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Multiple solutions for a class of p(x)-Laplacian equations
involving the critical exponent

by XING ZHANG, XIA ZHANG and YONGQIANG Fu (Harbin)

Abstract. We study the multiplicity of solutions for a class of p(z)-Laplacian equa-
tions involving the critical exponent. Under suitable assumptions, we obtain a sequence of
radially symmetric solutions associated with a sequence of positive energies going toward
infinity.

1. Introduction and main results. With the emergence of nonlinear
problems in natural science and engineering, the previous studies made in
Sobolev spaces demonstrate their limitations in applications. For example,
a class of nonlinear problems with variable exponential growth is a new
research field and reflects new kinds of physical phenomena. In the studies
of nonlinear problems, variable exponent Sobolev spaces play an important
role.

In recent years, differential equations and variational problems with p(z)-
growth conditions have been studied extensively (see for example [II, 2 3|
0, 13, 15]). In [9], Fu established a principle of concentration compactness
in the Sobolev space W1 P(*) which is a generalization of the corresponding
result in [I2]; he also discussed the existence of solutions for a class of p(z)-
Laplacian equations with critical growth.

In this paper, we will consider multiple radial solutions for the following
kind of p(x)-Laplacian equations with critical exponent:

W) { — div(|Vu[P®) =2V + [uP®) 2y = [uP" @20+ f(z,u), =€ 1,
. u(z) =0, x € 042,

where 2 C RY is a bounded, radially symmetric domain and 0 ¢ 2, pis
Lipschitz continuous, radially symmetric on {2 and satisfies 1 < p_ < p(x) <
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p+ < N, and p*(z) = Np(x)/(N — p(x)). Here we denote
p+ =sup p(z), p- = inf p(z)
z€ 2 ze 2
and write p1(z) < pa(z) whenever inf_ . 5 (p2(x) — p1(z)) > 0. Throughout
this paper, we assume that f(x,t) satisfies the following conditions:
(H1) f € C(2 x R,R) and there exists a € C(£2) with either 1 < a_ <
a(z) < p(x) for all x € 2, or p(x) < a(z) < p*(z) for all z € (2,
and ag, a; > 0 such that for any (z,t) € 2 x R,
|f (. 6)] < ag + a[£|*)
(H2) f(z,t) = —f(z,—t) for any (x,t) € 2 x R.
(H3) f(x,t) = f(|z|,t) for any (z,t) € £2 x R.
In this paper, we will prove the following result.
THEOREM 1.1. Assume hypotheses (H1)—(H3) are fulfilled. Then prob-

lem (1.1) has a sequence {u,} C WHP@)(02) of radially symmetric solutions
such that

IV, [P + [, [PE) |, [P7()
p(un) = S B
p(x) p*(z)

- F(az,un)> dx — oo
9]

as n — oo, where F(x,t) = Sg f(z,s)ds.

2. Preliminaries. First we recall some basic properties of variable ex-
ponent Lebesgue spaces LP(®)(£2) and variable exponent Sobolev spaces
W) (), where 2 € RN is a domain. For a deeper treatment of these
spaces, we refer to [4 [5, [7, 8, [10].

Let P({2) be the set of all Lebesgue measurable functions p : £2 — [1, 00)

and
[ulpay = inf {2 > 0 § Ju/ AP de <1}, (2.1)

0
The variable exponent Lebesque space LP()(£2) is the class of all functions
u such that §, |u(z)|P®) dz < co. Under the assumption that 1 < p_ < p,

< o0, LP*)(2) is a Banach space equipped with the norm (2.1).
The wvariable exponent Sobolev space WHP#)(§2) is the class of all func-
tions u € LP®)(£2) such that |Vu| € LP*)(£2) and it can be equipped with

the norm
Huul,p(x) = ’u‘p(x) + ’vu‘p(x) (2'2)

For u € WhP®) (), if we define

ulP®) 4 |V P
S \p(@)

lufl = inf {/\ >0: dx < 1}, (2.3)
Q

then [|uf| and [Ju[; p(,) are equivalent norms on WLr@)().
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By Wol’p(x) (£2) we denote the subspace of W P(®)(£2) which is the closure
of C§°(42) with respect to the norm . We know that if 2 ¢ RV is a
bounded domain, |lul|;, p(,) and |Vu|p,y are equivalent norms on Wol’p(z) (£2).

In this paper, we will discuss equation (1.1) when p(x) is radially sym-
metric. First of all, let us introduce some notation.

Let O(N) be the group of orthogonal linear transformations in RY, and
G be a subgroup of O(N). For = # 0, we denote the cardinality of G, =
{gz : v € G} by |G| and set |G| = inf cgn ;20 |G| An open subset (2 of
RY is G-invariant if g2 = £2 for any g € G.

DEFINITION 2.1. Let £2 be a G-invariant open subset of RY. The action
of G on Wy ™) (02) is defined by

gu(@) = u(g™'z)
for any u € VVO1 P (x)(Q). The subspace of invariant functions is defined by
Wy B(02) = {u e Wy P™(2) : gu = u,¥g € G}
A functional ¢ : Wol’p(z)(Q) — R is G-invariant if p o g = ¢ for any g € G.

Under the condition 1 < p_ < py < oo, VVO1 P (z)(Q) is a separable
and reflexive Banach space, so Woljg(m)(ﬂ) is also a separable and reflexive
Banach space. Thus there exist {e,}22,; C Wol”g(x)(ﬂ) and {fm}>o , C
(Woljg(x)(()))* such that

1 if n=m,
fmlen) = {0 if n # m,

and

Woljzg;(ﬂ»‘)(g) — span{ez‘ = 17 2, .. .},
(Woti (@) =span{fy = 1,2, .},

where (I/VO1 g(m)(ﬁ))* is the dual of VVO1 ’g(x)(ﬁ). In the following, we will
denote Y,, = span{ey, ..., ey}, Z, = span{ey : k =n,---}, for any n € N.

In order to find critical points of (1.1), we will need the following result

due to Fu [9]. Let M (f2) denote the class of nonnegative Borel measures of

finite total mass and let p, — p in M (£2) be defined by SQ ndp, — SQ ndu

for any n € C>°(2) N C(£2).

PROPOSITION 2.1. Let {u,} be a sequence in Wol’p(x)(ﬁ) with |V ()
< 1 such that u, — u weakly in Wol’p(x)(ﬁ), |V, PP — 1, Jup [P ®) — v
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in M(£2). Then the limit measures are of the form
p= VAP 43l 4 (@) <1
jedJ
v = a4 v, (@) <C
jedJ
where C* = sup{SQ|u]p Vdx : u € W(}’p(x)((}), Vulpey < 1}, J is a
countable set, and fi € M(£2) is a nonatomic positive measure. The atoms
and the regular part satisfy the generalized Sobolev inequality
v(2) < C* max{u(Q2)"H/7=, p(2)7-/P+},

pL/p— p_/p+}

j < CF max{y; Ny

LEMMA 2.2. Set 0, = SuDyez, juj<i Jo luP"(®) dz. If |G| = oo, then
0, — 0 as n — oo.

Proof. 1t is obvious that 0 < 0,41 < 0,,, s0 0, — 6 > 0 as n — oo. There
exist u, € Z, with |Ju,| < 1 such that

1
0<0, S |t |[P" ) d: <
Q
for each n = 1,2,.... As I/VO1 ”g;(x)(ﬂ) is reflexive, passing to a subsequence,

still denoted by upn, we may assume that there exists u € W P (z)((Z) such

that u, — u weakly in W, ’g(w)(ﬁ), as n — oo.

(i) w = 0. In fact, for any f,, € {f, : n =1,2,...}, we have f,,(u,) =0
when n > m, so f(uy) — 0 as n — co. It is immediate that f,,,(u) = 0 for
any m € N. Since

(Wo'es” (@) = span{fy: j = 1,2...},

it follows that v = 0.

By Proposition 2.1, there exist a finite measure v and sequences {x;}
C 2 such that |u,[P"®) —~ p = > jes Vidz; in M(£2), where J is a count-
able set.

(ii) We claim v; = 0 for any j € J. Suppose that there exists jo € J such
that v;, = v({z;,}) > 0. As u, € Wol”g(x)(ﬂ), the measure v is G-invariant.
For any g € G, v({gz;,}) = v({zj,}) > 0. As |G| = o0, v({gzj, : g € G}) =
00. But we know the measure v is finite, so that is a contradiction. Set n = 1.
Then we get {5 |un[P"@ndz — {5mdv = 0. Hence it is easy to deduce the
result. m
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3. The proof of Theorem 1.1

DEFINITION 3.1. We say that up € Wol’p(x)(Q) is a weak solution of
problem (1.1) if for any u € Wol’p(x)(ﬁ),

S (\Vuo\p(x)_QVuOVu + \uo]p(x)_zu(]u — ]uo\p*(x)_Quou — f(:c,uo)u) dz = 0.
Q

It is easy to check that ¢ € C 1(VVO1 P (x)(Q), R) and the weak solutions
for problem (1.1) coincide with the critical points of ¢.

In the following, we assume G = O(N). By condition (H3), it is imme-
diate to see that ¢ is O(N)-invariant. Then, by the principle of symmetric
criticality of Krawcewicz and Marzantowicz [11], we know that ug is a crit-

ical point of ¢ if and only if uy is a critical point of © = | 1@ .
Wy o) (£2)
Therefore, it suffices to prove the existence of a sequence of critical points

~ 1p(x
of ¢ on WQ%((K,)(Q).

LEMMA 3.1. Any (PS) sequence {u,} C Wol’g((x]z,)(ﬁ), ie. |p(un)| < c
and @' (un) — 0, as n — oo, is bounded.

Proof. Let u(x) = (p(x) + p*(x))/2. Denote

= G ) >0 i () >

Then we get

SZ(Un) - <&l(un)7 un//'L>

1 1 U
= (== = == ) (V") + Jun|P)) + —"5 |V, [P 2 V0,V
})((M ) (0P i) 5 e g
1 1 % 1
+ _ unp(x)_Fi ;p,unun—Fl‘,un>dl‘
(i~ 57 o ey S — P
> | (V@ + lofun P @ 4+ " [V, D20, Vi
B ()
1
+ —— f(x,up)un, — F(z,uy )d;v.
oy f v — Pl

By condition (H1), for any (z,t) € 2 x R,

|t|a(ar)
< .
|F(z,t)] < aplt] + aq (@)

Hence there exist cg,c; > 0 such that

L flx,up)uy — F(z,uy)

< colun| + cllunla(’”).
p(z)




96 X. Zhang et al.

As p(z) is Lipschitz continuous on (2, the Young inequality implies that
for any 1 € (0,1),

|Vun|p(x)2VunVN’ < | Vaun [Py |

o 1-p(z)
< ¢ <51(p(:v)1) |Vt [P@ 4 S un|p(m)>
p() p(z)

< ca(e1|Vun[P® 4 &7 un [P@).
Let €1 be so small that caeq < 11/2. Then
B(un) = (&' (un), un/p(z))
> S (l21 |V [P + Iy [P @) — colun] — e1|un| @) — 0251p+|un|p(‘r)> dx.
Q

Noting that a(z) < p*(x), p(z) < p*(z), by the Young inequality, for any
£9,E3,€4 € (0, 1), we get

()2

| < 2l P @) 1
ORI O
.

< €2|un|p*(a:) +52 s

esa(@)|un[” ) pF(x) —alz) oG

w. @) < + e o@—77@
o P (@) ORI
a+
< 53|un|p*( +eq T —aL’
_ (x)
lup [P@ < e4p(2) [P (@) 4 p*(z) — p(z) 5p<w)p—p*<x>

p*(x) p*(x)

,%
< eqlunl? () +e, 0T

Let €9, €3, €4 be so small that coes + c1e3 + 02817“54 < l3. Then

(Z(un) - <‘El(un), Un/,u> > S <121 !Vun]p(“") — 03> dz.
N

Note that
(@ (un)s un/m)| < NS (un)ll - fln/pell
< cal|@" ()|l - IV (un/ ) p(zy < esll@” (un)ll - [Venlp(a),

and for n € N large enough, we have c¢s||¢’(uy,)|| < 11/4. It is easy to show
that if |Vuy|,,) > 1, then

|Vt p(a) < S Wun‘p(z)
2
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and thus we get
l
o(uy) > S <i |V, [P — 03> dx.
Q
Hence |Vup |y is bounded. If [Vug|,,) < 1, it is immediate that {u,} is
bounded. Thus we get the result. m

LEMMA 3.2. Any (PS) sequence contains a convergent subsequence.

Proof. Let {u,} C Wol’g((x]z,)(ﬂ) be a (PS) sequence. By Lemma 3.1,

{un} is bounded. As W) )(Q) is reflexive, passing to a subsequence, still

0,0(N
denoted by {u,}, we may assume that there exists u € I/VO1 ’g((x]z,)(ﬁ) such

that u, — u weakly in T/VO1 ’g((x ]3[) (£2). We can also achieve that u, — u weakly

in Wol’p(m)(ﬂ). Then u,, — w in LP®) () and in L*®) (), as n — oc.
Note that
(@' (un) — &' (u), un — u)
= | (IVunP") 2V — [VuPD 2 Vu)V (1 — u)
Q
+ (P2~ [P 20) (g — )
= (Junl”" 2y — [l 720 (g — ) = (f (&, wn) = f (2, 0)) (wn —u)) da.
It is easy to deduce that
(@' (un) — @"(u), up —u) — 0,
S(|un|p(m)72un — ulP™~2u) (4, — u) dz — 0.
Q

By Proposition 2.1, there exist a finite measure v and a sequence {z;} C 2
such that |u, —u[?"®) — v = > jeg Vide; in M($2), where J is a countable
set. Note that |O(N)| = oo, so as in (ii) of the proof of Lemma 2.2, we get
v =0. Set n =1, so that

S |ty — ulP” @y de — S ndv =0,
0 9]
ie. up, — uin LP"®) (), as n — co. Then
| (P72, — [P =20) (uy, — w) dz — 0
2
as n — oo. By condition (H1), we obtain
V1 (@ wn) (un = w)l de < (a0 + a1 un|* 1) uy, — u| da
2 n
< aglup — ul1 + cg |un|*® !

o (z) |un - u’a(x)~
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1

It is immediate that |u, — ul; — 0, that | |y, | %)= is bounded and

o/ (z)

that |u, — ulq ) — 0. Hence

S flx,up)(uy —u)dz — 0.
2
Similarly,

S f(z,u)(uy —u)dx — 0.
9]

Thus
S(‘Vun\p(x)_QVun — | VuP® =270V (uy, — u) dz — 0
2
as n — oo. Similar to Theorem 3.1 in [3], we divide {2 into two parts:
O ={zxeR:plx)<2}, Hh={xreR:plx)>2}
On (21, we have
S Vi, — VulP® da
(o

< o | ([Vun P2V, — [Vul"®-2Tu) (Va, — )P
(P71

X (| Vit [P + [WulP@)E=p@)/2 gy
< sl (|Vun "2V un — [Vl 72 0) (Vup = Vi) POy 0 0,

% ,(|vun|p(w) + |Vu|p(””))(2_p(m))/2|2/(2_p(m))’91.

Noting that
S (|Vun PP 2V, — [VulP®=2Tu)V (u, — u) dz — 0

2

implies
(VPO =2V, — (VPO 72u) (Vi — V)" 2]y 00,0, — 0,
we have {, [Vu, — VulP®) dz — 0. On 2, we have
S Vi, — VulP® de
22
< ¢g S (|Vn [P 2V, — [VulP® 2V u)(Vu, — Vu) de — 0.
22

Thus §,, |Vu, — Vu[P® dz — 0. Now it is easy to get u, — u in Wol’g(w)(ﬂ)
asm — 00. m

LEMMA 3.3. There exists R, > 0 such that g(u) < 0 for any u € Y,
with ||ul > Ry.
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Proof. For any u € Y,, we have
(vu|p(z) + |uP®) B |
p(z) p*(x)

‘vu|p(z) + ‘u|p(z) | ) ,u|a(z)
— + aolul + a; dx.
p- jon o(z)

)

Pu) = ~ F(z, u)) dz

QD — QD —

Noting that «
we get

—~

x) < p*(z), by the Young inequality, for any ¢5 € (0, 1),

|u|a(x)
a(z)

Let 5 be so small that €5 < 1/2p% . Then

aplu| + a1 < E5|u\p*(m) + c10.

Pu) < |

<|vu,p(w) + |ulP®) B |u[P" (%)
Q

— + 010> dzx.
- 2p7

|V |P®) f[ufp(®) [ulP” ()
p— 2p7 )d
Let [Ju]| > 1. Note that p,p* € C({2) and p(z) < p*(x). For any z € {2,
there exists an open subset Q(z) of {2 such that

In the following, we will consider {, (

pz= sup p(y) <p, = inf p*(y).
YEQ(x) yEQ(z)
Then {Q(z)},c » is an open covering of 2. As (2 is compact, there is a finite
subcovering {Q(x;)}¥_,. We can use all the hyperplanes, for each of which
there exists at least one hypersurface of some {Q(x;)} lying on it, to divide
UZ 1 Q(z;) into finitely many open hypercubes {£2;}7, which are pairwise
disjoint. It is obvious that £ = [JI*; £2; and

pi+ = supp(z) <p;_ = inf p*(z)

Tl
for i =1,...,m. Denote r; = |Ju||p,. Then
(]Vup(ﬂ”) + |ulp®) ,u‘p*(w)>
S — - dz
p - 2py
m p(z p(z) p*(z)
~ Y| (’VU| )l i >dx
i=1 £ - 2p+
_ S <|Vu|p @) 4 |y p@) |u2,p**(x)> i
ri>10; - P+
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p(z) p(z) p*(x)
oy g (T ey,

ri<1$2; p- 2p+
Pi+
k: ; * m
Z('" W o g ) 2
i>1 P~
where Ky, = infuey, | juflo, =1 $o. |u]p* (@) dz. As Y|, is a finite-dimensional
space, we have k,, >0f0rz—1 ...,m.
We denote by s; the maximum of the polynomial t;” — ;;f tPi- on [0, 00)
- +
for i = 1,...,m. Then there exists ¢y > 1 such that
itk
_ g tpzf +c11 <0
p—  2p%
for t > tg and i = 1,...,m, where ¢;1 = >/, s; +m/p_ + ci9 meas £2.

Let R, > m?%t. If |lu| > R,, then |Jul] > m?*ty > 1. It is easy to verify
that there exists at least one ig such that [luflg, > to > 1, thus

Pig+
W

p— 2p%

~ Py
P(u) < lull gy, + e <.
Now we get the result. m

LeEMMA 3.4. There exist r, > 0 and a, — oo(n — o00) such that
o(u) > ay for any u € Z, with |ul| = ry.

Proof. For u € Z,. Let ||u| > 1, By condition (H1), we get

p(x) p(x) p*(x)
o(u) = S <|VU| - lul _ Jul - F(:c,u)) dx

) p(@) P (@)
|vu|p(af) + |u|p(x) |u|p*(x) |u|a(x)
> S - — — aplu| — ay dz
0 P+ p*(z) a(r)
p(x) p(z)
> S <|Vu| + |u] _ )> di — e,
0 b+
Denote
0,=  sup S luP"®) da,
u€Zn, lull<1 g
thus
~ flulP- v
P(u) > —— — cr2bpf|ufl"+ — c13.
b+
Let

1 L
P— Pior— (2c13p4ph | -
rp, = maxq 1, — s\ .
c12p+p b Py —Dp-
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By Lemma 2.2, we deduce that 8,, — 0 as n — oo; then
Py — p-
PP}

o(u) > rh- —c13 = ap,

when n is sufficiently large and ||u[| = 7. It is easy to conclude that a,, — oo
asn— 00. m

Proof of Theorem 1.1. By condition (H2), ¢ is an even functional on

Wol,’g((?\),)(ﬂ). By Lemmas 3.1-3.4 and the fountain theorem in [14], we know

that the functional ¢ has a sequence of critical points u; C VVO1 ’g((gj\)[)(ﬁ)

such that ¢(ug) = ¢(ur) = ¢ — 00 as k — oo. This completes the proof.
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