ANNALES
POLONICI MATHEMATICI
90.3 (2007)

On the convergence of sequences of iterates
of random-valued vector functions

by Rarar Kaprica (Katowice)

Abstract. Given a probability space (§2,.A4, P) and a subset X of a normed space
we consider functions f : X x 2 — X and investigate the speed of convergence of the
sequence (f™(z,-)) of the iterates ™ : X x 2N — X defined by f'(z,w) = f(z,w1),
fnJrl(I?w) = f(f"(w7w),w,L+1).

Assume that (£2, A, P) is a probability space and X is a nonempty subset
of a separable normed space. Let B stand for the o-algebra of all Borel
subsets of X. We say that f : X x 2 — X is a random-valued vector
function if it is measurable with respect to the product o-algebra B® .A4. We
define the iterates f™, n € N, on the set X x §2°° as follows:

fl($7w17w27 .. ) = f(fI,',LU1),
(2, wy,we, . ) = F(F (2, w1, wa, )y Whtt)-

These iterates were defined independently in [4] and [5] and then studied
also in [10], [2] in the scalar case and in [7] in the vector case. They are useful
for instance in solving functional-integral equations (see, e.g., [3], [6]). In [7]
some conditions are established which guarantee the convergence (a.s. and
in L) of (f™(x,-)) with respect to the product measure.

For a real function f of the form

f(a) = Pz + 2 TG(2)
where « is a positive number, G is a bounded function and ¢ € [0,1],
we have very useful theorems of W. J. Thron [12] which say how fast the
sequence of iterates converges to zero, the unique fixed point, depending on

whether ¢ € (0,1), ® = 0 or & = 1 (see also [11; §1.3]). Some stochastic
versions of Thron’s theorems were obtained in [2] for scalar functions and
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in [8] for vector functions with derivative satisfying the assumptions of the
Krein-Rutman theorem [9] (cf. also [13], [14]).

The present paper is intended as an attempt to get results on the speed
of convergence of iterates of a random-valued vector function f : X x 2 — X
of the form

flz,w) =P(w)r + H(z)G(z,w)

in the case where X is a subset of a separable normed space.

Let f: X x 2 — X be a random-valued function on ({2, A, P). Then
f7 X x 2°° — X is a random-valued function on the product probability
space (£2°°, A, P>°). More exactly, the nth iterate f™ is B®.4,-measurable,
where A,, denotes the o-algebra of all sets of the form

{(wy,wa,...) € 2% :(w1,...,w,) € A}

with A from the product o-algebra A".
We start with the simplest case where f has the form

(1) f(z,w) =2P(w) forx e X and w € 12,

improving in particular Proposition 2 of [7] where the L'-boundedness of
(f™(x,-)) was additionally assumed.

PROPOSITION 1. Assume that {2 is not an atom of P, x € X \ {0} and
f has the form (1) with @ : 2 — R integrable. Then the sequence (f™(z,"))
is uniformly integrable if and only if either E|®| <1 or |®| =1 a.s.

Proof. Clearly
(2) frzw) ==z ] Slwr) on 2.
k=1
Assume that the sequence (f™(x,-)) is uniformly integrable. We shall show
that
(3) E|9| <1.
Suppose not and let A be a measurable set such that

P(A)<1 and ||¢]dP > 0.
A

On account of (2) for all m,n € N we have

| Lf ()| P> = Jlall((§ |2l dP) " (El@)"
{weN>®: wy,...,wm EA} A
Hence
sup | 1f"(z, )| dP® =00 for m € N.
neN

{weN>®: wi,...,w,, €A}
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This together with
lim P{we N :wi,...,wy, € A}) = lim P(A)" =0

contradicts the uniform integrability of (f™(z,-)) and ends the proof of (3).
From (2) and (3) it follows that (f"(z,-)) is L'-bounded. Due to [7; Propo-
sition 2] we have E|®| < 1 or |®| =1 a.s. as desired.

According to (2) we have

E|lf" (@, )| = lz|(E|®[)"  for every n €N,

and if E|®| < 1, then the sequence (f"(z,-)) converges to 0 in L'; in par-
ticular it is uniformly integrable. In the case where |®| = 1 a.s., the uniform
integrability of (f™(z,-)) is obvious. =

Clearly, if {2 is an atom of P, then every sequence of integrable ran-
dom variables is uniformly integrable. In view of Proposition 1 we may
conclude that if {2 is not an atom of P, f has the form (1) and x € X \ {0},
then (f™(x,-)) converges in L' to zero if and only if E|®| < 1. Moreover, if
—o00 < Elog|®| < 0, then it also converges almost surely, which follows from

\kli[l@wk)( - (exp{%ki:llog@(wm})"

and from the Kolmogorov strong law of large numbers. Obviously, the speed
of convergence of (2) depends on the real factor [[,_, @(wy) only.

We shall show that the above fact holds in a more general setting, when
the random-valued function has a more general form and instead of one func-
tion we “iterate” a sequence of random-valued functions ¢, : X x 2, — X,
where (2,, is an arbitrary probability space. In this case by the nth iterate
we understand the random-valued function f™: X x [[,—, 2 — X where

fo(l’,whw% D)=z, fMrwwe,.. ) = SOn(fn_l(%wl,wm cee)yWn)
(cf. [8; Remark 3.1]).
Suppose now that ¢, : X x {2, — X has the form
on(r,w) =Pp(w)r + Hy(2)Gp(z,w),

where &,, : 2, — (0,00) is a positive random variable, H, : X — R is
Borel and G,, : X x §2,, — X is a random-valued function for every n € N.
Clearly ¢, and their iterates f" are random-valued functions. Following [2]
we consider the following two conditions:

(i) for every n € N there exists a nonnegative random variable M,, and
positive constants «, 3, such that

|G (z,w)|| < Mp(w) forzxe X, we 2,
E(||lpn(z, )| < Bullz||* forze X
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and

(4) limsup(B; - - - BpB(My /®,)) ™ < 1;

n—0o0
(i) * is a continuous linear functional such that
¥ >0, |Hy(x)| <z*z|z||* forzeX,neN.

In what follows we denote by £2°° the product [[ 7, 2, equipped with
the product measure. We start with the following result.

THEOREM 1. If (i) holds, then for all x € X and almost every w € 2%
the sequence

L1 Pr(wr)
converges to a positive random variable for every x* satisfying (ii).
This theorem will be proved together with the following one.

THEOREM 2. Assume (i) and (ii) hold for an x*. Then, for all z € X,

L/ (2, W) 1" (=, )l

(6) 0 < liminf and limsup —7———F—— <00 a.s.
n—oo [[p_; Pr(wr) n—oo [ lpe1 Pr(wr)

Moreover, if additionally the sequence (log @, (wy)) satisfies the Kolmogorov
strong law of large numbers, then, for x € X,

1 n
lim <log VI ll-=> F 10g¢k> =0 as
In particular, if the @, are identically distributed and E|log®1| < oo, then

lim Y/||f"(z,)|| = exp{Elog®1} a.s.

Proofs. Let x* satisfy (ii). Since

o fr(r,w) H, (" (z,w)) e
O o mw ~ Py (wn) + e © Gn(f"H(z,w),wn),
we have

= k=1, w
M (z,w) =a"x H (@k(wk) + I{L:*(}fkl((x:w))) x*Gk(fk_l(;r,w),wk)).

k=1
Cosequently,
R A T ﬁ( Hi(f* ! (z,0)) x*Gk(fk_l(x,w),wk)>
RN B S S ) Lt o) Fulwr) |



Iterates of random-valued functions 197

To get the convergence of (5) to a positive and finite limit it is enough to
show that the series

= Hn(fnil(zﬂaw)) x*Gn(fn71($7w)7wn)
7
@ 2 | () B ()

converges. To do this observe that by (i) and (ii) we have

H,(f*Ha,w) 2 Gu(f" " (2,w), wn)

e o < a1 )l

and

B(If" (@, )%) < BB o, )N < - < B Bl

whence according to (4) the series

(8) Z (1"~ (@, ) B(Mn /)

converges. Consequently, for every z € X and a.s. w € 2°° the series (7)
converges for every z* satisfying (ii). This ends the proof of Theorem 1 and
of the first part of (6).

Fix now z € X. Then

@y T ) G ) )]
i) = ) 171, w)]
< Bo(n) + 2] 177 (0| M ().

whence

@l o M)
gy <1 T (111 el G )

Since the convergence of the series (8) implies a.s. convergence of the product
on the right hand side, this inequality proves the second part of (6).

The second assertion of Theorem 2 follows easily from (6) and from the
equality

1 n
log V/|| f*(z,w)|| — - ZElogék
k=1

If @@l 1§
=+ — log @1 (wr) — E'log Py). m
17—, r(we)  n 2 ( 8 P (wr) g k)

We now deduce a corollary concerning /1. We call an element of I positive
if it is nonzero and has all the coordinates nonnegative.

1
= —log
n
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COROLLARY 1. Let X be a set of positive elements of Iy and suppose f
has the form
f(2,w) = d(w)r + H(z)G (2, w)
with a random variable @ : 2 — (0,00), a Borel H: X — R and a random-

valued function G : X x {2 — X. Assume that there exist a positive random
variable M and constants o > 0, 5 € (0,1) such that

E(M/®) < oo, ||G(z,w)|<M(w) forzeX, wel,
[H(z)| < [lz[**,  Ellf(z,)|* < Bll=|* for x € X.

Then for every x € X the sequence

< [ (@, w) )

[T @(wi)

converges a.s. to a measurable function with positive values in l;. Moreover,
if E|log®| < oo, then, for x € X,

lim {/[|f"(z,-)| = exp{Elog®} a.s.

Proof. Fix x € X, z* € I7 and let x],25 € [T be positive functionals
such that * = z7 — x3. Replacing (if necessary) x! by xf + z{, where
zi(x) = > 07| T, we may assume that

|H(z)| < ziz||z||* and zjz>0 forxze X,i=1,2.

* [ (zw) x " (zw)
By Theorem 1, (xl T, @(wk)) converges a.s., hence so does (w e, zp(wk))7
and the exceptional set is independent of x*. Since [y is weakly sequentially

complete, this shows that for a.e. w € £2°° the sequence

()

weakly converges and by the Banach—Schur property of /3 (which means
that every weakly convergent sequence is strongly convergent; see, e.g., [1;
p. 200]) it converges in norm. Clearly, the limit is nonnegative and by the
first part of (6) it is nonzero. m

Note that Corollary 1 also holds if X is a subset of an arbitrary finite-
dimensional normed space.

Now we proceed to the case where @ = (0. The following simple lemma
will be used in the proof of Theorem 3.

LEMMA 1. If up, Ry, v, are integrable random variables such that

oo
9) Up < Ry < g, ZE(vn—un) < 00
n=1

0o
n=1

and one of the seriesy .~ Up, Y roy Uy cONVETGES A.S., then so doesy - R.
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THEOREM 3. Assume that there exist positive random wvariables &, C,
on {2, and a constant v > 1 such that

[2]7én(w) < [lon(z,w)|| < [l2]"¢u(w)  forz € X, we 2y, neN.
If the series
> v "Elog&,, Yy "Elog¢,
n=1 n=1

converge and

(10) 27_2”D2 log&, < oo or Z'y_Q"D2 log ¢, < o0,

then for every x € X \ {0} the sequence

n

(11) (™))
converges a.s. to a positive random variable.

Proof. Let
_ llen(z,w)|l

F,(z,w) =
! |7
for x € X \ {0}, w € £2,, n € N. Clearly
F,(z,w)>0 forxe X\{0},we 2, neN,
and an easy induction shows that

™G, W)l = Nl T Fe(F* (@ w), wn)

k=1

n—k

Therefore

n
log | ™ (z,w)||"" =log [lz]| + Y v ~* log Fi (¥ (z,w), wr)
k=1

and to get the a.s. convergence of (11) to a positive random variable it is
enough to show that the series

(12) Z,}/—k IOng(fk_l(x7w)awk)
k=1

converges a.s. To this end put

log &n (wn log 5, (f" ' (z,w),wn log Gn(wn
i (@) = ogén(w ) R, (w) — 18 (f n(fv w),wn) on(w) = ogCn(w )
Y Y Y
observe that (9) holds and assume that the first series in (10) converges.
Since the u,, are independent random variables and the series Zzozl Fu,
and Y7, D?u,, converge, it follows that > >~ | u,, converges a.s. Applying
Lemma 1 we get the desired a.s. convergence of (12). m

9
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Note that if &, and {, do not depend on n, and log&; and log(; are
integrable, then the series > >  u, and Y - v, (defined in the above
proof) converge absolutely a.s. This leads us to the following corollary.

COROLLARY 2. Assume that there exist positive random variables &,
on {2 and a constant v > 1 such that

[z[]7€(w) < [[f(z,w)|| < lz]"¢(w)  forz € X,w e L.
If log & and log ¢ are integrable then for every x € X \ {0} the sequence

n

(EACPD1 N
converges a.s. to a positive random variable.
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