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Toric Hermitian surfaces and almost Kahler structures

by WrODZIMIERZ JELONEK (Krakéw)

Abstract. The aim of this paper is to investigate the class of compact Hermitian
surfaces (M, g, J) admitting an action of the 2-torus T2 by holomorphic isometries. We
prove that if b1 (M) is even and (M, g, J) is locally conformally Kéhler and x(M) # 0 then
there exists an open and dense subset U C M such that (U, g‘U) is conformally equivalent
to a 4-manifold which is almost Kéhler in both orientations. We also prove that the class
of Calabi Ricci flat Kéhler metrics related with the real Monge-Ampere equation is a
subclass of the class of Gibbons-Hawking Ricci flat self-dual metrics.

0. Introduction. Let (M,g,J) be a compact Hermitian surface with
J-invariant Riccl tensor and even first Betti number b;. Then it admits a
non-trivial isometry group G = Iso(M, g). The identity component Gy of G
is a compact, connected Lie group whose center is at least one dimensional.
Let us assume that dim G > 2. Then Gy contains a 2-torus 72, which is
contained in a maximal torus T' of Gy.

The aim of this paper is to investigate compact Hermitian surfaces
(M, g,J) admitting an action of a 2-torus 72 by biholomorphic isometries.
In [L] LeBrun has proved that if there exists a compact Einstein Hermitian
structure different from the Page Einstein structure [P] on the first Hirze-
bruch surface F; then it is the blow up M of CP? in two or three points. It
is known that the blow up of CP? in three points admits an Einstein-Kzhler
metric [T-2]. On the other hand, the connected component of the group of
isometries of M in the case of the blow up of CP? in two points is a 2-torus T2
which acts on M by biholomorphic isometries. In [J-4] the author classified
the Riemannian bi-Hermitian Gray structures (i.e. Gray metrics admitting
two differently oriented orthogonal complex structures) on Hirzebruch sur-
faces which are of co-homogeneity 1. (We should warn the reader that the
notion of a bi-Hermitian surface has been recently used also in a different
sense, namely to mean a surface admitting two positively oriented Hermitian
structures). Other such surfaces if exist are ruled surfaces of genus 0 with
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an appropriate metric whose identity component of the isometry group is
again a 2-torus 72 acting by biholomorphic isometries. These two examples
gave the motivation for the study of toric Hermitian surfaces.

1. Hermitian 4-manifolds. Let (M, g,J) be an almost Hermitian
manifold. We say that (M, g, J) is a Hermitian manifold if its almost Her-
mitian structure J is integrable. In the following we shall consider 4-dimen-
sional Hermitian manifolds (M, g, J) which we shall also call Hermitian sur-
faces. Such manifolds are always oriented and we choose an orientation in
such a way that the Kédhler form 2(X,Y) = ¢(JX,Y) is self-dual (i.e.
e /\+M ). The vector bundle of self-dual forms admits a decomposition

(1.1) AN"M=RQ® LM,

where LM denotes the bundle of real J-skew-invariant 2-forms (i.e. LM =
{pe AM : &(JX,JY) = —®(X,Y)}). The bundle LM is a complex line
bundle over M with the complex structure J defined by (J®)(X,Y) =
—®(JX,Y). For a 4-dimensional Hermitian manifold the covariant deriva-
tive of the Kéhler form (2 is locally expressed by

(1.2) VR2=aRP+Tax JP,

where Ja(X) = —a(JX). The Lee form 6 of (M,g,J) is defined by the
equality

(1.3) A2 =0 A 9.

We have 0 = —3§§2 o J. The conformal scalar curvature x of an almost
Hermitian manifold (M, g, J) is defined by

(1.4) k=1—3(|0]* +200).

We denote by iso(M) the Lie algebra of the group of isometries Iso(M) of
(M, g).
PROPOSITION 1. Assume that (M, g, J) is a compact locally conformally

Kdhler surface such that the Euler characteristic x(M) is not zero or which
is conformally Kahler. Then

0(¢) =0
for every holomorphic Killing vector field & € iso(M).
Proof. Note that L¢f2 = 0 and consequently 0 = dL¢f2 = Ledf2 =
Le(O N £2) = Leb A £2. Consequently, df(§) = 0 and 6(§) = const. Note that

0% € X(M) vanishes somewhere on M, since x(M) # 0 or because 0 = df
and M is compact. Consequently, §(§) =0. =

COROLLARY 1. Let (M, g, J) be a compact Hermitian locally conformally
Kahler surface with by even. Then an infinitesimal isometry & of (M, g) is
holomorphic if and only if 6(§) = 0.



Toric Hermitian surfaces 205

Proof. The surface (M, g, J) is conformally K&hler by a result of I. Vais-
man [V]. Let 6 = df be the Lee form of (M, g, J). Then g = exp(—f)g is a
Kéhler metric on M. If 0(§) = 0 then £ f = 0 and consequently, £ € iso(M, g).
On the other hand, it is well known that on a compact Kahler manifold every
Killing vector field is holomorphic (see [Kob, p. 93, Th. 4.3]). =

Let R mean the curvature tensor of (M, g) and let R denote the corre-
sponding endomorphism R : /\2M — /\QM. Let us define B = %(R— *Rx);
W = 1R+ *Rx)g = £(R+ *Rx) — TId; WT = L(W 4+ «W); W~ =

12
(W —«W). Then

R:%Id+B+W++W*.

The Ricci tensor g of a Hermitian manifold (M, g, J) is said to be Hermi-
tian if o(X,Y) = o(JX,JY ) forall X, Y € X(M).If (M, g, J) is a Hermitian
conformally Kéhler surface then

(1.5) Wt =1{k2, Wto=—-Lrd ifdecLM.

An opposite (almost) Hermitian structure on a Hermitian 4-manifold
(M,g,J) is an (almost) Hermitian structure J whose Kihler form (with
respect to g) is anti-self-dual. A bi-Hermitian surface is a Hermitian surface
which admits an opposite Hermitian structure.

On any almost Kéhler non-Kéhler 4-manifold (M, g, J) there are two
natural distributions D = {X € TM : VxJ = 0} and D+ defined in
the open set U = {z : |VJ,| # 0}. We call D the nullity distribution of
(M,g,J). From (1.2) it is clear that D is J-invariant and that dimD = 2 in
U={xeM:VJ, #0}. By D' we denote the orthogonal complement of
D in U. On U we can define an opposite almost Hermitian structure J by
setting JX = JX if X € D+ and JX = —JX if X € D; we shall call it the
natural opposite almost Hermitian structure. We have (see [J-3])

THEOREM 1. Assume that (M,g,J) is a compact conformally Kdhler
Hermitian surface with J-invariant Ricci tensor and let (M, go,J) be a
Kahler surface in the conformal class (M,[g],J). Then both (M,gqg,J),
(M, go,J) admit a holomorphic Killing vector field & with zeros such that
VeJ = 0, where V is the Levi-Civita connection of (M, g). Moreover & =
JVu where V is the Levi-Civita connection of (M, go), u is a positive, smooth
function on M such that g = u=2go, and

Vgofo = —Va + O[‘]é-()? 90(55 é-) = ()[2,
G(X) = —2C¥g(J£0,X),

where & = \/gzg—g)g is defined in U = {zx : &, # 0}, a = ﬁs/g(vlf, VJ).
The Killing vector field & belongs to the center 3(iso(M)) of iso(M).

(1.6)
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We say that a holomorphic Killing vector field n on (M, g, J) is potential
with potential function f if n = J(Vf) where Vf is the gradient of f with
respect to g.

COROLLARY 2. Assume that (M, g,J) is a compact conformally Kdihler
non-Kahler Hermitian surface with J-invariant Ricci tensor and let n be
a potential holomorphic Killing vector field for (M, g,J). Then n = ¢ for
some c € R —{0}.

Proof. Since (M, g, J) is conformally Ké&hler, there exists a non-constant
function ¢ € C°°(M) such that § = d¢. It follows that the metric g =
exp(—¢)g is Kihler. Denote by V the Riemannian connection for (M,g).
Then

VY = ViV — 1(dg(X)Y +da(Y)X — g(X,Y)V9).

Now assume that n = V f for some f € C°°(M). Then 7 is a vector field with
zeros. Since 0(n) = 0 it follows that 7 is also a holomorphic Killing vector
field for (M,g,J). Consequently, there exists a function h € C*°(M) such
that n = J(Vh). Note that Vh = exp(—¢)Vh. Consequently, exp(¢)dh = df
and dp Adh = 0. It follows that there exists a function ¢ € C°° (M) such that
Vf = cVé. Denote by KxY the difference tensor KxY = VxY — VY.
Then K, X = —1(d¢(X)n—g(n, X)Ve). Since n = ¢J(V¢) it is not difficult
to show that [K, J] = 0 and consequently V,J = 0. It follows that n €
I'(D). Since & € I'(D) and 6(n) = 0 it follows that &, n are parallel and
consequently, there exists a constant ¢ € R such that n =c£. =

2. Toric Hermitian surfaces. In this section we shall give the descrip-
tion of compact Hermitian surfaces whose group of holomorphic isometries
contains a 2-torus.

LEMMA A. Assume that a Riemannian manifold (M, g) admits two com-
muting Killing vector fields &, m. Then

R, X =[T,K]X,
where T =V¢, K=Vnand [T,K]=ToK —-KoT.

Proof. Define ¥(z) = g(&4,m.). Since [§,n] = 0 it is clear that X =
9(Vx&n) +g(&,Vxn) = —2g(Ven, X). Consequently,

(2.1) Tn=K¢= -1V
The relations (2.1) imply

R(X,6n+ToKX =—-iVxVy, R(X,n)é+KoTX =—-1VxVi.
Thus R(¢,7)X = R(X,n) — R(X,&)n=[T,K|X. u
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DEFINITION. A toric Hermitian surface (M, g, J) is a Hermitian surface
which admits two linearly independent, commuting holomorphic Killing vec-
tor fields &, n such that £2(&,n) = 0.

Let T be a connected subgroup of Iso(M, g) corresponding to the Abelian
Lie algebra t = span{{,n} C iso(M,g). By a volume function of the toric
action of T on (M, g) we mean any function V = g(&,&)g(n,n) — g(&,1)?,
where &,7 is any basis of t. Note that V is determined uniquely up to a
constant factor. Note that we do not assume that 7T is a torus.

REMARK. Recall that a symplectic 4-manifold is called toric if it admits
a Hamiltonian action of a 2-torus 7" with an invariant moment map. Thus if
(M,g,J) is Kahler then our definition does not coincide with the usual one.
However, it does if T is a 2-torus and M is simply connected and Kéahler.
We have:

PROPOSITION 2. Assume that (M, g, J) is a compact locally conformally
Kahler Hermitian surface with two commuting holomorphic Killing vector
fields &, m and non-vanishing Euler characteristic. Then 2(£,n) = 0 on the
whole of M. If (M,g,J) is conformally Kdhler and x(M) = 0 then either
2(&,m) = 0 on the whole of M, or 2(&£,m) # 0 on the whole of M and the
Lee form of (M,g,J) equals § = —dIn|2(&,n)|.

Proof. Note that

d(£2(§,m)) = d(igin$2) = d02(&,m,-) = —02(&,n),
since Proposition 1 implies 6(§) = 6(n) = 0. Consequently, in the open
subset U = {z € M : 2(&,n) # 0} we have § = —d1In|2(£,n)|. Since 0 is
a smooth 1-form on M it follows that either U = 0 or £2(£,n) # 0 on the
whole of M. =

Now we shall show

COROLLARY 3. Let g be a Gray bi-Hermitian metric (see [J-1]) on one of
the Hirzebruch surfaces Fy.. Then (Fy,g) is a toric Hermitian surface with
respect to both complex structures J, J on Fy.

Proof. Let &, € be potential Killing holomorphic fields for (Fy, g, J) and
(Fx,g,J) respectively. If € A& = 0 then (Fy, g) is of co-homogeneity 1 and is
toric with respect to J,.J. Assume that & A € # 0. From [J-1] it follows that
the Lee forms 6, § satisfy an equation

0+0=dn|\— pul
Thus 6(§) = dIn |\ — p|(§) — () = 0. Analogously (¢) = 0. It follows

from Corollary 1 that £ € hol(Fy,J) and € € hol(F}, J). Theorem 1 implies

[€,€&] = 0. Since x(F)) # 0 the result is a consequence of Proposition 2. m
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Let F be an oriented distribution of constant dimension k. Then by
the characteristic form of F we mean the form wr = e; A --- A e, where
{e1,...,ex} is any oriented, orthonormal basis of F.

LEMMA B. Let (M, g, J) be a 4-dimensional Hermitian manifold. Let £,n
be two linearly independent commuting Killing vector fields, holomorphic
with respect to J and such that £2(§,n) = 0, where {2 is the Kdhler form of
(M,g,J). Let U = {x : ||€x A o] # 0} C M and consider the distribution
V = spang{&,n} inU. Then U is an open and dense subset of M, V+ = JV |
KV c VY, TV c V* where T, K are as in Lemma A. What is more, V, JV
are integrable distributions, the form ® = wyyv 4+ wy, where wyy,wy are the
characteristic forms of the foliations V, JV respectively, belongs to LM,
and JV s totally geodesic. The characteristic form wyy of the foliation
JV is closed. Moreover if (M,g,J) is Kdhler, or compact and conformally
Kihler, then KV C V, TVL C V, the form ® = wyy +wy is an eigenform
of the positive Weyl tensor W+, and the form @ = wyy —wy is an eigenform
of the negative Weyl tensor W—.

Proof. Note first that U is an open and dense subset of M. It is clear from
the assumptions that V+ = JV. Define ¢(z) = g(&,€)s, ¥(z) = 9(&,1),
x(@) = g(n,n)e. Then T = =5V, Tn = KE = =3V, Kn = —3Vx.
Since &, n are perpendicular to V¢, Vi, Vy it follows that KV C V+ and
TV C V+. Note that J is integrable and consequently J¢, Jn are real holo-
morphic vector fields. Thus [J¢, Jn| = 0 and it follows that JV is integrable.
Moreover JV is totally geodesic, since it is the orthogonal complement of a
distribution spanned by Killing vector fields. Since the orthogonal comple-
ment of JV is the involutive distribution V' it follows that the characteristic
form of JV is closed.

Let E4, E5 be an orthonormal basis of V. Consequently, F3 = JE1, By =
JE, is an orthonormal basis of V. We have 2 = E; AE3+FE3AEy4. The form
& = Fy ANFEy— E3 A Ey4 belongs to Ly M and the form & =FE,NEy+E3sNE,
belongs to A\~ M. Note that wy = Ey A Ey and wyy = —FE3 A Ey are the
characteristic forms of the foliations V, JV respectively. Now, assume that
(M, g) is conformally Ké&hler, i.e. there exists a function f € C*°(M) for
which the metric exp(—f)g is Kéhler, and 6 = df. Note that KJV C V if
and only if g(KJn, JE) = 0.

We shall show that ¢(V j,n, J§) = 0. Note that

Q(Vﬁﬂ?» JE) = g(vn(JU), Jf) = g(an(U), Jf) + Q(Jvnn» JE)
= 9(VyJ(n), JE).
On the other hand,

g(VxJ(Y),Z) = 3(dX,JY,JZ) — dA(X,Y, Z))
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since J is Hermitian. Consequently,

(22)  g(VyJ(n), JE) = 2(—d2(n, In,&) — dR(n,n, JE)) = —2d2(n, Jn,§).

If (M, g,J) is Kéhler then the result is obvious. Now assume that M is com-
pact conformally Kéhler. It is clear from Corollary 1 that 6(§) = 6(n) = 0.
Thus £2(£,n) = 0 implies that df2(n, Jn,£) =0 and consequently, g(K Jn, J§)
= 0. Analogously one can prove that TJV C V. Let E1, Es be an orthonor-
mal basis of V. Write ¢(z) = ||{; A 1z||. Then

cR(E1 N E2)X = +R(&,n)X = +[T, K] X.
Note that [T, K] preserves both distributions V, JV. Consequently,
R(El, EQ) = ad + ,85

It follows that R(E; A Es) = ad + . Note that By A By = (P + P).
Thus R(3(® + @)) = ad + 9. Since for every holomorphic Killing vector
field ¢ we have 6(¢) = 0 it follows that both £, n are holomorphic Killing
vector fields for the Kéhler metric exp(—f)g. Note further that V¢J =
V,,J = 0 since VJ = 0, where V is the Levi-Civita connection of the Kéhler
metric exp(—f)g. Consequently, [T,.J] = [K,.J] = 0 where we have set
T = V¢, K = Vn. Tt follows that J o [T, K] = [T, K| o J and consequently
R(3(®+ D)) = 3P, where R is the curvature tensor of the Kéhler manifold
(M, exp(—f)g). Since exp(—f)g is a Ké&hler metric and ¢ € L;M it is clear
that R(®) = 0. Consequently, R(®) = 23®, which means that W () =
W (@) = \d. Since the Weyl tensor W is a conformal invariant of the
conformal manifold (M, [g]) it follows that @, ® are eigenvectors of the Weyl
tensors WT, W~ of (M, g) respectively.

We also have W(®) = WH(®) = — 50 fvhere k is the conformal scalar

curvature of (M, g, J). Note also that o = 5;(7 — k). m

Now we shall give several interesting examples of almost Kahler struc-
tures on compact and non-complete 4-dimensional Riemannian manifolds.
Namely we shall prove

THEOREM 2. Assume that (M,g,J) is Kdhler or compact conformally
Kdhler 4-dimensional toric Hermitian surface. Let v be a volume function
of a toric action. Then there exists an open and dense subset U C M and
a function f € C*°(U) such that the Hermitian surface (U, g.), where g, =
fglu, satisfies the following conditions:

(a) U ={x € M :v(zx) # 0},

(b) f=1/Vv,

(c) the eigenspace Ly M of the Weyl tensor W+ of (U, g«) is spanned by
two Kdhler forms @, of two orthogonal almost Kdihler structures
compatible with the metric g,
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(d) the almost Hermitian structure ® which is the natural opposite struc-
ture with respect to @ is globally defined on U and ® is an almost
Kabhler structure on (U, g« ),

(e) the form @ is an eigenvector of the negative Weyl tensor W~

Proof. We have two holomorphic Killing fields &, n such that [£,n] = 0.
Recall that if £,n is a basis of an Abelian subalgebra t C iso(M,g) then
the volume function of the toric action is v = g(&, &)g(n,m) — g(&,1)?. Then
v € C®(M) and let U = {x € M : v(x) # 0}. It is clear that U is an
open and dense subset of M. On U there is defined a frame &, 7, JE, Jn.
Note that any two of the vector fields of the frame commute. Denote by
O¢,0,,05¢,05, the dual co-frame. Then dfe = df, = db;c = df;, = 0.
Define V = span{¢,n}. Then V+ = JV = span{J¢, Jn}.

Now we define an orthonormal frame on U by

1 1
Elz—f, E2:777J-7 E3:JE1, E4:JE2,
Vo g(nt,nh)
where )
i gs,n
nT=n- § and ¢ =g(¢,8).
9(£,6) (&4)
Let {61,602, 605,04} be a dual orthonormal co-frame. Then
1 1
0 = —= (01 — cos(§,n)02), O = ————== 0,
(2.3) Ve T Vet ot
' 1 1
(9] = — ((93 —COS({,?])@;;), 9] = —94.
T Ve T Vet
Note that ) 1
2.4 0: NO, =—0, N0 0 07, =—=05N0,.
(2.4) e N0y \/51/\ 2, Je N0y \/53/\4

If we change conformally the metric g to g. = f¢ and define an orthonor-
mal frame {E{, EJ, E{, E]} and an orthonormal co-frame {6,656, 61}
with respect to g, analogously to the above then HZf = /f0;. Consequently,
if we take f =1/y/v then

(2.5) 0c N0, =0 NOS, 056 NOS, =0 NO]

on U. In what follows we shall only consider the metric g, on U and we shall
write 0; = 6. Let & = 01 A 0y + 05 A 6. Note that the Kéhler form 2, =
9+(JX,Y) of the Hermitian structure J of (U, g.) equals £2, = 61 A03+02N\0,.
Thus 2, A® = 0 and J,&* are orthogonal. Now it is clear that d® = 0,
i.e. @' is an almost Kihler structure on (U, g.). It follows that (see [S])
Wt = J o @* is also an almost Kihler structure on (U, g,). Note that ¥ =
01 ANO4—05N\05. Since Ev = nv = 0 it follows that &, n are holomorphic Killing
vector fields on (U, g, J). Consequently, Lemma B implies that w j,, = 030,
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is a closed form. Thus the closed 2-form @ = 01 A 05 — 05 A 04 determines an
opposite almost Kéhler structure compatible with g,. In view of Lemma B
this form is an eigenvector of the negative Weyl tensor W~ of (U, g.). Since
the distribution JV is totally geodesic and preserved by the almost Kahler

structure &¢ it follows that qgﬁ is the natural opposite almost Hermitian
structure of @*. Since (M, g,J) is conformally Kihler, {2 is an eigenvalue of
the positive Weyl tensor W+ and W is degenerate. The eigenspace L ;M
corresponding to the eigenvalue of double multiplicity is clearly spanned by
the forms @, V. u

S. Salamon introduced in [S, p. 117, (c¢)] a class of compact complex
4-manifolds (M, g) admitting a circle of almost Kéahler structures 2, =
cost P + sint¥ where g(®,¥) = 0. It is clear that the form p = & + ¥
is a holomorphic symplectic form trivializing the canonical bundle of M.
Consequently, the Kodaira theorem ([Kod, Th. 19]) asserts that any such
manifold is of the form C?/I" where I' is a group of affine transformations
leaving invariant the standard symplectic form dz! A dz? (see [S], [Kod]). In
[S] there is given an example of such manifolds called the Kodaira-Thurston
manifold. Below we present other elementary examples on a standard 4-torus
T =C?/T.

COROLLARY 4. On the torus T* there exist uncountably many Rieman-
nian metrics gy admitting in both orientations a circle of almost Kdahler
structures which are eigenvalues of the Weyl tensor W of (T4,g¢7¢). The
manifolds (T*, g4.) are not hyper-Kdhler. These metrics are parameterized
by smooth, real, periodic functions ¢, : R — R.

Proof. Consider the 2-tori T? = R?/27Z? with metric
gp = dt* + exp 2¢(t)ds?

and standard complex structure Jg, where ¢ : R — R is a smooth, periodic
function satisfying ¢(t + 2m) = ¢(t) and J,(0/0t) = exp(—¢)0/0s. 1t is
clear that (7%, g,) admits in general only one Killing vector field £, = 9/0s.
Note that on 7% we have two complex structures of interest: J = Jy + Jy,
J = Jy — Jy, and both (T4, g,J) and (T, g,J), where g = g4 + gy, are
Kihler with two holomorphic Killing vector fields &4, &y. Now if (T4, g) =
(T?,94) x (T?,gy) then the Kéhler surface (T%,g) (in both orientations)
admits two holomorphic Killing vector fields £4,&y such that [4,&p] = 0
and £2(£4,&y) = 0. In our case the function v = exp(2¢ + 2¢) is nowhere
zero on M = T*. Consequently, the manifold (T4, g, ) with the metric
9oy = €xp —(¢ + 1)g admits in both orientations two circles of almost
Kihler structures. Every circle spans an eigenspace of the Weyl tensor W+
corresponding to the eigenvalue of W+ of multiplicity 2. m
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PROPOSITION 3. Let (M,g,J) be a compact conformally Kdhler Hermi-
tian surface with x(M) # 0 whose group of holomorphic isometries contains
a 2-torus. Then there exists an open and dense subset U of M such that
(U, g|v) is locally isometric to the manifold (R*, go), where

(2.6)  go = d(x1,x2)dxT + 2x(x1, x2)dxy © dwg + (71, T2)d
+ (a1, w2)dxs + 2x (21, x2)dxs © day + (w1, x2)da,

¢(x) > 0,9(x) > 0,V (x) > 0 on R? where V(z) = ¢ — x* and ¢,, x €
C>(R?). The complex structure on (R*, go) is induced from C? = R, ex-
plicitly J(0/0x3) = 0/0x1, J(0/0x4) = 0/0x2. The fields & = 0/0x3, n =
0/0x4 are holomorphic vector fields on (R*,.J) and g(&,€) = ¢, g(€,m) = X,
g(n,mn) = . The Kdhler metric

0? 0?
(2.7) go = 8_:13J2I dz1 ® dz1 + /

d dz
ZL‘18.’L‘2 Z1® 2

2 an
d dz —=d dz
97102+ 2o ® az1 + 81‘% 29 ® azo,

where f is some strictly convex function on R2, is toric.

Proof. See also [A]. Define U = {x € M : the T?-action is free at z} and
let V= g(&,€)g(n,m) —g(&,n)? = ¢ — x*. Then U = {z : V(x) # 0} and
& # 0,17 % 0on V. Since the frame &, 7, J€, Jn consists of Poisson commuting
vector fields, we can find local coordinates on U such that & = 0/0xs,
n = 0/0xy, J§ = 0/0x1, Jn = 0/0x2. Now since (M, g, J) is conformally
Kahler, the conformal Kéhler manifold is also toric. Assume that the metric
g = F?gy is Kahler for some smooth function F. Note that # = —2dIn F,
and so I depends only on 1, 2. It is well known that if w =i ) g,7d2i \dZ;
is the Kihler form of a Kihler manifold (M,g,.J) then locally w = 99 f for
a certain real function f defined locally on M. In our case

g = Edzl ®dz1 + Y(d?ﬂ QR dzZo 4+ dza ® d§1) + EdZQ ® dzo
and
w = i(pdzy A dZ; +X(dz1 A dZe + dza A dZ1) + Pdze A dZs),

where z1 = x3+1ix1, 29 = x4 + ixo are local holomorphic coordinates on M.
Since ¢, X, ¥ depend only on z1, z2, to find examples of Kihler toric metrics
we can consider the class of Kahler metrics for which f = f(z1,x2), where we
assume the function @(z1,22) = f(x1,22) to be strictly plurisubharmonic,
which means that the matrix (92®/92;0%;) is positive definite, equivalently

the matrix
A ( 0% f)0x? 82f/8m18m2>
0?f)0x10z2  O?f 023
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is positive definite. Now it is easy to check that such metrics are toric Kahler
metrics with holomorphic Killing vector fields £ = 0/0x3, n = 0/0x4. For
such metrics
- 0*f _ 07 —  O*f
¢= 0z?’ A T -~ 0x3’
COROLLARY 5. Let (M, g,J) be a Kdhler toric surface. Then the Ricci
form and scalar curvature T of (M, g, J) are determined by the volume func-
tion V of the toric action and 9 = —i00ImV,7=—-AlnV inU = {x € M :
V(z) # 0}. Assume that on (M, J) there are given two toric Kdhler metrics
9,9’ with the same Kdahler class (i.e. [w] = [w']) and with the same volume
function of toric actions. If M is compact then g = ¢'.

Proof. The first part is obvious. The second is a consequence of the
uniqueness part of the Calabi-Yau theorem (see [T-2]), since if o = ¢’ on an
open and dense subset of M then o = ¢’ on the whole of M. =

Now we shall find conditions for the metric gg to be a toric K&hler
metric which admits a negative almost Kéahler structure constructed by the
methods developed above. Note that the volume function V of a toric action
generated by the fields &, 7 equals exactly V = det A = H(f) where H(f)
denotes the Hessian determinant of f : U — R with respect to the Euclidean
metric on U C R2. Thus we get

THEOREM 3. Assume that the function @(z1,22) = f(z1,%2) is strictly
plurisubharmonic on M = R? x iU. Then the manifold M with the metric
1 o0 f 0% f
= —| =5d dzi + ———d dz
9= JHD) (aaﬁ A, R
2 2

_ 0 _
61’161’2 d22 ® dZ1 + 8—:03 dZQ X d22>

admits in the positive orientation a circle of almost Kdahler structures which
are eigenvectors of the Weyl tensor W+, and admits in the negative orien-
tation an almost Kdhler structure which is an eigenvector of the Weyl ten-
sor W—. If H(f) is not constant then every almost Kdhler structure from
the circle is non-Kdhler.

(2.8)

+

Proof. If there exists a (positive) Kéhler structure on (M, g, J) different
from J then (M, g,J) is hyper-Kéhler. Then H(f) = const (see below). m

Consequently, in that way we obtain a toric Kahler surface with an op-
posite almost Kéhler structure if and only if det A = const, which means
that (M,g,J) is a Ricci flat Kéhler surface, in particular, is an Einstein
4-manifold.

Summarizing we obtain a large class of Einstein almost Kéhler metrics (in
fact Ricci flat and hence hyper-Kéahler) which we shall call Calabi metrics:
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THEOREM 4. Assume that @(z1,22) = f(x1,22) is a strictly plurisub-
harmonic function on U C R2. Assume that the function f satisfies the real

Monge—Ampére equation
0%f/0x? 0%f/0x,0
H(f):det< f/om &/ 9”1;32):
0°f)0x10x2  O0°f/0xs
Then the toric Kihler metric on the manifold M = R? x iU given by

(0% f - *f _ _\ ., 9 -
w = Z(a_l'% dzy N dz1 + 921024 (d21 ANdZy + dza N dzl) + 8—:03 dzo N\ dZQ)
is Ricci flat and admits (in the reversed orientation) an almost Kdhler struc-
ture I which is an eigenvalue of the Weyl tensor W= of (M,q,J). The
structure I is Kahler if and only if f is a quadratic polynomial. The class
of Calabi metrics is a subclass of the class of Gibbons—Hawking metrics.

Proof. The above metric coincides with the old Calabi construction
([Ca-1], [B, p. 423]). Note that w? = —H(f)dz; AdZ1 Adza AdZs. Clearly the
Ricci tensor of (M,g,J) is 0 = i001In H(f) = 0. The holomorphic Killing
vector fields are £ = Red/0z1, n = Red/0z2. The volume function of the
toric action defined by &,7n equals H(f) = 1. Thus our theorem is a conse-
quence of the results of Calabi and of Theorem 2 and Proposition 3. Since
the almost Kahler structure I of the above examples is an eigenvalue of the
Weyl tensor W~ and clearly the Ricci tensor of (M, g, J) is I-invariant it
follows that Calabi metrics satisfy the Gray third symmetry condition Gs.
The metrics satisfying this condition are classified in [A-A-D]. If (X, gx) is
a Riemannian surface with local isothermal coordinates x,y and h = w + iv
is a holomorphic function on X' then the general G5 almost Kéhler metric
on X x R? is

g=gs +wdz* + % (dt + vdz)?.

The metric g carries a Kéahler structure with Kahler form w = 25 + dz A dt.
The Killing fields Ky = 9/0z, K; = 9/0t are holomorphic with respect to
this Kéhler structure, but (K7, K2) = 1, i.e. the action is not toric. Note
that the volume function V = g(Ki, K1)g(Ka, K2) — g(K1, K3)? of the ac-
tion generated by K; = 0/0z, K1 = 0/0t on a general almost Kéahler G3
4-manifold is constant. Note that every Gibbons—Hawking metric is toric
Kahler in our sense, with respect to a Kahler structure orthogonal to J,
which is straightforward from their explicit construction. Note that the Cal-
abi metrics cannot be complete and that always U # R?, which follows from
the study of improper affine spheres ([Po], [Ca-2], [J-2]). m

We shall finish with a certain local characterization of almost Kéahler
manifolds admitting an opposite (negative) almost Kéahler structure. Our
result is inspired by some well known results from foliation theory.
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We shall say that a point xg € M is a point of positive sectional curvature
of (M,g) if K(w) > 0 for all 2-planes # C T,,M where K denotes the
sectional curvature of (M,g). Let P(M,g) = {x : x is a point of positive
sectional curvature of (M, g)}. Then P(M,g) is an open subset of M. We
shall prove (see also [W, p. 16, Prop. 2.7]):

THEOREM 5. Assume that (M, g, J) is an almost Kahler 4-manifold ad-
mitting an opposite almost Kdhler structure J. Then P(M,g) = (). If the
sectional curvature of (M, g,J) is non-negative then (M,g,J) is locally a
product of two Riemannian surfaces with non-negative curvature and J,.J
are Kahler.

Proof. Let w,w be the Kihler forms of (M,g,J),(M,g,.J) respectively.
Define wy = £ (w+ ), wp = 3(w — ). Then w? = 0 and there exists a local
frame {e1,eq,e3,e4} such that w1 = e; A e and wa = e3 A e4. The forms
w; define two minimal foliations as follows: ;1 = {X € TM :ixws =0} =
span{ey,es}, Fo = {X € TM : ixwi = 0} = span{es,es}. Now we shall
use the Weitzenbock formulas to calculate |Vw;|?. Since Aw = AT = 0 it
follows that Aw; = 0. Thus
(2.9) 0= Aw; = V*Vwi + > _e; A(ic,R(e;, €).w;).

Now we compute e; A (i, R(e;, e;).w) where w = wy:
ej N\ (ieiR(eiv ej)‘w) = Z(ej N (iei (61 N 62)(R(ei> ej)'> )
+ic;(e1 Ne2) (., Rei, €5).)))
= Z(ej A (g(R(ei,ej)eq, e1)ez — g(R(ei, ej)eq, e2)er)
+e; A (61:9(R(ei, ej)ek, e2)er — d2:9(R(es, e5)eq, e1)ex))
- Z 61,76_] ek7e2)e] /\62 _g(R(e’i?ej)ei:el)el /\6,])

+ g(R(e1,ej)er, ea)e; Aep — g(R(ez, e5)er, e1)ej Aex).

On the other hand, since g(w;,w;) =1 we get ¢(V*Vw;,w;) = g(Vw;, Vw;).
Thus we obtain
(2.10) g(Vwi, Vwy) = —QZ (e; Ner) + K(e; Nea)).

>2
Analogously we obtain
(2.11) 9(Vws, Vwy) = =23 (K(e; Aes) + K(e; Aea)).

<3

Thus P(M, g) is empty. If the sectional curvature K of (M, g) is non-negative
then Vw; = 0, Vwy = 0 and (M, g) is locally a product of two (real) Rieman-
nian surfaces with non-negative curvature and natural Kéahler structures. m
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ExAMPLE. The projective space CP? with the Fubini-Studi metric does
not admit any local opposite almost Kéahler structure, although it admits
plenty of local opposite complex orthogonal structures. The metrics (2.8)
cannot have points of positive sectional curvature.
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Prof. Ilka Agricola, Prof. Thomas Friedrich and the Institute of Mathematics
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