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On the local Cauchy problem for first order
partial differential functional equations

by Elżbieta Puźniakowska-Gałuch (Gdańsk)

Abstract. A theorem on the existence of weak solutions of the Cauchy problem
for first order functional differential equations defined on the Haar pyramid is proved.
The initial problem is transformed into a system of functional integral equations for the
unknown function and for its partial derivatives with respect to spatial variables. The
method of bicharacteristics and integral inequalities are applied. Differential equations
with deviated variables and differential integral equations can be obtained from the general
theory by specializing given operators.

1. Introduction. For any metric spaces X and Y we denote by C(X,Y )
the class of all continuous functions from X into Y . We will use vectorial
inequalities with the understanding that the same inequalities hold between
their corresponding components.

Suppose that M ∈ C([0, a],Rn
+), a > 0, R+ = [0,+∞), is nondecreasing

and M(0) = θ, θ = (0, . . . , 0) ∈ Rn. Let E be the Haar pyramid

E = {(t, x) ∈ R1+n : t ∈ [0, a], −b+M(t) ≤ x ≤ b−M(t)}
where b ∈ Rn and b > M(a). Write E0 = [−b0, 0] × [−b, b], where b0 ∈ R+

and B = [−b0 − a, 0]× [−2b, 2b]. For (t, x) ∈ E define

D[t, x] = {(τ, y) ∈ R1+n : τ ≤ 0 and (t+ τ, x+ y) ∈ E0 ∪ E}.
Then D[t, x] ⊂ B for (t, x) ∈ E0 ∪ E. Given z : E0 ∪ E → R and (t, x) ∈ E,
define z(t,x) : D[t, x] → R by z(t,x)(τ, y) = z(t + τ, x + y), (τ, y) ∈ D[t, x].
Then z(t,x) is the restriction of z to (E0 ∪ E) ∩ ([−b0, t] × Rn), shifted to
D[t, x].

Suppose that φ0 : [0, a] → R and φ = (φ1, . . . , φn) : E → Rn are given
functions such that 0 ≤ φ0(t) ≤ t and (φ0(t), φ(t, x)) ∈ E0∪E for (t, x) ∈ E.
Write ϕ(t, x) = (φ0(t), φ(t, x)) for (t, x) ∈ E. Put Ω = E×R×C(B,R)×Rn

and suppose that f : Ω → R and ψ : E0 → R are given functions. We propose
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here a new general model of functional dependence in nonlinear differential
equations with partial derivatives. We consider the functional differential
equation

(1) ∂tz(t, x) = f(t, x, z(t, x), zϕ(t,x), ∂xz(t, x))

with the initial condition

(2) z(t, x) = ψ(t, x) on E0

where x = (x1, . . . , xn), ∂xz = (∂x1z, . . . , ∂xnz).
The aim of the paper is to prove the local existence of weak solutions for

the initial value problem (1), (2). We use the method of bicharacteristics. The
Cauchy problem is transformed into a system of functional integral equations
for the unknown function and for its partial derivatives with respect to spatial
variables. We prove the existence of a solution of this system by using the
method of successive approximations and theorems on integral inequalities.
Classical solutions of the functional integral equations lead to weak solutions
to (1), (2).

We give examples of nonlinear equations which can be obtained from (1)
by specializing f .

Example 1.1. Suppose that f̃ : E×R×R×Rn → R is a given function.
Set f(t, x, p, w, q) = f̃(t, x, p, w(0, θ), q). Then (1) becomes the equation with
deviated variables

(3) ∂tz(t, x) = f̃(t, x, z(t, x), z(ϕ(t, x)), ∂xz(t, x)).

Example 1.2. Suppose that ϕ(t, x) = (t, x) on E. For the above f̃ we
put

f(t, x, p, w, q) = f̃
(
t, x, p,

�

D[t,x]

w(τ, y) dτ dy, q
)
.

Then (1) is equivalent to the integral equation

(4) ∂tz(t, x) = f̃
(
t, x, z(t, x),

�

D[t,x]

z(t,x)(τ, y) dτ dy, ∂xz(t, x)
)
.

It is clear that more complicated examples of differential equations with
deviated variables and differential integral equations can be obtained from
(1) for suitable f and ϕ.

Let us give a brief review of existence results concerning local Cauchy
problems for first order differential and differential functional equations.

T. Ważewski [11], [12] initiated the theory of classical solutions of the
Cauchy problem
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∂tz(t, x) = F (t, x, z(t, x), ∂xz(t, x)),(5)
z(t0, x) = ω(x).(6)

considered on the Haar pyramid. The following existence result can be de-
duced from [12]. Fix (t0, x0, p0, q0) ∈ R1+n+1+n. Write χ = (κ, . . . , κ) ∈ Rn

where κ > 0, and

Ξ = [t0 − κ, t0 + κ]× [x0 − χ, x0 + χ]× [p0 − κ, p0 + κ]× [q0 − χ, q0 + χ].

Set η = (x, p, q), η = (η1, . . . , η2n+1). Suppose that

1) the function F : Ξ → R of the variables (t, x, p, q) is continuous and
the partial derivatives ∂ηF = (∂η1F, . . . , ∂η2n+1F ) exist with ∂ηF ∈
C(Ξ,R2n+1),

2) the estimates

|F (P )| ≤ A, |∂ηiF (P )| ≤ A, i = 1, . . . , 2n+ 1,

are satisfied for P = (t, x, p, q) ∈ Ξ, and ∂ηF satisfies the Lipschitz
condition with respect to (x, p, q) with the constant A,

3) ω : [x0−χ, x0 +χ]→ R is of class C1 and |∂xiω(x)| ≤ A, i = 1, . . . , n,
x ∈ [x0 − χ, x0 + χ],

4) the following estimates hold:

|ω(x0)− p0| ≤
κ̃

4
, |∂xiω(x0)− q0i| ≤

κ̃

4
, |q0i| ≤ A, i = 1, . . . , n,

where q0 = (q01, . . . , q0n) and κ̃ < κ.

Under these assumptions there is a Haar pyramid

(7) H = {(t, x) ∈ R1+n : t ∈ [t0 − a0, t0 + a0],
x ∈ [x0 − b+M |t− t0|, x0 + b−M |t− t0|]}

such that the initial value problem (5), (6) has a solution defined on H.
The formulas for a0, b = (b1, . . . , bn),M = (M1, . . . ,Mn) are given in [12].
The number a0 and the vectors b,M depend on κ,A, κ̃. Hence we have the
existence of classical solutions to (5), (6) and the domain of the solution
is estimated. The method of characteristics and theorems on differential in-
equalities are used in [12]. Sufficient conditions for the existence of classical
solutions to (5), (6) can also be deduced from [4, Chapter 2].

Initial value problems for nonlinear first order partial differential equa-
tions have the following property: the proof of the existence of classical so-
lutions to (5), (6) and the existence results for the Cauchy problem which
are global with respect to spatial variables, are based on the same ideas.
The following existence result can be deduced from [6]. Let Ω0 be a bounded
domain in R1+n. Assume that H ⊂ Ω0 where H is given by (7). Suppose
that F : Ω0 × R1+n → R is continuous and bounded and
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1) ∂xF , ∂pF , ∂qF exist, are continuous and bounded, and

(|∂q1F (P )|, . . . , |∂qnF (P )|) ≤ (M1, . . . ,Mn) for P ∈ Ω0 × R1+n

with M = (M1, . . . ,Mn) appearing in (7),
2) ∂xF , ∂pF , ∂qF satisfy the Lipschitz condition with respect to (x, p, q),
3) ω : [x0 − b, x0 + b] → R is of class C1 and ∂xω satisfies the Lipschitz

condition.

Then there is 0 < c ≤ a0 such that problem (5), (6) has a solution ũ defined
on H ∩ ([−c, c]× Rn). The constant c can be estimated.

The proof of the above result is based on the method of successive ap-
proximations and the theory of characteristics of the second order.

Weak solutions to (5), (6) were considered in [2]. Existence results are
based on a method of quasilinearization which was introduced and widely
studied in nonfunctional setting by M. Cinquini Cibrario [2]. The method
consists in linearization of the right-hand side of (5) with respect to the
last variable. In the second step, a quasilinear system is constructed for the
unknown function and for its spatial derivatives. The system thus obtained
is equivalent to a system of integral equations of the Volterra type. Classical
solutions of the integral equations lead to weak solutions of (5), (6).

Various models of functional dependence in partial differential equations
are used in the literature. Several papers deal with an initial value problem
for the equation

(8) ∂tz(t, x) = G(t, x, z(·), ∂xz(t, x))

or a weakly coupled system ([9], [10]). The variable z(·) represents the func-
tional argument. Sufficient conditions for the existence of classical solutions
defined on the Haar pyramid can be deduced from [9]. The above existence
results can be characterized as follows: theorems have simple assumptions
and their proofs are very natural. Unfortunately, only a small class of func-
tional differential equations is covered by this theory. The results given in
[9], [10] are not applicable to (3) and (4).

An extension of this result to functional differential equations of the
Volterra type was given in [5, Theorem 2.4]. Classical solutions are obtained
by using the method of successive approximations.

Numerous papers concern initial value problems for equations

(9) ∂tz(t, x) = F̃ (t, x, (Wz)(t, x), ∂xz(t, x))

where W is an operator of the Volterra type and F̃ is defined on finite-
dimensional Euclidean space. The main assumptions in existence theorems
for (9) concern the operator W . They are formulated in the form of norm
inequalities in appropriate function spaces ([1], [3], [8]). These inequalities
are linear, which is the main shortcoming of this theory.
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Uniqueness criteria for initial value problems are obtained by using dif-
ferential or differential functional methods and they can be found in [5], [9].

2. Bicharacteristics. The maximum norm in the space C(B,R) will
be denoted by ‖ · ‖B. For a function w ∈ C(B,R) and for a point (t, x) ∈ E
we put Et = (E0 ∪ E) ∩ ([−b0, t]× Rn), 0 ≤ t ≤ a and

‖w‖D[t,x] = max{|w(τ, y)| : (τ, y) ∈ D[t, x]}.

Condition (V ). Suppose that f : Ω → R is a given function of the vari-
ables (t, x, p, w, q), q = (q1, . . . , qn). We will say that f satisfies condition (V )
if for each (t, x, p, q) ∈ E×R1+n and for w, w̄ ∈ C(B,R) such that w(τ, y) =
w̄(τ, y) for (τ, y) ∈ D[ϕ(t, x)] we have f(t, x, p, w, q) = f(t, x, p, w̄, q).

Note that condition (V ) means that the value of f at the point (t, x, p, w, q)
∈ Ω depends on (t, x, p, q) and on the restriction of w to the set D[ϕ(t, x)]
only.

Given ψ : E0 → R, put Et = (E0 ∪ E) ∩ ([−b0, t]× Rn), 0 ≤ t ≤ a, and

Ht = E ∩ ([0, t]× Rn), St = [−b+M(t), b−M(t)], t ∈ [0, a],
I[x] = {t ∈ [0, a] : −b+M(t) ≤ x ≤ b−M(t)}, x ∈ [−b, b].

We consider weak solutions of initial problems. A function z̃ : Ec → R, where
0 < c ≤ a, is a solution of (1), (2) provided

(i) z̃ ∈ C(Ec,R) and ∂xz exists on Ec \ E0,
(ii) z̃(·, x) : I[x]→ R is absolutely continuous for each x ∈ [−b, b],
(iii) for each x ∈ [−b, b] equation (1) is satisfied for almost all t ∈ I[x]

and condition (2) holds.

This class of solutions lies between classical solutions and solutions in the
Carathéodory sense, and both inclusions are strict.

We will denote by L([τ, t],Rk
+), c > 0, [τ, t] ⊂ R, the class of all integrable

functions γ : [τ, t] → Rk
+. The maximum norms in C(Et,R) and C(Et,Rn)

are denoted by ‖ · ‖(t,R) and ‖ · ‖(t,Rn), respectively. Given (a1, a2) ∈ R2
+, we

denote by K the set of all ψ ∈ C(E0,R) such that

(i) (∂x1ψ, . . . , ∂xnψ) = ∂xψ exists on E0 and ∂xψ ∈ C(E0,Rn),
(ii) for (t, x), (t, x̄) ∈ E we have

‖∂xψ(t, x)‖ ≤ a1 and ‖∂xψ(t, x)− ∂xψ(t, x̄)‖ ≤ a2‖x− x̄‖.

Let ψ ∈ K be given and let 0 < c ≤ a, d ∈ R+, s = (s1, s2) ∈ R2
+ and

s1 > a1, d > 2a1, s2 > 2a2. We denote by Cψ.c[d] the set of all z ∈ C(Ec,R)
such that z(t, x) = ψ(t, x) on E0 and

|z(t, x)− z(t, x̄)| ≤ d‖x− x̄‖, (t, x), (t, x̄) ∈ Ec.
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Let C∂ψ.c[s] be the class of all u ∈ C(Ec,Rn) such that u(t, x) = ∂xψ(t, x)
on E0 and

‖u(t, x)‖ ≤ s1 and ‖u(t, x)− u(t, x̄)‖ ≤ s2‖x− x̄‖ on Ec.

Assumption H1. The function f : Ω → R of the variables (t, x, p, w, q)
satisfies condition (V ), the derivatives (∂q1f, . . . , ∂qnf) = ∂qf exist on Ω and
the following conditions hold:

1) ∂qf(·, x, p, w, q) : I[x] → Rn is measurable for (x, p, w, q) ∈ [−b, b] ×
R × C(B,R) × Rn and ∂qf(t, ·) : St × R × C(B,R) × Rn → Rn is
continuous for almost all t ∈ [0, a],

2) there are L ∈ L([0, a],R+) and α ∈ L([0, a],Rn
+) such that

(|∂q1f(t, x, p, w, q)|, . . . , |∂qnf(t, x, p, w, q)|) ≤ (α1(t), . . . , αn(t))

where α = (α1, . . . , αn) and

(10) ‖∂qf(t, x, p, w, q)− ∂qf(t, x̄, p̄, w̄, q̄)‖
≤ L(t)

[
‖x− x̄‖+ |p− p̄|+ ‖w − w̄‖B + ‖q − q̄‖

]
on Ω,

3) for t ∈ [0, a] we have M(t) =
	t
0 α(τ) dτ,

4) φ0 ∈ C([0, a],R), φ ∈ C(E,Rn) and

(i) for (t, x)∈E we have ϕ(t, x) = (φ0(t), φ(t, x))∈E and φ0(t)≤ t,
(ii) the partial derivatives ∂xφ = [∂xjφi]i,j=1,...,n exist on E and
‖∂xφ(t, x)‖ ≤ Q on E.

Lemma 2.1. Suppose that Λ : Ω → R is continuous and

1) ϕ = (φ0, φ) satisfies conditions 4) of Assumption H1,
2) there is λ̃ : [0, a]→ R+ such that

‖Λ(t, x, p, w, q)− Λ(t, x̄, p̄, w̄, q̄)‖
≤ λ̃(t)[‖x− x̄‖+ |p− p̄|+ ‖w − w̄‖B + ‖q − q̄‖] on Ω

and Λ satisfies condition (V ),
3) ψ ∈ K and z ∈ Cψ.c[d], u ∈ C∂ψ.c[s].

Then

‖Λ(t, x, z(t, x), zϕ(t,x), u(t, x))− Λ(t, x̄, z(t, x̄), zϕ(t,x̄), u(t, x̄))‖
≤ λ̃(t)(1 + d(1 +Q) + s2)‖x− x̄‖ on Hc.

Proof. Note that the functions zϕ(t,x) and zϕ(t,x̄) have different domains.
Hence we need the following construction. Write Y = [−b0, a] × [−4b, 4b].
There is z̃ : Y → R such that

(i) z̃ ∈ C(Y,R) and z̃|E0∪E = z,
(ii) for (t, x), (t, x̄) ∈ Y we have |z̃(t, x)− z̃(t, x̄)| ≤ d‖x− x̄‖.
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For given (t, x) define w, w̄ : B → R by

w(τ, y) = z̃ϕ(t,x)(τ, y) = z̃(ψ(t, x) + (τ, y)),

w̄(τ, y) = z̃ϕ(t,x̄)(τ, y) = z̃(ψ(t, x̄) + (τ, y)),

where (τ, y) ∈ B. Then

‖Λ(t, x, z(t, x), zϕ(t,x), u(t, x))− Λ(t, x̄, z(t, x̄), zϕ(t,x̄), u(t, x̄))‖
= ‖Λ(t, x, z(t, x), w, u(t, x))− Λ(t, x̄, z(t, x̄), w̄, u(t, x̄))‖
≤ λ̃(t)[‖x− x̄‖+ |z(t, x)− z(t, x̄)|+ ‖w − w̄‖B + ‖u(t, x)− u(t, x̄)‖]
= λ̃(t)[‖x− x̄‖+ |z(t, x)− z(t, x̄)|

+ ‖z̃ϕ(t,x) − z̃ϕ(t,x̄)‖B + ‖u(t, x)− u(t, x̄)‖]
≤ λ̃(t)(1 + d(1 +Q) + s2)‖x− x̄‖.

This completes the proof.

Suppose that Assumption H1 is satisfied and ψ ∈ K, z ∈ Cψ.c[d], u ∈
C∂ψ.c[s]. Write T [z, u](t, x) = (t, x, z(t, x), zϕ(t,x), u(t, x)). Let g[z, u](·, t, x)
denote the solution of the Cauchy problem

(11) η′(τ) = −∂qf(T [z, u](τ, η(τ))), η(t) = x,

where (t, x) ∈ Hc. The function g[z, u](·, t, x) is the bicharacteristic of (1)
corresponding to (z, u). The main properties of the bicharacteristic are given
in the following lemma.

Lemma 2.2. Suppose that Assumption H1 is satisfied and

ψ, ψ̃ ∈ K, z ∈ Cψ.c[d], z̃ ∈ Cψ̃.c[d], u ∈ C∂ψ.c[s], ũ ∈ C∂ψ̃.c[s]

where 0 < c ≤ a. Then the bicharacteristics g[z, u](·, t, x) and g[z̃, ũ](·, t, x)
exist on intervals [0, κ[z, u](t, x)] and [0, κ[z̃, ũ](t, x)] such that

(κ[z, u](t, x), g[z, u]](κ[z, u](t, x), t, x)) ∈ ∂Hc

and
(κ[z̃, ũ](t, x), g[z](κ[z̃, ũ](t, x), t, x)) ∈ ∂Hc

where ∂Hc is the boundary of Hc. The solution of (11) is unique and we have
the estimates

(12) ‖g[z, u](τ, t, x)− g[z, u](τ, t, x̄)‖ ≤ Θ(c)‖x− x̄‖
where τ ∈ [0,min{κ[z, u](t, x), κ[z, u](t̄, x̄)}] and

(13) ‖g[z, u](τ, t, x)− g[z̃, ũ](τ, t, x)‖

≤ Θ(c)
∣∣∣t�
τ

L(ζ)[‖z − z̃‖(ζ,R) + ‖u− ũ‖(ζ,Rn)] dζ
∣∣∣
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where τ ∈ [0,min{κ[z, u](t, x), κ[z̃, ũ](t, x)}] and

Θ(τ) = 2 exp
[
(1 + d(1 +Q) + s2)

τ�

0

L(ζ) dζ
]
.

Proof. The existence and uniqueness of the solution of (11) follows from
classical theorems. Note that the right-hand side of the differential system
satisfies the Carathéodory conditions, and the following Lipschitz condition
holds:
‖∂qf(T [z, u](τ, y))− ∂qf(T [z, u](τ, ȳ))‖ ≤ L(τ)(1 + d(1 +Q) + s2)‖y − ȳ‖.
We prove that the bicharacteristic g[z, u](·, t, x) exists on [0, κ[z, u](t, x)].
Suppose that [t0, t] is the interval on which the bicharacteristic is defined.
Then

−α(τ) ≤ d

dτ
g[z, u](τ, t, x) ≤ α(τ) for τ ∈ [t0, t],

and consequently
−b+M(τ) ≤ g[z, u](τ, t, x) ≤ b−M(τ) for τ ∈ [t0, t].

This yields (τ, g[z, u](τ, t, x)) ∈ E for τ ∈ [t0, t] and the assertion follows. It
follows from Assumption H1 and Lemma 2.1 that the bicharacteritics satisfy
the integral inequality

‖g[z, u](τ, t, x)− g[z, u](τ, t, x̄)‖

≤ ‖x− x̄‖+ (1 + d(1 +Q) + s2)
∣∣∣t�
τ

L(ζ)‖g[z, u](ζ, t, x)− g[z, u](ζ, t, x̄)‖dζ
∣∣∣,

where τ ∈ [0,min{κ[z, u](t, x), κ[z, u](t, x̄)}]. It follows from the Gronwall
inequality that estimate (12) is satisfied. Now we prove inequality (13). For
z ∈ Cψ.c[d], z̃ ∈ Cψ̃.c[d], u ∈ C∂ψ.c[s], ũ ∈ C∂ψ̃.c[s] we have

‖g[z, u](τ, t, x)− g[z̃, ũ](τ, t, x)‖

≤ 2
∣∣∣t�
τ

L(ζ)[‖z − z̃‖(ζ,R) + ‖u− ũ‖(ζ,Rn)] dζ
∣∣∣

+ (1 + d(1 +Q) + s2)
∣∣∣t�
τ

L(ζ)‖g[z, u](ζ, t, x)− g[z̃, ũ](ζ, t, x)‖ dζ
∣∣∣

where τ ∈ [0,min{κ[z, u](t, x), κ[z̃, ũ](t, x)}]. From the Gronwall inequality
we deduce (13).

3. Integral equations. Let us denote by CL(B,R) the class of all con-
tinuous linear operators from C(B,R) to R. The norm in CL(B,R) gener-
ated by the maximum norm in C(B,R) will be denoted by ‖ · ‖?. The scalar
product in Rn is denoted by ◦.
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Assumption H2. Assumption H1 is satisfied and

1) f(·, x, p, w, q) : I[x]→ R is measurable for (x, p, w, q) ∈ [−b, b]×R×
C(B,R)× Rn,

2) (∂x1f, . . . , ∂xnf) = ∂xf , ∂pf exist on Ω and

∂xf(·, x, p, w, q) : I[x]→ Rn, ∂pf(·, x, p, w, q) : I[x]→ R

are measurable for (x, p, w, q) ∈ [−b, b]× R× C(B,R)× Rn,
3) the Fréchet derivative ∂wf exists and ∂wf(t, x, p, w, q) ∈ CL(B,R) on

Ω, and ∂wf(·, x, p, w, q)w̃ : I[x] → R is measurable for (x, p, w, q) ∈
[−b, b]× R× C(B,R)× Rn), w̃ ∈ C(B,R),

4) there are α0, β ∈ L([0, a],R+) such that |f(t, x, p, w, q)| ≤ α0(t) and

‖∂xf(t, x, p, w, q)‖, |∂pf(t, x, p, w, q)|, ‖∂wf(t, x, p, w, q)‖? ≤ β(t)

on Ω and the expressions

‖∂xf(t, x, p, w, q)− ∂xf(t, x̄, p̄, w̄, q̄)‖,

|∂pf(t, x, p, w, q)− ∂pf(t, x̄, p̄, w̄, q̄)|,

‖∂wf(t, x, p, w, q)− ∂wf(t, x̄, p̄, w̄, q̄)‖?

are bounded from above by L(t)
[
‖x−x̄‖+|p−p̄|+‖w−w̄‖D+‖q−q̄‖

]
,

5) Q ∈ R+ is such that ‖∂xφ(t, x)− ∂xφ(t, x̄)‖ ≤ Q‖x− x̄‖ on E.

Write P [z, u](τ, t, x) = T [z, u](τ, g[z, u](τ, t, x))) and

∂wf(P ) ? w̃ = (∂wf(P )w̃1, . . . , ∂wf(P )w̃n),

uϕ(t,x) = ((u1)ϕ(t,x), . . . , (un)ϕ(t,x))

where P = (t, x, p, w, q) ∈ Ω, w̃ = (w̃1, . . . , w̃n) ∈ C(B,Rn) and u =
(u1, . . . , un) ∈ C(E0 ∪ E,Rn). Let (uϕ(t,x))∂xφ(t, x) : D[ψ(t, x)] → Rn be
defined by

(uϕ(t,x))∂xφ(t, x) =
( n∑
ν=1

∂x1φν(t, x)(uν)ϕ(t,x), . . . ,

n∑
ν=1

∂xnφν(t, x)(uν)ϕ(t,x)

)
.

Define F [z, u] and G[z, u] = (G1[z, u], . . . , Gn[z, u]) by

F [z, u](t, x) = ψ(0, g[z, u](0, t, x))

+
t�

0

[
f(P [z, u](ζ, t, x))− ∂qf(P [z, u](ζ, t, x)) ◦ u(ζ, g[z, u](ζ, t, x))

]
dζ
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and

G[z, u](t, x) = ∂xψ(0, g[z, u](0, t, x)) +
t�

0

∂xf(P [z, u](ζ, t, x)) dζ

+
t�

0

∂pf(P [z, u](ζ, t, x))u(ζ, g[z, u](ζ, t, x)) dζ

+
t�

0

[∂wf(P [z, u](ζ, t, x)) ? uϕ(ζ,g[z,u](ζ,t,x))]

· ∂xφ(ζ, g[z, u](ζ, t, x)) dζ.

We shall consider the following system of functional integral equations:

z(t, x) = F [z, u](t, x), u(t, x) = G[z, u](t, x),(14)

g[z, u](τ, t, x) = x+
t�

τ

∂qf(P [z, u](ζ, t, x)) dζ,(15)

z(t, x) = ψ(t, x), u(t, x) = ∂xψ(t, x) on E0.(16)

The proof of the existence of a solution of the above problem is based on the
following method of successive approximations. Suppose that AssumptionH2

is satisfied and ψ ∈ K. We define sequences {z(m)}, {u(m)} in the following
way. We first put

z(0)(t, x) =
{
ψ(t, x) on E0,
ψ(0, x) on Hc,

u(0)(t, x) =
{
∂xψ(t, x) on E0,
∂xψ(0, x) on Hc.

If z(m) : Ec → R, u(m) : Ec → Rn are already defined then u(m+1) =
∂xψ(t, x) on E0 and u(m+1) is a solution of the equation

(17) u(t, x) = G(m)[u](t, x), (t, x) ∈ E ∩ ([0, c]× Rn),

where G(m) = (G(m)
1 , . . . , G

(m)
n ) is defined by

G(m)[u](t, x) = ∂xψ(0, g[z(m), u](0, t, x)) +
t�

0

∂xf(P [z(m), u](ζ, t, x)) dζ

+
t�

0

∂pf(P [z(m), u](ζ, t, x))u(m)(ζ, g[z(m), u](ζ, t, x)) dζ

+
t�

0

[∂wf(P [z(m), u](ζ, t, x)) ? (u(m))ϕ(ζ,g[z(m),u](ζ,t,x))]

· ∂xφ(ζ, g[z(m), u](ζ, t, x)) dζ.



Local Cauchy problem 49

The function z(m+1) is given by

z(m+1)(t, x) = F [z(m), u(m+1)](t, x) on Hc,(18)

z(m+1)(t, x) = ψ(t, x) on E0.(19)

Remark 3.1. Observe that the equations

u(t, x) = G[z(m), u](t, x)

and (17) are not identical. Equation (17) is obtained in the following way.
Suppose that z(m) : Ec → R and u(m) : Ec → Rn are known functions. Con-
sider the differential equation

(20) ∂tz(t, x) = f(t, x, z(m)(t, x), z(m)
ϕ(t,x), ∂xz(t, x)).

We put u = ∂xz in (20). Then we obtain the differential equations for u:

∂tui(t, x) = ∂xif(S[z(m), u](t, x)) + ∂pf(S[z(m), u](t, x))∂xiz
(m)(t, x)(21)

+ [∂wf(S[z(m), u](t, x)) ? (∂xz(m))ϕ(t,x)] ◦ ∂xiφ(t, x)

+ ∂qf(S[z(m), u](t, x)) ◦ ∂xui(t, x), i = 1, . . . , n,

where S[z(m), u](t, x) = (t, x, z(m)(t, x), z(m)
ϕ(t,x), u(t, x)). If we assume that

∂xz
(m) = u(m) (see Theorem 3.1), then by integrating (21) along the bichar-

acteristic g[z(m), u](·, t, x) we obtain (17).

We prove that the sequences {z(m)} and {u(m)} exist on Ec provided
c ∈ (0, a] is sufficiently small. Write

Ã(τ) = Θ(c)
( τ�

0

β(ζ) dζ + s1

τ�

0

L(ζ) dζ
)
,

A(τ) = Θ(c)[1 + d(1 +Q) + s2]
τ�

0

L(ζ) dζ,

B(τ) = Θ(c)
τ�

0

β(ζ) dζ, τ ∈ (0, c].

Assumption H3. The constant c ∈ (0, a] is so small that

d ≥ a1Θ(c) + Ã(c)(1 + d(Q+ 1) + s2) + ‖M(c)‖Θ(c)s2,

s1 ≥ a1 + (1 + s1(1 +Q))
c�

0

β(ζ) dζ,

s2 ≥ a2Θ(c) +A(c)(1 + s1(1 +Q)) +B(c)(s2(1 +Q2) + s1Q).

Remark 3.2. Since d > 2a1, s1 > a1, s2 > 2a2, there is c ∈ (0, a] such
that Assumption H3 is satisfied.
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Theorem 3.1. If ψ ∈ K and Assumptions H2, H3 are satisfied then for
any m ∈ N:

(Im) the sequences {z(m)} and {u(m)} are defined on Ec and z(m) ∈
Cψ.c[d], u(m) ∈ C∂ψ.c[s],

(IIm) ∂xz
(m) = u(m) on Ec.

Proof. We argue by induction. It follows from the definitions of z(0) and
u(0) that conditions (I0) and (II 0) are satisfied. Suppose that (Im) and (IIm)
hold for a given m ≥ 0. We first prove that there is u(m+1) ∈ C∂ψ.c[s]. We
claim that

(22) G(m) : C∂ψ.c[s]→ C∂ψ.c[s].

Suppose that u ∈ C∂ψ.c[s] and (t, x), (t, x̄) ∈ Hc. It follows from Assumptions
H2 and H3 that

‖G(m)[u](t, x)‖ ≤ a1 + (1 + s1(1 +Q))
c�

0

β(ζ) dζ ≤ s1

and

‖G(m)[u](t, x)−G(m)[u](t, x̄)‖
≤ a2Θ(c)+A(c)[1+s1(1+Q)]+B(c)(s2(1+Q2)+s1Q)‖x− x̄‖ ≤ s2‖x− x̄‖.
This proves (22). It follows from Assumption H2 and from (Im) that there
is Γ ∈ L([0, c],R+) such that for u, ū ∈ C∂ψ .c[s] we have

‖G(m)[u](t, x)−G(m)[ū](t, x)‖ ≤
t�

0

Γ (ζ)‖u− ū‖(ζ,Rn) dζ, (t, x) ∈ Hc.

Write

Ju− ūK = max
{
‖u− ū‖(τ,Rn) exp

{
−2

τ�

0

Γ (s) ds
}

: τ ∈ [0, c]
}
.

Then we have

‖G(m)[u](t, x)−G(m)[ū](t, x)‖

≤ Ju(m+1) − ū(m+1)K
∣∣∣ t�

0

Γ (τ) exp
{

2
τ�

0

Γ (s) ds
}
dτ
∣∣∣

≤ 1
2
Ju(m+1) − ū(m+1)K exp

{
2
t�

0

Γ (s) ds
}

and consequently

JG(m)[u]−G(m)[ū]K ≤ 1
2
|u− ū|.
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From the Banach fixed point theorem we find that u(m+1) ∈ C∂ψ.c[s] exists
and is unique. It follows easily that z(m+1) given by (18), (19) satisfies the
condition z(m+1) ∈ Cψ.c[d]. Now we will show (IIm+1). Write

U(t, x, x̄) = z(m+1)(t, x̄)− z(m+1)(t, x)− u(m+1)(t, x) ◦ (x̄− x).

We will prove that there is K > 0 such that

(23) |U(t, x, x̄)| ≤ K‖x− x̄‖2 for (t, x), (t, x̄) ∈ Ec.

It follows that

U(t, x, x̄) = F [z(m), u(m+1)](t, x̄)− F [z(m), u(m+1)](t, x)

−G(m)[u(m+1)](t, x) ◦ (x̄− x).

For m ∈ N write

g(m)(τ, t, x) = g[z(m), u(m+1)](τ, t, x),

P (m)(τ, t, x) = T [z(m), u(m+1)](τ, g(m)(τ, t, x)).

Note that (z(m))ϕ(ξ,g(m)(ξ,t,x̄)) and z
(m)

ϕ(ξ,g(m)(ξ,t,x))
have different domains.

Hence we need the following construction. Put ∆ = [−b0 − a, a]× [−4b, 4b].
There are Z(m) ∈ C(∆,R) and U (m) ∈ C(∆,Rn) such that

(i) Z(m)(t, x) = z(m)(t, x) and U (m)(t, x) = u(m)(t, x) on E0 ∪Ec, where
U (m) = (U (m)

1 , . . . , U
(m)
n ),

(ii) ∂xZ(m)(t, x) = U (m)(t, x) on ∆.

Then the functions

(Z(m))ϕ(ξ,g(m)(ξ,t,x̄)), (Z
(m))ϕ(ξ,g(m)(ξ,t,x)), (U

(m))ϕ(ξ,g(m)(ξ,t,x)),

for (t, x), (t, x̄) ∈ Ec, ξ ∈ [0, c], are defined on B. Write

T (m)(τ, ξ, t, x, x̄) = τT [Z(m), u(m+1)](ξ, g(m)(ξ, t, x̄))

+ (1− τ)T [Z(m), u(m+1)](ξ, g(m)(ξ, t, x)), 0 ≤ τ ≤ 1.

We apply the Hadamard mean value theorem to the difference

f(P [z(m), u(m+1)](ξ, t, x̄))− f(P [z(m), u(m+1)](ξ, t, x)).

Then we have
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(24) U(t, x, x̄) = ψ(0, g(m)(0, t, x̄))

− ψ(0, g(m)(0, t, x))− ∂xψ(0, g(m)(0, t, x̄)) ◦ (x̄− x)

+
t�

0

1�

0

∂xf(T (m)(τ, ξ, t, x, x̄)) ◦ [g(m)(ξ, t, x̄)− g(m)(ξ, t, x)] dξ

+
t�

0

1�

0

∂pf(T (m)(τ, ξ, t, x, x̄))

· [z(m)(ξ, g(m)(ξ, t, x̄))− z(m)(ξ, g(m)(ξ, t, x))] dξ

+
t�

0

1�

0

∂wf(T (m)(τ, ξ, t, x, x̄)) ? [Z(m)

ϕ(ξ,g(m)(ξ,t,x̄))
− Z(m)

ϕ(ξ,g(m)(ξ,t,x))
] dξ

+
t�

0

1�

0

∂qf(T (m)(τ, ξ, t, x, x̄))

◦ [u(m+1)(ξ, g(m)(ξ, t, x̄))− u(m+1)(ξ, g(m)(ξ, t, x))] dξ

−
t�

0

[∂qf(P (m)(ξ, t, x̄)) ◦ u(m+1)(ξ, g(m)(ξ, t, x̄))

− ∂qf(P (m)(ξ, t, x)) ◦ u(m+1)(ξ, g(m)(ξ, t, x))] dξ

−
t�

0

∂xf(P (m)(ξ, t, x)) dξ ◦ (x̄− x)

−
t�

0

∂pf(P (m)(ξ, t, x))u(m)(ξ, g(m)(ξ, t, x)) dξ ◦ (x̄− x)

−
t�

0

[∂wf(P (m)(ξ, t, x)) ? (U (m))ϕ(ξ,g(m)(ξ,t,x))]

· ∂xφ(ξ, g(m)(ξ, t, x)) dξ ◦ (x̄− x).

For simplicity of formulation of the next properties of U(t, x, x̄) we write

Ū(t, x, x̄) =
t�

0

1�

0

[∂xf(T (m)(τ, ξ, t, x, x̄))− ∂xf(P (m)(ξ, t, x))] dτ

· [g(m)(ξ, t, x̄)− g(m)(ξ, t, x)] dξ

+
t�

0

1�

0

[∂pf(T (m)(τ, ξ, t, x, x̄))− ∂pf(P (m)(ξ, t, x))] dτ

· [z(m)(ξ, g(m)(ξ, t, x̄))− z(m)(ξ, g(m)(ξ, t, x))] dξ
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+
t�

0

1�

0

[∂wf(T (m)(τ, ξ, t, x, x̄))− ∂wf(P (m)(ξ, t, x))] dτ

? [Z(m)

ϕ(ξ,g(m)(ξ,t,x̄))
− Z(m)

ϕ(ξ,g(m)(ξ,t,x))
] dξ

+
t�

0

1�

0

[∂qf(T (m)(τ, ξ, t, x, x̄))− ∂qf(P (m)(ξ, t, x))] dτ

◦ [u(m+1)(ξ, g(m)(ξ, t, x̄))− u(m+1)(ξ, g(m)(ξ, t, x))] dξ,

Uψ(t, x, x̄) = ψ(0, g(m)(0, t, x̄))− ψ(0, g(m)(0, t, x))

− ∂xψ(0, g(m)(0, t, x)) ◦ [g(m)(0, t, x̄)− g(m)(0, t, x)],

and

Ũ(t, x, x̄) =
t�

0

∂pf(P (m)(ξ, t, x))[z(m)(ξ, g(m)(ξ, t, x̄))− z(m)(ξ, g(m)(ξ, t, x))

− u(m)(ξ, g(m)(ξ, t, x)) ◦ (g(m)(ξ, t, x̄)− g(m)(ξ, t, x))] dξ

+
t�

0

∂wf(P (m)(ξ, t, x)) ? [Z(m)

ϕ(ξ,g(m)(ξ,t,x̄))
− Z(m)

ϕ(ξ,g(m)(ξ,t,x))

− (U (m))ϕ(ξ,g(m)(ξ,t,x))∂xφ(ξ, g(m)(ξ, t, x)) ◦ (g(m)(ξ, t, x̄)− g(m)(ξ, t, x))] dξ,

Γ (t, x, x̄) = ∂xψ(0, g(m)(0, t, x))◦
t�

0

[∂qf(P (m)(τ, t, x̄))−∂qf(P (m)(τ, t, x))] dτ

+
t�

0

∂xf(P (m)(ξ, t, x)) ◦
t�

ξ

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] dτ dξ

+
t�

0

∂pf(P (m)(ξ, t, x))u(m)(ξ, g(m)(ξ, t, x))

◦
t�

ξ

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] dτ dξ

+
t�

0

∂wf(P (m)(ξ, t, x)) ? (u(m))ϕ(ξ,g(m)(ξ,t,x))∂xφ(ξ, g(m)(ξ, t, x))

◦
t�

ξ

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] dτ dξ.

We conclude from Assumptions H1, H2 that there is C̃ > 0 such that
(25) |Ū(t, x, x̄)|+ |Uψ(t, x, x̄)|+ |Ũ(t, x, x̄)| ≤ C̃‖x− x̄‖2
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for (t, x), (t, x̄) ∈ Ec. It follows from (11) that

g(m)(ξ, t, x̄)− g(m)(ξ, t, x)− (x̄− x)

=
t�

ξ

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] dτ.

The above relation and (24) imply

(26) U(t, x, x̄) = Ū(t, x, x̄) + Uψ(t, x, x̄) + Ũ(t, x, x̄) + Γ (t, x, x̄)

−
t�

0

{∂qf(P (m)(ξ, t, x̄)) ◦ u(m+1)(ξ, g(m)(ξ, t, x̄))

− ∂qf(P (m)(ξ, t, x)) ◦ u(m+1)(ξ, g(m)(ξ, t, x))} dξ

+
t�

0

∂qf(P (m)(ξ, t, x)) ◦ [u(m+1)(ξ, g(m)(ξ, t, x̄))− u(m+1)(ξ, g(m)(ξ, t, x))] dξ.

It follows easily that

Γ (t, x, x̄) =
t�

0

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] ◦
{
∂xψ(0, g(m)(0, t, x))

+
τ�

0

∂xf(P (m)(ξ, t, x)) dξ +
τ�

0

∂pf(P (m)(ξ, t, x))u(m)(ξ, g(m)(ξ, t, x)) dξ

+
τ�

0

∂wf(P (m)(ξ, t, x)) ? (u(m))ϕ(ξ,g(m)(ξ,t,x))∂xφ(ξ, g(m)(ξ, t, x)) dξ
}
dτ.

The bicharacteristics satisfy the following group property:

g(m)(ξ, τ, g(m)(τ, x, y)) = g(m)(ξ, x, y).

Therefore we get

u(m+1)(τ, g(m)(τ, t, x)) = ∂xψ(0, g(m)(0, t, x))

+
τ�

0

∂xf(P (m)(ξ, t, x)) dξ +
τ�

0

∂pf(P (m)(ξ, t, x))u(m)(ξ, g(m)(ξ, t, x)) dξ

+
τ�

0

[∂wf(P (m)(ξ, t, x)) ? u(m)

ϕ(ξ,g(m)(ξ,t,x))
]∂xφ(ξ, g(m)(ξ, t, x)) dξ

and consequently

Γ (t, x, x̄)

=
t�

0

[∂qf(P (m)(τ, t, x̄))− ∂qf(P (m)(τ, t, x))] ◦ u(m+1)(τ, g(m)(τ, t, x)) dτ.
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Write

U?(t, x, x̄) = −
t�

0

[∂qf(P (m)(ξ, t, x̄))− ∂qf(P (m)(ξ, t, x))]

◦ [u(m+1)(τ, g(m)(τ, t, x̄))− u(m+1)(τ, g(m)(τ, t, x))] dτ.

It is clear that there is C? > 0 such that

(27) |U?(t, x, x̄)| ≤ C?‖x− x̄‖2, (t, x), (t, x̄) ∈ Ec.

We conclude from (26) and from the above relation that

U(t, x, x̄) = Uψ(t, x, x̄) + Ū(t, x, x̄) + Ũ(t, x, x̄) + U?(t, x, x̄)

for (t, x), (t, x̄) ∈ Ec. The above relation and (25), (27) imply (23). This
completes the proof of the theorem.

4. Existence of solutions to initial value problems. We formulate
the main result of the paper.

Theorem 4.1. If Assumptions H1, H2, H3 are satisfied then there is
a solution z̄ : Ec → R of (1), (2). If ψ̃ ∈ K and z̃ : Ec → R is a solution
of (1) with the initial condition z̃(t, x) = ψ̃(t, x) on E0 then there is K̃ ∈
L([0, c],R+) such that

(28) ‖z̄ − z̃‖(t,R) + ‖∂xz̄ − ∂xz̃‖(t,Rn)

≤ exp
{t�

0

K̃(τ) dτ
}

[‖ψ − ψ̃‖(0,R) + ‖∂xψ − ∂xψ̃‖(0,Rn)], t ∈ [0, c].

Proof. We first prove that the sequences {z(m)} and {u(m)} are uniformly
convergent on Ec. It follows from (17), (18) that there are K0,K1,K2 ∈
L([0, c],R+) such that

(29) ‖z(m+1) − z(m)‖(t,R) + ‖u(m+1) − u(m)‖(t,Rn)

≤
t�

0

K0(τ)[‖z(m) − z(m−1)‖(τ,R) + ‖u(m+1) − u(m)‖(τ,Rn)] dτ

and

(30) ‖u(m+1) − u(m)‖(t,Rn) ≤
t�

0

K1(s)‖u(m+1) − u(m)‖(τ,Rn) dτ

+
t�

0

K2(τ)[‖z(m) − z(m−1)‖(τ,R) + ‖u(m) − u(m−1)‖(τ,Rn)] dτ
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for t ∈ [0, c], m ≥ 0. From (30) we deduce that

(31) ‖u(m+1) − u(m)‖(t,Rn)

≤ exp
[t�

0

K1(τ) dτ
] t�

0

[‖z(m) − z(m−1)‖(τ,R) + ‖u(m) − u(m−1)‖(τ,Rn)] dτ

for t ∈ [0, c]. We conclude from (29) and (31) that there is K ∈ L([0, c],R+)
such that

(32) ‖z(m+1) − z(m)‖(t,R) + ‖u(m+1) − u(m)‖(t,Rn)

≤
t�

0

K(τ)[‖z(m) − z(m−1)‖(τ,R) + ‖u(m) − u(m−1)‖(τ,Rn)] dτ,

where t ∈ [0, c] and m ≥ 0. Write

W (m)(t) = max
{

[‖z(m) − z(m−1)‖(τ,R) + ‖u(m) − u(m−1)‖(τ,Rn)]

· exp
[
−2

τ�

0

K(ξ) dξ
]

: τ ∈ [0, t]
}
.

We conclude from (32) that

‖z(m+1) − z(m)‖(t,R) + ‖u(m+1) − u(m)‖(t,Rn)

≤W (m)(t)
t�

0

K(s) exp
[
2
s�

0

K(ξ) dξ
]
ds

≤ 1
2
W (m)(t) exp

[
2
t�

0

K(ξ) dξ
]
, t ∈ [0, c],

and consequently

W (m+1)(t) ≤ 1
2
W (m)(t), t ∈ [0, c].

There is C0 ∈ R+ such that W (1)(t) ≤ C0 for t ∈ [0, c]. We thus get

lim
m→∞

W (m)(t) = 0 uniformly on [0, c]

and there are z̄ ∈ Cψ.c[d] and ū = (ū1, . . . , ūn) ∈ C∂ψ.c[s] such that

z̄(t, x) = lim
m→∞

z(m)(t, x), ū(t, x) = lim
m→∞

u(m)(t, x) uniformly onEc.

It follows from Theorem 3.1 and from the definition of the sequence that ∂tz̄
and ∂xz̄ exist on Ec and ∂xz̄ = ū. Furthermore,

(33) z̄(t, x) = F [z̄, ū](t, x), ū(t, x) = G[z̄, ū](t, x), (t, x) ∈ Ec.
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For a given (t, x) ∈ Ec set y = g[z̄, ∂xz̄](0, t, x). Then g[z̄, ∂xz̄](τ, t, x) =
g[z̄, ∂xz̄](τ, 0, y) for τ ∈ [0, κ(t, x)] where the interval [0, κ(t, x)] is the domain
of g[z̄, ∂xz̄](·, t, x). Then the relations (33) imply

(34) z̄(t, g[z̄, ∂xz̄](t, 0, y)) = ψ(0, y)

+
t�

0

[f(P [z̄, ∂xz̄](τ, 0, y))−∂qf(P [z̄, ∂xz̄](τ, 0, y))◦∂xz̄(τ, g[z̄, ∂xz̄](τ, 0, y))] dτ.

The relations y = g[z̄, ∂xz̄](0, t, x) and x = g[z̄, ∂xz̄](t, 0, y) are equiva-
lent. By differentiating (34) with respect to t and by putting again x =
g[z̄, ∂xz̄](t, 0, y) we find that z̄ satisfies (1) on Ec. Now we prove (32). There
is K̃ ∈ L([0, a],R+) such that

‖z̄ − z̃‖(t,R) + ‖∂xz̄ − ∂xz̃‖(t,Rn) ≤ ‖ψ − ψ̃‖(0,R) + ‖∂xψ − ∂xψ̃‖(0,Rn)

+
t�

0

K̃(τ)[‖z̄ − z̃‖(τ,R) + ‖∂xz̄ − ∂xz̃‖(τ,Rn)] dτ, t ∈ (0, c].

Then we obtain (32) from the Gronwall inequality. This completes the proof.

Remark 4.1. Let z and z̄ be solutions of the Cauchy problem (1), (2).
Then Theorem 4.1 shows that z and z̄ coincide on the whole domain.

Remark 4.2. Suppose that φ(i)
0 : [0, a] → R, (φ(i)

1 , . . . , φ
(i)
n ) : E → Rn,

i = 1, . . . , k, are given functions and 0 ≤ φ(i)
0 (t) ≤ t,

(φ(i)
0 (t), φ(i)

1 (t, x), . . . , φ(i)
n (t, x)) ∈ E0 ∪ E

for (t, x) ∈ E, i = 1, . . . , k. Write

ϕ(i)(t, x) = (φ(i)
0 (t), φ(i)

1 (t, x), . . . , φ(i)
n (t, x)), i = 1, . . . , k.

Put Ξ = E × R × (C(B,R))k × Rn and suppose that G : Ξ → R is a given
function of the variables (t, x, p, w1, . . . , wk, q). We will say that G satisfies
condition (V ) if for each (t, x, p, q) ∈ E × R1+n and for wi, w̄i ∈ C(B,R),
i = 1, . . . , k, such that wi(τ, y) = w̄i(τ, y), (τ, y) ∈ D[ϕ(i)(t, x)], i = 1, . . . , k,
we have

G(t, x, p, w1, . . . , wk, q) = G(t, x, p, w̄1, . . . , w̄k, q).

Given ψ : E0 → R, we consider the functional differential equation

(35) ∂tz(t, x) = G(t, x, z(t, x), zϕ(1)(t,x), . . . , zϕ(k)(t,x), ∂xz(t, x))

with initial condition (2). It is clear that Theorem 4.1 can be extended to
the Cauchy problem (35), (2).

5. Examples and comments. Now we consider two examples of func-
tional differential equations. Suppose that F : E ×R×Rn → R and φ0, φ̃0 :
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[0, a] → R, φ, φ̃ : E → Rn are given functions. Assume that 0 ≤ φ0(t), φ̃0(t)
≤ t and ϕ(t, x) = (φ0(t), φ(t, x)) ∈ E0∪E, ϕ̃(t, x) = (φ̃0(t), φ̃(t, x)) ∈ E0∪E
for (t, x) ∈ E. Consider the differential equation with deviated variables

(36) ∂tz(t, x) = F (t, x, z(ϕ(t, x))z(ϕ̃(t, x)), ∂xz(t, x))

and the differential integral equation

(37) ∂tz(t, x) = F
(
t, x,

�

D[t,x]

z2(τ, y) dy dτ, ∂xz(t, x)
)
.

We formulate sufficient conditions for the existence of solutions to (36), (2)
and (37), (2).

Assumption H4. The function F : E × R × Rn → R of the variables
(t, x, r, q) satisfies the conditions:

1) F (·, x, r, q) : I[x] → R is measurable for (x, r, q) ∈ [−b, b] × R × Rn,
the derivatives ∂xF , ∂rF , ∂qF exist and

∂xF (·, x, r, q), ∂qF (·, x, r, q) : I[x]→ Rn, ∂rF (·, x, r, q) : I[x]→ R
are measurable for (x, r, q) ∈ [−b, b]× R× Rn,

2) ∂xF (t, ·), ∂qF (t, ·) : St × R × Rn → Rn, ∂rF (t, ·) : St × R × Rn → R
are continuous and there are α ∈ L([0, a],Rn

+), α = (α1, . . . , αn), and
β, L ∈ L([0, a],Rn

+) such that

(|∂q1F (P )|, . . . , |∂qnF (P )|) ≤ (α1(t), . . . , αn(t)),
‖∂xF (t, x, r, q)‖ ≤ β(t),

where P = (t, x, r, q) ∈ E × R× Rn and the expressions

‖∂xF (t, x, r, q)− ∂xF (t, x̄, r̄, q̄)‖, ‖∂qF (t, x, r, q)− ∂qF (t, x̄, r̄, q̄)‖
are bounded from above by L(t)[‖x− x̄‖+ |r − r̄|+ ‖q − q̄‖],

3) there is γ ∈ L([0, a],R+) such that f̃(t, x, r, q) = r∂rF (t, x, r, q) satis-
fies the conditions

|f̃(t, x, r, q)| ≤ γ(t),

|f̃(t, x, r, q)− f̃(t, x̄, r̄, q̄)| ≤ γ(t)[‖x− x̄‖+ |r − r̄|+ ‖q − q̄‖],
on E × R× Rn.

Lemma 5.1. If Assumption H4 is satisfied and ψ ∈ K then there are
c ∈ (0, a] and u : Ec → R such that u is a solution of (37), (2) on Ec.

The above lemma is a consequence of Theorem 4.1.
Note that the result given in [3] is not applicable to (37), (2). The initial

value problem (9), (2) is investigated in [3]. We consider equation (9) with

(38) (Wz)(t, x) =
�

D[t,x]

z2(τ, y) dy dτ.
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Let us denote by ‖ · ‖Et the maximum norm in the space C(Et,R). The
following assumption on W is needed in [3]: there are A0, B0, L ∈ R+ such
that

‖W [z]‖Et ≤ A0 +B0‖z‖Et ,(39)
‖W [z]−W [z̄]‖Et ≤ L‖z − z̄‖Et(40)

for t ∈ [0, a], z, z̄ ∈ C(E0 ∪ E,R). It is clear that the above conditions are
not satisfied for W given by (38).

The initial value problem (8), (2) is investigated in [5] and a theorem on
the existence of classical solutions is obtained.

Let us consider equation (8) with

(41) G(t, x, z(·), q) = F
(
t, x,

�

D[t,x]

z2(τ, y) dy dτ, q
)
.

The following assumption on G is needed in [5]: there are A0, A1 such that

(42) ‖∂xG(t, x, z, q)‖ ≤ A0 +A1

[
‖z‖Et + ‖∂tz‖Et +

n∑
i=1

‖∂xiz‖Et
]
,

where z : E0 ∪ E → R is of class C1. It is clear that the above condition is
not satisfied for G given by (41).

Consider the equation (36) with the initial condition (2).

Assumption H5. The functions φ0, φ̃0 : [0, a] → R, φ, φ̃ : E → Rn sa-
tisfy:

(i) for t ∈ [0, a] we have 0 ≤ φ0(t), φ̃0(t) ≤ t,
(ii) ϕ(t, x) = (φ0(t), φ(t, x)) ∈ E0∪E, ϕ̃(t, x) = (φ̃0(t), φ̃(t, x)) ∈ E0∪E

for (t, x) ∈ E,
(iii) the partial derivatives

∂xφ = [∂xjφi]i,j=1,...,n, ∂xφ̃ = [∂xj φ̃i]i,j=1,...,n,

exist on E, the functions ∂xφ and ∂xφ̃ are continuous and there is
Q ∈ R+ such that

‖∂xφ(t, x)− ∂xφ(t, x̄)‖ ≤ Q‖x− x̄‖,
‖∂xφ̃(t, x)− ∂xφ̃(t, x̄)‖ ≤ Q‖x− x̄‖

for (t, x), (t, x̄) ∈ E.

Lemma 5.2. If Assumptions H4, H5 are satisfied and ψ ∈ K then there
are c ∈ (0, a] and u : Ec → R such that u is a solution of (36), (2) on Ec.

The above lemma is a consequence of Theorem 4.1 (see also Remark 4.2).
Note that the result given in [3] is not applicable to (36), (2). We consider
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equation (9) with

(43) (Wz)(t, x) = z(ϕ(t, x))z(ϕ̃(t, x)).

It is clear that the conditions (39), (40) are not satisfied forW given by (43).
Let us consider equation (8) with

(44) G(t, x, z(·), q) = F (t, x, z(ϕ(t, x))z(ϕ̃(t, x)), q).

The condition (42) which is needed in [5] is not satisfied for G given by (44).

Remark 5.1. The result of this paper can be extended to functional
differential systems

∂tzi(t, x) = fi(t, x, z(t, x), zϕ(t,x), ∂xzi(t, x)), i = 1, . . . , k,

with the initial condition z(t, x) = ψ(t, x) on E0 where z = (z1, . . . , zk) and
f = (f1, . . . , fk) : E × Rk × C(B,Rk)× Rn, ψ : E0 → Rk.

Remark 5.2. Suppose that f does not depend on the functional variable
and d0 = 0. Then (1), (2) reduces to the classical Cauchy problem

∂tz(t, x) = f(t, x, z(t, x), ∂xz(t, x)),(45)
z(0, x) = ψ(x) for x ∈ [−b, b],(46)

where ψ : [−b, b]→ R is a given function. Then Theorem 4.1 gives sufficient
conditions for the existence of weak solutions to (45), (46).

There are the following relations between our results and known theorems
for (45), (46).

The assumptions of Theorem 4.1 for (45), (46) and the assumptions in
the existence theorem given in [2] are the same. Hence Theorem 4.1 is a
generalization of the existence result of [2].

Now we adopt additional assumptions on f and we consider classical
solutions to (45), (46). Suppose that the functions

f(·, x, p, q) : I[x]→ R, ∂pf(·, x, p, q) : I[x]→ R,
∂xf(·, x, p, q) : I[x]→ Rn, ∂qf(·, x, p, q) : I[x]→ Rk

are continuous. In this case we can assume that the functions α0, α, β, L
are constant on [0, a]. Then Theorem 4.1 gives sufficient conditions for the
existence of classical solutions to (45), (46).

Note that our assumptions on regularity of given functions in (45), (46)
and assumptions in the existence theorem presented in [6] are the same.
Estimates of the existence domain which can be deduced from [6] and our
estimates are not the same. This is due to the fact that the method of
successive approximations is used in [6]. Our results are obtained by using
the method of quasilinearization.
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It follows that Theorem 4.1 is an extension of classical theorems for first
order partial differential equations. It is clear that the above observations
can be extended to the Cauchy problem for functional differential systems.
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