.g. [6]) it follows in partic-
ular that for n — oo,
Uy, — W, Upy — W strongly in C([0,T]; H(£2))

and a.e. in 027,

(4.15) Uyt — Ay strongly in Ly (0, T; H(£2)) N C([0, T); Lo (£2))
and a.e. in 27,
Xn — X strongly in C([0,T]; H(£2))
(416) and a.e. in 027,

Xnt — Xt  strongly in Ls(0,T"; Hl(Q)) NC([0,T]; (Hl(Q))’)
and a.e. in 027,
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(4.17) fin — B strongly in C([0,T]; H(£2)) and a.e. in 027,
Moreover, due to the bounds on the dissipative terms (see (2.6))
el £ 0,002 (2)) F 1V 1l L2(0,00:L2(2)) < co,

we deduce that as n — oo (t, — 00)
(4.18) Unt(-) = us(ty +-) — 0  strongly in Ly(0,c0; H(£2))
and

Vi () = Vu(t, +-) — 0 strongly in Ly (0, 0o; La(£2)).
Hence, in view of (4.15), (4.17),
(4.19) =0 and Vp=0.

This implies that @ does not depend on time and j& does not depend on the
space variables. Consequently, by (4.15),

u, — a=u(0) strongly in C([0,T]; H}(£2)),
(4.20) Upt — Ut =0 strongly in C([0,T]; H}(£2)),

Ut — Uy =0 strongly in C([0,T]; La(£2)),
and by (4.14)4,

H
H

(4.21) Apyp — A =0 weakly” in Lo (0,T"; L2(£2)).
Since Xnt = Apy in 27, (4.16)2 and (4.21) imply that
(4.22) Xnit — Xt = A =0 strongly in C([0,T]; (H'(2))').

Hence, x does not depend on time, and in accordance with (4.16)1,
(4.23) Xn — X = x(0) strongly in C([0,T]; H'(£2)).
Now, owing to (4.20)—(4.23) and recalling assumption (4.1), we deduce that

u(t) =u(0) = lim u,(0) = lim wu(t,) = Yo,

n—oo n—oo

(4.24) 0 = u(t) = u(0) = nh_{go U (0) = nlLllfolo w(tn) = Uoo s

0= 'Ett(t) = ﬂtt(O) = hm un,tt(o) = hm utt(tn) = uoo,ttv

n—oo n—oo

and

X(t) = x(0) = lim xn(0) = lim x(tn) = Xeo,
(4.25) . . _ _
0= X:(t) = X¢(0) = lim x74(0) = lim x;(tn) = Xooyt-

This proves that any element (s = (Uoo, Uoo,t, Woo,tt, Xoos Xoot) I w(Up, Ui,
u2, X0, X1) satisfies (2.15).
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It remains to prove (2.16), (2.17). To this end we pass to the limit n — oo
in the weak formulation of (4.3)—(4.5):

T
(Unpt — Quun — vQUa g, m) dt = | (2 (xn) BV X + b, ) dt

0 vn € La(0,T; La(92)),

T
S
0
T T
(4.26) [ Ovue,€) dt = [(Apn, ) dt VE € La(0,T; La(92),
; -
S(Hna §) dt = S(_’YAXn + ¢/(Xn) + Z,(Xn))
0 0

(B -e(un) + Dz(xn) + E,¢)dt Vs € La(0,T; La(£2))
where (+,-) denotes the scalar product in La(f2).

Clearly, by the weak convergences (4.12)—(4.14) the linear terms in (4.26)
converge to the corresponding limits. The convergence of the nonlinear terms
can be deduced with the help of the standard nonlinear convergence lemma
(see [, Chapter 1, Lemma 1.3]).

In fact, recalling assumptions (A3), (A4) on z(-) and () and using
estimates (4.6) we have

19" () | Lo 0,7:L0(2)) < eUlXnll 012602y + 1) < €lco),
(4.27) ||Z/(Xn)BVXnHLOO(O,T;LQ(Q)) < CHVXTLHLOO(O,T;LQ(Q)) < ¢(co),
12" (xn) (B - €(un) + D2(xn) + E) Lo 0,7;22(2))
< c(lle(un) Lo 0,1;12(2)) + 1) < clco)-
Thanks to these uniform estimates and the pointwise convergences (see
(4.15), (4.16), (4.24), (4.25))
Uy — U= Uso, Xn— X=Xoo ae. in 27,
the nonlinear convergence lemma implies that
¥ (Xn) = Xa = Xn = Xoo = Xoo = ¥ (Xeo)
weakly™ in Lo (0,7 L2(2)),
2 (Xn) BV xn — 2'(Xoo) BV X0 weakly" in Loo(0, T La(£2)),
7 (xn)(B - €(un) + Dz(xa) + E)
- Z/(Xoo)(B -€(Uso) + Dz(Xoo) + E)
weakly™ in Lo (0,T; L2(12)).
Moreover, since by assumption (A7), b € L1(R; Lo(f2)), we have
b,(-) =b(t, +-) — 0 strongly in L1(0,00; La(£2)).
Consequently, passing to the limit n — oo in (4.26) yields

(4.28)
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T T
— 1 (Quos,m) dt = | (2 (xo0) BVXao,m) dt V1 € Ly(0,T; Ly(92)),
r -
(429)  \7(1,9)dt = | (—7AXo0 + ¥ (Xoo) + 2/ (Xoo)
0 0

- (B e(uoo) + Dz(xoo) + E),¢)dt Vs € Lo(0,T; La(£2)).

Since U and Yoo do not depend on time, it follows from (4.29)9 that @ does
not depend on time either, thus ;i = const. Moreover, the above identities
reduce to

—(Quoo,n) = (¢ (Xoo) BV X0, M) V1) € La(£2),
(4.30) (7,S) = (=7 AXo0 + ' (Xoo) + 2 (Xoo) (B - €(uoo)
+ Dz(xoo) + E),s) ¥S € La(2).
Hence, recalling that (see (4.11), (4.24), (4.25)) us € H?(2) N H}(2),
Xoo € H%(£2), it follows that weo, Xoo satisfy the system

—Quy = 2 (Xoo) BVXeo  in £2,

4.31
( ) Uoo = 0 on S,
+ 2/ (Xoo) (B - €(uso) + Dz(xoo) + E) =i in £2,
(4.32) n-Vxoo =0 on S,
& XOO d.%' = va
Q

where [i is a constant.
Clearly, in view of (1.11) the above system is equivalent to (2.16), (2.17).
Thus the proof of Theorem 2.2 is complete. m
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