ANNALES
POLONICI MATHEMATICI
98.1 (2010)

On the global attractors for a class of semilinear degenerate
parabolic equations

by CunNG THE ANH, NGUYEN DINH BINH and LE THI THUY (Hanoi)

Abstract. We prove the existence and upper semicontinuity with respect to the
nonlinearity and the diffusion coefficient of global attractors for a class of semilinear
degenerate parabolic equations in an arbitrary domain.

1. Introduction. The understanding of the asymptotic behavior of dy-
namical systems is one of the most important problems of modern math-
ematical physics. One way to attack the problem for dissipative dynami-
cal systems is to consider their global attractor. The first question is to
study the existence of a global attractor. Once the global attractor is ob-
tained, the next natural question is to study its most important proper-
ties, such as dimension, dependence on parameters, regularity, determin-
ing modes, etc. In the last three decades, many authors have obtained
relevant results for a large class of PDEs (see e.g. [7, 14, I5] and ref-
erences therein). However, to the best of our knowledge, little seems to
be known about the asymptotic behavior of solutions of degenerate equa-
tions.

In this paper we study the following semilinear degenerate parabolic
equation with variable, nonnegative coefficients, defined on an arbitrary do-
main (bounded or unbounded) 2 C RN, N > 2:

ou

i div(o(z)Vu) + f(u) + g(x) =0, x € t>0,

(1.1) u(t,z) =0, x €0, t>0,
u(0,2) = up(z), =€,

where ug € L?(£2) and g € L?(£2) are given, and f : R — R is a C'! function

satisfying some conditions specified later.
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Problem (1.1) can be derived as a simple model for neutron diffusion
(feedback control of a nuclear reactor) (see [8]). In this case u and o stand
for the neutron flux and neutron diffusion respectively.

The degeneracy of problem (1.1) is considered in the sense that the
measurable, nonnegative diffusion coefficient o () is allowed to have at most
a finite number of (essential) zeroes. Motivated by [5], where a degenerate
elliptic problem is studied, we assume that the function o : 2 — R satisfies
the following assumptions: when the domain {2 is bounded,

(Ha) o € Li,.(£2) and for some « € (0,2), liminf, .. |z — z|~%c(x) > 0

loc

for every z € (2,
and when (2 is unbounded,

(H3og) o satisfies condition (H,) and liminf), . |z|Po(x) > 0 for
some (§ > 2.

For the physical motivation of assumptions (Ha) and (Hg5), we refer the
reader to [0, [, [10] [1].

In order to study problem (1.1) we use the natural energy space D¢ ({2, o)
defined as the closure of C5°({2) in the norm

1/2
lullpgea = (§ o@IVal? o) .
n
The existence and long-time behavior of solutions to problem in
the case that f(u) = —Au+|u|>"u (0 <y < (2—a)/(N -2+ q)), g(z) =0
has been studied in [9, 10] and improved recently in [I]. In [I], the authors
considered problem with ug € D§(£2,0), g € L*(£2) given, and f :
R — R satisfying

4 — 2«
— < — (1 v v < —
F(0) = F@)] < Colu = ol (14 [u o), 0=y < 75—
)

F(u) > 5 U Ci,  fluw)u > —pu® — Oy,

where Cy,C1,Cy > 0, F is the primitive F(y) = ng(s) ds of f, u < A,
and A; > 0 is the first eigenvalue of the operator Au := —div(c(z)Vu) in
2 with the homogeneous Dirichlet condition. Under the above assumptions
on f, the authors proved that problem (1.1) defines a semigroup S(t) :
D} (02,0) — D§(£2,0), which possesses a compact connected global attractor
A = W¥(E) in the space D§(2,0). Furthermore, for each uy € D§(£2,0),
the corresponding solution u(t) tends to the set E of equilibrium points in
D}(£2,0) as t — +oo. The basic tool is the Lyapunov function

1
() = 3 lulldy 0.0 + V(F(u) + gu) da.
(0]
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Note that the critical exponent of the embedding D§(§2,0) — LP(£2) is
2! = 2N/(N — 2+ «), so the condition 0 < v < (4 —2a)/(N —2+ «) is
necessary to prove the existence of a mild solution by the fixed point method
and to ensure the existence of the Lyapunov functional @.

In this paper we continue the study of the long-time behavior of solutions
to problem (1.1) when the nonlinearity f is supposed to satisfy the polyno-
mial growth condition of arbitrary order. More precisely, we assume that the
initial data 1y and the external force g are in L?(f2), and the nonlinearity
f:R — Ris a C! function satisfying

(1.2) Cilul? — Co < f(u)u < Calul? + Co,  p>2,

(1.3) f'(u) >—C3 forallueR,

where Cy, C1, Cy and Cj5 are positive constants. It is clear that when | f(u)| ~
|u|Y* with 4 > (4 — 2a)/(N — 2 + a), the fixed point method for proving
the existence of mild solutions does not work, and the system is no longer
a gradient system (because then {, F'(u) dz does not exist when u belongs
to the energy space D{(§2,0)). However, thanks to the structure of the
nonlinearity, we may use the compactness method [11] to prove the global
existence of a weak solution and use a priori estimates to show the existence
of an absorbing set By in the space D§(§2, o) for the semigroup S(t) gener-
ated by the solutions of problem (1.1). By the compactness of the embedding
D} (02,0) — L?(£2), the semigroup S(t) is asymptotically compact in L?(£2).
This implies the existence of a compact global attractor A = w(By) for S(t)
in L2(2).

Besides the problem of existence of the global attractor, its dependence
on parameters, such as the shape of the domain, the coeflicients, nonlineari-
ties, etc. is also an important object of study. In some recent works [4. [12], T3],
the problem of continuity of the global attractor in variations of the domain
where the problem is posed has been studied for the reaction-diffusion equa-
tion with various boundary conditions. The continuous dependence of the
global attractor on the diffusion coefficients is investigated in [2] 3 [6].

In this paper, we study the upper semicontinuity of the global attractor
with respect to the nonlinear term and the diffusion coefficient taken as
parameters. The more delicate question of the lower semicontinuity of the
global attractor is not dealt with.

The paper is organized as follows. In Section 2, we recall some results
on function spaces which we will use. For clarity, in Sections 3-5, we only
consider the case of a bounded domain and the diffusion coefficient o sat-
isfying condition (H,). Section 3 is devoted to the proof of the existence
and uniqueness of a weak solution by using the compactness method, and
the existence of a compact global attractor A in L?(2) for the semigroup
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S(t) generated by (1.1). In Section 4, we study the upper semicontinuity
of the global attractor with respect to the nonlinearity. The upper semi-
continuous dependence of the global attractor on the diffusion coefficients
is investigated in Section 5. In the last section, we give some remarks on
similar results for an unbounded domain and o satisfying condition (Hg‘jﬁ).

Notations. The L?(£2)-norm and the D§(§2,0)-norm will be denoted by
-] 222y and ||- ”'D(l)(Q’U), respectively. By D~!(§2, o) we denote the dual space
of D}(£2,0). Let (X, d) be a metric space. We use the Hausdorff semidistance
dx(+,-) defined on the subsets of X by

dx (A, B) := sup inf d(a,b), VA,BC X.
acAbEB

Let X1, X2 be Banach spaces and Z be a topological vector space such
that X7 — Z and X3 — Z. Then X7 N X5 and X; + X5 are Banach spaces
equipped with the norms

Hu||XlﬂX2 = ”uHX1 + HuHXza
Jullx +x2 = inf{{lurl[x, + [Juzllx, : u=u1 + ua}.

It is known that if X; N X5 is dense both in X; and Xy, then (X; N Xy)* =
X7+ X5,

2. Preliminaries. We recall some basic results on function spaces
from [5]. Let N > 2, a € (0,2), and
4

— €(2,00) if N =2,
2*_ (0]
* 2N S 2N if N >3
N—2+a "N_2) "=

The number 27, has the role of the critical exponent in the classical Sobolev
embedding.

The natural energy space for problem involves the space Dé((?, o),
defined as the closure of C5°({2) with respect to the norm

/
g2y = (§ o)V dz) "
(0]

It is a Hilbert space with respect to the scalar product

(u,v) := S o(z)VuVudz.
Q
The following lemmas come from [5, Propositions 3.3-3.5].

LEMMA 2.1. Assume that £2 is a bounded domain in RN, N > 2, and o
satisfies (Hq). Then the following embeddings hold:
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(i) Di(2,0) — L% () continuously;

(ii) D§(2,0) — LP(2) compactly if p € [1,2%).

LEMMA 2.2. Assume that §2 is an unbounded domain in RN, N > 2, and
o satisfies (Hg'). Then the following embeddings hold:

(i) D§(£2,0) — LP(2) continuously for every p € 25, 25);

(ii) D(2,0) — LP(£2) compactly if p € (25,22,

We now consider the case where {2 is a bounded domain (the unbounded
case is considered similarly with (Hg%;) instead of (Ha)).

We consider the boundary value problem
(2.1) —div(e(z)Vu) = h(z) € L*(2), z€ N2, ul|pg=0.

Set

X =1%9), D(A)=Ce (), Au=—div(o(z)Vu).
Then problem corresponds to the operator equation
Au=h, uweCF2), hecX.
For every u,v € C§°({2), we have
(Au,v) = S o(z)VuVvdr = (u, Av).
02
It follows from Lemma [2.1] that there is a constant C' > 0 such that

(Au,u) > Clul|3%  for any u € C°(£2).
Hence, A is symmetric and strongly monotone. Applying the Friedrichs ex-
tension theorem [16, Vol. IIA, pp. 126-135], we find that the energy space
Xp equals D}(£2,0) since Xp is the completion of D(A) = C§°(£2) with
respect to the scalar product (u,v) = {, o(2)VuVovdz, and the extensions
satisfy
ACACAE,

where Ap : Dy(£2,0) — D7'(£2,0) is the energetic extension, and A =
—div(o(z)V) is the Friedrichs extension of A with the domain of definition

D(A) ={uecD)R,0): Auc X}.
Noticing that 27, > 2, we have an evolution triple

D{(2,0) — L*(N2) — D 1(2,0)
with compact and dense embbedings. Hence, there exists a complete or-
thonormal system of eigenvectors (e;, A;) such that

(ej,ex) =06, and —div(o(z)Ve;) = Njej, j,k=1,2,...,
O<M <A<+, Aj— +ooasj— o0.
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3. Existence of global attractors. Denote
OQr =02x(0,T), A=-—div(c(z)V),
V = L*(0,T;D}($2,0)) N LP(027),
V* = L*0,T;D ' (2,0)) + L (7).
In what follows, we assume that g € L?(£2) and vy € L%(f2) are given.

DEFINITION 3.1. A function u(x,t) is called a weak solution of (1.1]) on
(0,7) iff

ueV, ?;Z eV ulmo=up ae.in 2
and
0
(3.1) S (aq:g0+aVuV<p+f(u)<p+gg0> dx dt =0
Qr

for all test functions p € V.

The following proposition shows the continuity of weak solutions with
respect to time ¢, which makes the initial condition meaningful.

PROPOSITION 3.1. Ifu € V and Ou/dt € V*, then u € C([0,T]; L*(£2)).

Proof. We select a sequence u,, € C*([0,T]; D§(§2,0) N LP(§2)) such that
Up — U in 'V, 3810:_)681: in V*.
Then, for all ¢,y € [0,T], we have
() = um (D) 72y = llun(to) = um(to) 1720
¢
+2 [ up,(s) = uly (5), un(s) = um(s)) ds.

to
We choose tg so that
1 T
lun(to) — um(to)ll72(m) = T V lln () = wn (D)1 72 dt.
0
We have
| fun(t) — um (t)|? dt
(9}
1 T t
== V un () = wm ()P dt dz + 2 | (ur,(5) = () (un () — um(s)) ds do
0 o
1 T
<= | § (1) = um (8)1? da dt + 2][uf, — ul, [[v=]|un — v
20
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Hence, {u,} is a Cauchy sequence in C([0,T]; L?(£2)). Thus it converges
in C([0,T); L3(£2)) to a function v € C([0,T]; L?(£2)). On the other hand,
since u, — w in V, u,(t) — u(t) in L*($2) for a.e. t € [0, T]. Therefore, we
deduce that u = v a.e. This implies that u € C([0, T]; L?(£2)) (after possibly
redefining it on a set of zero measure). =

THEOREM 3.2. Under conditions (1.2))-{1.3), problem (L.1) has a unique

weak solution u(t) satisfying

u € O([0,00); L*(£2)) N L, (0, 00; Dy (2, 0)) N Ly,

loc

(0, 00; LP(£2))

and

8u _ / ’
5 € L} (0,00, D7 (02,0)) + LY, (0, 005 LP (£2)),

where p' is the conjugate of p. Moreover, the mapping ug — u(t) is contin-
uous on L?(£2).

Proof. Ezistence. We look for an approximate solution wu,(t) that be-
longs to the finite-dimensional space spanned by the first n eigenfunctions
of the operator A, so that u,(t) = 3°7_, unj(t)e;, and solves the following
problem:

ou )
(32) aaej +<Aunae]>+<f(un)’ej>+(ga€]) :07 1 S] <mn,

(un(0), ¢5) = (uo, &)-
The existence of u,(t) follows from the Peano theorem. We now establish
some a priori estimates for u,. We have

1d
B a”un”%%m + ”UnHZD(l)(QJ) + S J(un )ty do + S gup dz = 0.
19 Q
Using condition ([1.2)) and the Cauchy inequality, we get
1d
(33) 5 %HunH%m) + l[unllBs 0.0y = Col€2l + C1 | [un|” de

)
1 A1
< W 1911720y + > |72 ()

where A; is the first eigenvalue of A in (2 with the homogeneous Dirichlet
condition (note that ||u||%3(970) > )qHUH%Q(Q)). Hence

d
%IlunHiz(g) < _>‘1Hun”%2(9) + Cu,
where Cy = (1/A1)]|g]|? + 2Co|$2|. Using the Gronwall inequality, we obtain
_ Cy _
(3.4) lun(®)1720) < € un(0)I720) + 1= (1 — 7).

A
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This estimate ensures that the solution wu,(t) of (3.2) can be extended
to +o0.
From (3.3)), we have

d
a3y + un @by 0.0) +2C1 | lun(®F do < C

2

Let T be an arbitrary positive number. Integrating both sides of the above
inequality from 0 to T', we get

T T
lun (T2 + § ()15 (2,0 At +2C1 Vunl? dadt < ||un(0)||72g) + CaT.
0 0

This inequality shows that

e {u,} is bounded in L>(0,T; L*(£2));

e {u,} is bounded in L%(0,T;D{(£2,0));

e {u,} is bounded in LP({27).

We first use the boundedness of {u, } in LP({27) to prove the boundedness
of {f(uy)} in L¥ (£27), where p’ is the conjugate of p. Indeed, the condition

(1.2) implies that
()] < Cs(1+ [uP™1),

Therefore,

1 )l ) = V)| Flun)? dz dt

O

<\ Q4+ |7y dzdt < C

00
Hence {f(uy)} is bounded in L¥ (7).
Next, we show that {9u,, /0t} is bounded in L (0, T; D~1(2, 0)+ LP (12)).
Indeed, since

O

S (14 |up|?) dz dt.
2

L (O
we conclude that {Ju,/0t} is bounded in V*. Combining this with the
fact that L2(0,T;D~(£2,0)) and L¥ (£27) are continuously embedded into
LY (0, T; D~ (2, 0) + L¥ (£2)), we obtain the desired result.

From the above results, we can assume that

u, — uin L2(0,T; D}(02,0));
Uy — u in LP(£27);

Flun) = x in LV (2r);

Oy, /Ot — Ou/0t in V*.
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Since u € V and u; € V*, we conclude that v € C([0,T); L?(£2)) thanks to
Proposition [3.1}

It remains to show that x = f(u) and u(0) = ug. Since {u,} is bounded
in L2(0,T;D}(2,0)) and {du,/dt} is bounded in LP (0, T;D~1(2,0) +
L (£2)), it follows from the Aubin-Lions Lemma [IT} p. 58] that

u, — u strongly in L*(0,T; L*(£2)).
Hence, we can choose a subsequence {uy, } such that

Up, — U a.e. in 7.

It follows from the continuity of the function f that

flup,) — f(u) ae. in 7.

In view of the boundedness of {f(un,)} in LP (27), by Lemma 1.3 in [I1}
Chapter 1], we have

flum) = f(u) in LY (27),
and taking into account the uniqueness of a weak limit, we get x = f(u).
To prove u(0) = up, choosing some test function ¢ € C*([0, T]; D§(£2,0)N
LP(£2)) with ¢(T") = 0 and integrating by parts in ¢ in the approximate equa-
tions, we have

T
| —(un, @) dt + | (0Vun Vo + f(un)p + go) da dt = (un(0),(0)).
0 O

Taking limits as n — oo we obtain
T

35) | —{u@)dt+ | (0(@)VuVe + f(u)p + gp) dedt = (uo, p(0)),
0 Qr

since 1, (0) — up. On the other hand, for the “limiting equation”, we have

T
36) | —(u¢)dt+ | (c(x)VuVe+ f(u)p+ gp) dodt = (u(0), p(0)).
0 Q7
Comparing (3.5) with (3.6) we get u(0) = ug. Thus, u is a weak solution
to (1.1). The global existence of the solution u follows from the following
inequality, which is proved similarly to (3.4)):
_ Cy _

(3.7) lu() 1720y < e u(0) 1720 + N o ),

Uniqueness and continuous dependence. Let u, v be two solutions of prob-
lem (1.1)) with initial data wug,vo € L?(£2). Then w = u — v satisfies

{wt+Aw+f(u)—f(v) =0, z€,t>0,

wlan =0, w(0) = ug — vp.
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Hence
1d N )
5 %Hwnlﬁ(()) + ”wHDé(Q,g) + ;Z(’U, — U)(f(u) — f(U)) dr = 0.
Using condition ([1.3]) we have

d
gilelE) + 2leliby g ) < 20wl

Applying the Gronwall inequality, we obtain

Hw(t)HLQ(Q) < ||U)(O)”L2(_Q)6203t.

This implies the uniqueness (if ug = vp) and the continuous dependence of
the solution on the initial data. =

Theorem 3.2 allows us to define a continuous (nonlinear) semigroup S(¢) :
L?(£2) — L?(£2) (in the sense of Definition 2.1 in [14]) associated to problem

(1.1) as follows:
S(t)uo = u(t),

where u(t) is the unique weak solution of problem (|1.1)) with the initial
datum ug. We will prove that the semigroup S(¢) possesses a compact con-
nected global attractor A in L%(2).

First, from (3.7) we deduce the existence of an absorbing set in L?(£2):
There are a constant R and a time to(|uo||z2()) such that for the solution
u(t) = S(t)uo,

la®)l 2y < B for all t > to([luo 2(0)).

Multiplying the equation in ([1.1)) by u and using (1.2)), we get
1 d 2 2 p
3 g @ lz2) + lu®)lpy 0 + C1 | lu()? dz — Co|2| + | gudz < 0.
2 Q

Integrating between ¢ and t + 1, we obtain

t+1
1
{ [Hu(s)”%émﬂ) +C1 { Ju(s)P dx + | gu d:c} ds < Col 2| + 5 |u(t) 720
t 2 0
This shows that
t+1 1
(3.8) § [Hu(s)n%éw) e }2 lu(s)[P dz + (Szgu dx} ds < Col Q| + 5 R?

for all ¢ > to(||uol|z2())- Noting that
(3.9) Co(|ul” —1) < F(u) < Cr(lul” + 1),
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where F(u) = | f(€) d, we obtain

t+1
1
(3.10) | [2\|u(s)u%ém,g) + | F(u)dz + | gu da:] ds < Cg
t k0] 9]
for all ¢ > to([luollp2(s2))-

In what follows, we shall derive an a priori estimate in D} (2, o) N LP(£2)
for the solutions, which holds for smooth functions and will become rigorous
by using a Galerkin truncation and a limiting process. Taking the inner
product of with u;, we obtain

d[1
(3.11) 7 [2”“"%(1)((2,0) + (SZ(F(U) + gu) dx] = *HUtH%‘Z(Q) <0.

Using the uniform Gronwall inequality, from (3.10)), (3.11)) and (3.9) we

conclude that
(O 2y + § (O do < Co
2
provided that ¢ > to(||ug||) + 1. It follows that the ball By centered at 0 with
radius Cy is an absorbing set for S(t) in D}(£2,0) N LP(£2).
Using the absorbing set By in D}(£2,0) and noting that D}(2,0) —
L?(£2) compactly and L?({2) is connected, we obtain the following theorem.

THEOREM 3.3. Under conditions (1.2)—(1.3)), the semigroup S(t) as-
sociated to problem (1.1) possesses a compact connected global attractor
A= w(By) in L*(02).

REMARK 3.1. In fact, if we are only concerned with the existence of the
global attractor in L?(£2) for the semigroup S(t), then the assumption (1.3)
can be replaced by a weaker assumption

(f(u) — f(v))(u—v) > —=Cs|lu—v|*> for any u,v € R.

However, we need to use the stronger assumptions, namely f € C1(R) and
(1.3]), in the next section (to prove Lemma 4.1 and (4.5])).

4. Continuous dependence of the attractor on the nonlinearity.
In this section we consider a family of C! functions fy, A € A, such that
for each A € A, f) satisfies conditions — with the constants inde-
pendent of A. The family A is endowed with a topology 7 such that the
convergence A\; — A with respect to 7 implies that

fa; (W) — fa(u)  for any u.
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Let S; (A, ugp) be the semigroup generated by the problem
—div(o(z)Vu) + fr(u) + g(xz) =0, x €, t>0,
(4.1) u(t,x) =0, redf2, t>0,
u(0,z) = up(z), x€ .
From the results in Section 3, this semigroup has a compact absorbing set
By = {ue LX) : Jullpy i < B},

and a compact global attractor Ay = w(By) in X = L*(12).

LEMMA 4.1. Let u be the weak solution of problem (4.1) with the initial
data ug € L*(£2), |Juol|r2(2) < R. Then for any > 0, u(r) € D§(£2,0) and

() 20y < CCR) /7.

Proof. Let {un,} be a sequence of approximate solutions. As in the proof
of Theorem 3.2, we have

(4.2) tmll 22003 (0.0)) < C(R).
On the other hand,

dt
Hence

1 d
B dt”um”']_)l 2.0) ‘|‘tHA“mHL2(Q)

—t | £ ()0 ()| V| dz + t(g, Aup,) = 0.

( L om(D), Aum> (At Ating) + £(f (), Attm) + (g, Atiyy) = 0.

(9}
Using the Cauchy inequality and noting that f/'(u) > —C, we obtain
1 1
(4.3) §t%HUmHQD5(Q,g) < itHgH%Q(Q)'

Integrating (4.3|) with respect to ¢ on (0,7) we get

T T

Tl () s ) < §lum @)1 ) dt + § gl 72 dt.
0 0
Combining this with (4.2) we deduce that
(4.4 (P < CCR)

As (4.4) holds for all m, this completes the proof. =
LEMMA 4.2. Si(+,-) is continuous in A x X for any fixred t > 0.

Proof. Let (Ao, up) € A x X and (Aj,uj,) € A x X be such that A; — Ao
and wj, — ug. Let u;(t) = S¢(Aj,uj,) be the solution of problem 1.} with
the nonlinearity fy; and the initial data uj,. Since fy; satisfies ( . .
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with the same constants and {uj,} is bounded, by using arguments as in the
proof of Theorem 3.2, we find that

{u;} is bounded in L*°(0,T; L*(12));

{u;} is bounded in L?(0,T;D(£2,0));

{fx,;(u;)} is bounded in L (92r);

{dyu;} is bounded in L*(0,T;D~1(2,0)) + L (2r).

We can apply the Aubin-Lions Lemma [II), p. 58] to conclude that {u;}
is relatively compact in L?(0,T; L?(2)). Hence, there exists a subsequence
(still denoted by) u; such that

u; —* w in L>®(0,T; L*(£2));

u; — u in L*(0,T;D}(£2,0));

u; — u strongly in L2(0,T; L3(12));

uj — v a.e. in 2 x (0,7);

Iy () = win Lp/(QT);

o du; — dwu in L2(0,T;D~Y(2,0)) + LV (2r).

Combining these with the hypotheses imposed on f) and the fact that fj,
converges almost everywhere to f, we have

(4.5) fa; (W) = fao(u) almost everywhere in 2 x (0,T).

From Lemma 1.3 in [IT, Chapter 1], we have w = fy,(u). By passing to the
weak limit, we find that u is the solution of problem with the initial
datum ug and the nonlinearity f,, that is, u(t) = S¢(Ao, uo)-

Since u; — w in L*(0,T;L*(£2)), u;(t) — wu(t) in L*(2) for all ¢t €
(0,7) \ E, with p(E) = 0. Denote M = D~'(£2,0) 4+ L (2). For any fixed
t > 0, we choose t; ¢ E such that t; — t and

luj(t5) = u(tj)llar — 0 as j — oo

We have
[[w;(t) — u(t)|[am
<l (@) = wj () s + [l () — w(tg)lae + [Jult;) — w(t)|m

= |§uteras] , o —ule + | §wioras]

J
<10l o 0 ay |t = 1P+ Nl (85) = wlty)llas
+ ||8tu”Lp’(o7T;M)|t - 7fj|1/p-

From the boundedness of {dyu;} and dyu in LP' (0, T; M) we conclude that
uj(t) — u(t) in M.
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On the other hand, using Lemma 4.1 we can prove that {u;(t)} is
bounded in D§(§2,0) for any fixed t > 0. As D}(£2,0) — L?(2) compactly,
there is a subsequence, still denoted by w;, such that u;(t) — v(t) strongly
in L2(£2) and thus in M. By the uniqueness of the limit in M, we have
v(t) = u(t).

We have proved that for any sequences (\j, uj,) — (Ao, uo), there exists a
subsequence of S¢(\;, uj,) which converges in L?(£2), the limit is independent
of the subsequence, and it equals S; (Ao, ug), so the whole sequence S¢(A;, uj, )
converges to S¢(Ng, ug). Hence, Si(+,) is continuous at (Mg, ug). =

THEOREM 4.1. The family {Ay : X\ € A} depends upper semicontinu-
ously on the parameter A, i.e.,

limsup dx (Ax, Ay,) = 0.
A—Ao

Proof. For any \; € A, the semigroup S;(\;, u) has a compact absorbing
set

By, = {u e L*(2) : |ullpye.q < B},
where R is a sufficiently large constant depending only on the constants in
(1.2)—(1.3)). Hence, we can choose R independent of \;. Hence, there exists
Bo = {u € LX) : lullpy(o0) < B}

such that for any bounded set B C L?(£2) and for any \, there is 7 = 7(\, B)
with Si(A\, B) C By for t > 7. Let € > 0. There exists T" = T'(¢) > 0 such
that

(Sx(ST()\(), B),A,\O) < €.

By Lemma 4.2, for any = € By, there are open neighborhoods V(x) and
W(Ao) in X and A such that

Ix(ST(A\, V(z)), Ax,) <€ for any A € W(Ag).
Since By is compact in X, there exists a neighborhood W of Ag such that
dx(ST(A, By), Ay,) <€ forany A € W.

Therefore
Ox(Ax, Ax,) <€ forany e W. =

5. Continuous dependence of the attractor on the diffusion.
We consider a family of diffusion coefficients {o¢}o<c<c, such that for each
0 < € < €, o satisfies the following conditions:

(Ha.) 0c € L (£2) and for some a, € (0,2), liminf, . | — 2|~ %o (z)

loc

> 0 for every z € (2.
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Moreover, we assume that o, — o9 in L{ (£2) as e — 0, and that the
embeddings D} (12, 0.) — D}(£2,0¢) are continuous uniformly with respect
to € € (0,¢€p), that is, there exists C' > 0 independent of e such that

HUHDé(Q,oo) < CHUH'Dé(Q,Ue) for all u € Dé(Qjae) (0 < €< ep).
A typical example which satisfies the above assumptions is 2= By~ (0, 1)
and o.(z) ~ |z|%, where « € (0,2), o := a— € € (0,2), og(z) = |z|*.
Let Sc(t) (0 < e < ¢y) be the semigroup generated by the problem
u — div(oe(z)Vu) + f(u) + g(x) =0, =z €2, t>0,
(5.1) u(t,z) =0, €02, t>0,
u(0,x) = ug, x € 2.

From the results in Section 3, for each 0 < € < ¢y the corresponding semi-
group S¢(t) has a compact absorbing set

Be={ue L*(2): |ullpi(n0y < R},

and has a compact global attractor A. = w(B,) in the space X = L*({2).
Because R depends only on [|ug||z2() and on the constants in ([1.2)—(1.3)),
we can choose an absorbing set By for all semigroups S¢(t),

By = {u e L*(0): ullpi(0o.) < B, VO <€ < e}
Since By is the absorbing set, we have
Ac = Sc(t)Ac C By
for all ¢ > to([luollr2(p)) + 1 and 0 < € < €. Thus
U A cB.
0<e<eg

On the other hand, by using arguments as in Theorem 3.2, one can easily
prove that there is a constant C' such that for all weak solutions u€ on (0,7,
€ €[0,¢g), of problems (5.1 with the same initial data ug € L?(£2), we have

(5.2) Hue(t)H%Q(O,T;Dé(ﬂ,ae)) <C forallee|0,e),t >0,
where C' = C(||uol|2(2), T', Co, |2], A\1).

We now prove the following lemma.

LEMMA 5.1. For any fized t > 0, Sc(t)up — So(t)up uniformly on
bounded subsets B of L*(£2) as € — 0, that is,

sup [|Se(t)uo — So(t)uollr2(2) =0 ase—0.

upEB

Proof. Let uf(t) := Sc(t)uo (0 < € < €) be the solution of problem ([5.1))
with the initial data ug € B. Then, by the definition of weak solutions, we
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have
T
(5.3) S(u,f,@ dt + S oe(z)VuNpdrdt
0 Or
+ S f(u®)pdxdt + S g(x)pdrdt =0,
Qr Qr
and
T
(5.4) S(u?,@) dt + S o(z)Vu'V du dt
0 Qr

+ S fu®)pdxdt + S g(x)pdrdt =0,
r r

for all test functions ¢ € C3°({2r).
Repeating the arguments in the proof of Theorem 3.2, and since D§(£2, o)

— D}(£2,0¢) continuously uniformly with respect to € € (0, ¢p), we deduce
that

e {u} is bounded in L?(0,T; D (02, 0));

e {uf} is bounded in LP(27);

o {f(u)} is bounded in L¥ (£27);

e {uf} is bounded in L2(0,T; D~1(2,00)) + L¥ (27).

Hence there is a subsequence (still denoted by) {u¢} such that

e u¢ — v in L*0,T;D§(£2,00));
o f(u) = f(0) in L7 () |
o uf — v in L2(0,T; D102, 00)) + LP (27);
e uf — vin L0, T; L?(02)).
Since
S o (x)VuVp = S oo(x)VuVe + S (oe(z) — oo(z)) VuVo,
Qr 27 for
and

| (0el@) — 0(@)) Vur Ve
O
1/2

< (@ +aa@)va?) (| louto) - an(@) 7o) 0,
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as € — 0, where we have used (5.2)) and the fact that o. — g in Li (£2),
we deduce that

S o (x)VuVep — S oo(x)VuVy ase— 0.
Qr Qr

By passing to the weak limit in , we see that v is a weak solution
to problem with ¢ = 0. By the uniqueness of the weak solution, we
conclude that u? = v. Hence, using arguments as in the proof of Proposition
3.1, one can prove that for any bounded subset B of L%(£2), ug € B, and for
any ¢ > 0 given, there exists an () > 0 such that [|u(t) — u®(t)|| 120y < &
for all 0 < € < €(d). The proof is complete. =

We are now in a position to prove the following

THEOREM 5.1. The family {A.: 0 < e < eg} depends upper semicontin-
uwously on the diffusion coefficients o, i.e.,
limsup dx (A, Ag) = 0.
e—0

Proof. Given 6 > 0, we first show that S.(¢t)By C N(Ap,d) for some
t > 0 and € < ¢(d). Now, since A attracts By there exists a time ¢ such that

S()(t)BO C N(.A(), 5/2)
Then, for e sufficiently small, we can ensure that

sup [ Se(t)u — So(t)ullr2(0) < d/2.
u€ By

Thus in fact, for € < €(d), since A, C By,
Ae = Se(t)Ae C Se(t)Bo C N(Ao,é),
and it follows that dx (A¢, Ag) < 6. This completes the proof. =

6. Some remarks on the case of an unbounded domain. In this
section we discuss the case of an unbounded domain 2 ¢ RV, N > 2, and
we assume that the weight function o(z) satisfies the condition (H3’;). Then
the operator A = —div(o(x)V) has the same properties as in the case of a
bounded domain. On the other hand, we still have the continuous embedding
D{(2,0) — L2 (), and in particular the embedding D}(£2, ) — L?(£2)
is compact. Therefore, we may apply the methods used for a bounded do-
main to this case with some small changes in the conditions imposed on the
nonlinearity f.

More precisely, we assume that f : £2xR — R is a Carathéodory function
satisfying
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(6.1) |f (@, u)] < CrlulP~ + ha(),
(6.2) f(z,u)u > ColulP — ha(x),
(6.3) fulx,u) > —Cs,

where hy € L (2),hy € L'(£2) are nonnegative real-valued functions. We
can now repeat the arguments used in Section 3 to obtain

THEOREM 6.1. Under conditions (Hg5) and —, problem

defines a semigroup S(t) : L*(£2) — L*(82), which has a compact connected
global attractor A in L*(£2).

We can also prove the upper semicontinuous dependence of the global
attractor on the nonlinearity and on the diffusion coefficient by using argu-
ments as in Sections 4 and 5.
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