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The natural operators lifting projectable vector fields
to some fiber product preserving bundles

by W. M. Mikulski (Kraków)

Abstract. Admissible fiber product preserving bundle functors F on FMm are de-
fined. For every admissible fiber product preserving bundle functor F on FMm all natural
operators B : Tproj|FMm,n

→ TF lifting projectable vector fields to F are classified.

Introduction. In [4], the authors classified all fiber product preserving
bundle functors F : FMm → FM from the category FMm of fibered
manifolds with m-dimensional bases and fiber preserving maps with local
diffeomorphisms as base maps into the category FM of fibered manifolds
and fibered maps. All such functors of order r are in bijection with triples
(A,H, t), where A is a Weil algebra of order r, H is a group homomorphism
from the rth jet group Grm into the group Aut(A) of all automorphisms
of A, and t is a Grm-invariant algebra homomorphism from the algebra Drm=
Jr0 (Rm,R) of all r-jets of Rm into R with source 0∈Rm into A. The natural
transformations F1→F2 of two fiber product preserving bundle functors F1

and F2 on FMm are in bijection with the morphisms between corresponding
triples.

The most importrant example of such a functor F is the r-jet prolon-
gation functor Jr : FMm → FM. The corresponding triple (A,H, t) is
(Drm, idGrm , idDrm), where H : Grm → Grm

∼= Aut(Drm) is the identity group
homomorphism. Another example is the vertical Weil functor V A : FMm →
FM corresponding to a Weil algebra A. The corresponding triple (A,H, t)
is (A, idA, ε), where ε : Drm → A is the trivial algebra homomorphism and
idA : Grm → Aut(A) is the trivial group homomorphism. The functors J r and
V A are admissible in the following sense: for every derivation D ∈ Der(A),

if H(jr0(τ idRm)) ◦D ◦H(jr0(τ−1 idRm))→ 0 as τ → 0 then D = 0.
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Another example of an admissible fiber product preserving bundle functor
is the non-holonomic r-jet prolongation bundle functor J̃r : FMm → FM
in the sense of C. Ehresmann [1]. All extensions of Jr and J̃r in the sense
of I. Kolář [2] are also admissible.

Let FMm,n ⊂ FMm be the subcategory of all fibered manifolds with m-
dimensional basis and n-dimensional fibers and local FMm-isomorphisms.
In [5], Kolář and Slovák studied the problem of how a projectable vector field
on an FMm,n-object Y induces a vector field B(X) on JrY . This problem
is reflected in the notion of natural operators B : Tproj|FMm,n

 TJr.
They proved that every such B is a constant multiple of the flow operator
J r. The similar problem with V A playing the role of Jr has also been
studied. Every natural operator B : Tproj|FMm,n

 TV A is a constant
multiple of the flow operator VA plus an absolute operator op(D) for some
D ∈ Lie(Aut(A)) = Der(A).

In the present paper we generalize the above results to a (large) class
of admissible fiber product preserving bundle functors on FMm. The main
result of this paper is that for an admissible fiber product preserving bundle
functor F : FMm → FM every natural operator B : Tproj|FMm,n

 TF is
of the form

B = λF + op(D)

for some λ ∈ R and D ∈ Lie(Aut(A,H, t)), where F is the flow operator
of F . For F = Jr and F = V A we recover the above-mentioned results of
[5], [3].

We also present a conterexample showing that the assumption of admis-
sibility of F is essential.

All manifolds are assumed to be without boundary, finite-dimensional
and smooth, i.e. of class C∞. Maps between manifolds are assumed to be
smooth.

1. Fiber product preserving bundle functors. Suppose F : FMm

→ FM is a bundle functor. We say that F is fiber product preserving if
F (Y1 ×M Y2)x ∼= F (Y1)x × F (Y2)x for any FMm-objects Y1 → M and
Y2 →M and every x ∈M .

The most important example of a fiber product preserving bundle functor
F on FMm is the r-jet prolongation functor Jr : FMm → FM. Another
example is the vertical Weil functor V A : FMm → FM corresponding to a
Weil algebra A. One more example is the non-holonomic r-jet prolongation
bundle functor J̃r : FMm → FM in the sense of C. Ehresmann [1]. The
extensions of Jr and J̃r in the sense of I. Kolář [2] are also fiber product
preserving bundle functors on FMm.
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A complete description of the fiber product preserving bundle functors
on FMm has been given in [4]. We will recall it in Sections 2, 3 and 4.

2. Fiber product preserving bundle functors and induced triples.
Suppose F is a fiber product preserving bundle functor on FMm of finite
order r. The functor F induces both a product preserving bundle functor
GF on the category Mf of manifolds by

GFN = F0(Rm ×N), GF f = F0(idRm × f) : GFN → GFP,

for every manifold N and every smooth map f : N → P , and a group
homomorphism HF : Grm → Aut(GF ) by

HF (ξ)N = F0(ϕ× idN ) : GFN → GFN

for every ξ = jr0ϕ ∈ Grm and every manifold N , where Aut(GF ) is the
group of natural automorphisms (equivalences) of GF into itself and Grm =
inv Jr0 (Rm,Rm)0 is the r-jet group. By the general theory of product pre-
serving bundle functors on Mf (see [3]), we obtain a Weil algebra AF by
setting

AF = (GFR, GF (+), GF (·), GF (0), GF (1)),

and a group homomorphism HF : Grm → Aut(AF ) by defining

HF (ξ) = HF (ξ)R : AF → AF

for every ξ ∈ Grm. Moreover the functor F defines an algebra homomorphism
tF : Drm → AF by

{tF (ξ)} = im(F0(idRm , f))

for every ξ = jr0f ∈ Drm = Jr0 (Rm,R).
Thus every fiber product preserving bundle functor F on FMm of order

r determines a triple (AF ,HF , tF ), where AF is a Weil algebra of order r,HF

is a group homomorphism from Grm into Aut(AF ), and tF is a Grm-invariant
algebra homomorphism from Drm into AF .

If F is another fiber product preserving bundle functor on FMm of order
r and η : F → F is a natural transformation, then we have a morphism
ση : (AF ,HF , tF ) → (AF ,HF , tF ) of triples, where ση : AF → AF is the
restriction and corestriction of ηRm×R : F (Rm × R)→ F (Rm × R).

3. Triples and induced fiber product preserving bundle func-
tors. Conversely, suppose we have a triple (A,H, t), where A is a Weil
algebra of order r, H is a group homomorphism from Grm into Aut(A), and
t is a Grm-invariant algebra homomorphism from Drm into A. By the general
theory of product preserving bundle functors onMf , A determines the Weil
functor TA : Mf → FM which is product preserving, H determines the
group homomorphismH : Grm → Aut(TA) fromGrm into the group Aut(TA)
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of all natural automorphisms of TA into itself, and t determines the natural
transformation t : T rm → TA, where T rm = TD

r
m = Jr0 (Rm, ·) : Mf → FM

is the Weil functor (corresponding to Drm) of (m, r)-velocities. For every
FMm-object p : Y →M we have the bundle

F (A,H,t)Y = {{u,X} ∈ P rM [TAY,H] | tM (u) = TAp(X)}
over Y , where P rM = inv Jr0 (Rm,M) ⊂ T rmM is the principal fiber bundle
with structure group Grm acting on P rM by jet composition, TAY is the left
Grm-space by means of H, and P rM [TAY,H] is the associated fiber bundle.
For every FMm-map f : Y1 → Y2 covering ϕ : M1 → M2 we have the
induced map P rϕ[TAf,H] : P rM1[TAY1,H] → P rM2[TAY2,H] sending
F (A,H,t)Y1 into F (A,H,t)Y2, and (by restriction and corestriction) we have
the fibered map F (A,H,t)f : F (A,H,t)Y1 → F (A,H,t)Y2 covering f .

Thus every triple (A,H, t), where A is a Weil algebra of order r, H is a
group homomorphism from Grm into Aut(A), and t is a Grm-invariant algebra
homomorphism from Drm into A, induces a fiber product preserving bundle
functor F (A,H,t) : FMm → FM of order r.

If (A,H, t) is another triple of order r and σ : (A,H, t)→ (A,H, t) is a
morphism of triples then we have a natural transformation ησ : F (A,H,t) →
F (A,H,t), where ησY : F (A,H,t)Y → F (A,H,t)Y is the restriction and corestric-
tion of idP rM [σY ] : P rM [TAY,H] → P rM [TAY,H] for any FMm-object
Y →M .

4. Classification of fiber product preserving bundle functors.
The main result of [4] is the following classification theorem.

Theorem 1 ([4]). (i) Every fiber product preserving bundle functor F
on FMm is of some finite order r.

(ii) The correspondence F 7→ (AF ,HF , tF ) induces a bijection between
the equivalence classes of fiber product preserving bundle functors on FMm

of order r and the equivalence classes of triples of order r. The inverse
bijection is determined by (A,H, t) 7→ F (A,H,t).

(iii) The natural transformations F1 → F2 of two fiber product preserving
bundle functors F1 and F2 on FMm of order r are in bijection with the
morphisms between corresponding triples. An example of such a bijection is
η 7→ ση.

5. The Lie algebra of Aut(A,H, t). Consider a triple (A,H, t), where
A is a Weil algebra of order r, H is a group homomorphism from Grm into
Aut(A), and t is a Grm-invariant algebra homomorphism from Drm into A.
We note that Aut(A,H, t) is a closed (and hence Lie) subgroup in GL(A).

Proposition 1. Lie(Aut(A,H, t)) = {D ∈Der(A) |D ◦ t= 0, H(ξ) ◦ D
= D ◦H(ξ) for all ξ ∈ Grm}.
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Proof. By [3], Lie(Aut(A)) = Der(A). Clearly, σ ∈ Aut(A,H, t) iff σ ∈
Aut(A) and σ ◦ t = t and H(ξ) ◦ σ = σ ◦H(ξ) for any ξ ∈ Grm. Analysing
1-parameter subgroups in Aut(A,H, t) we end the proof.

6. Natural transformations of F|FMm,n
into itself. In this section

we prove the following theorem.

Theorem 2. Let F : FMm → FM be a fiber product preserving
bundle functor and (A,H, t) be its triple. Every natural transformation η
of F|FMm,n

into itself can be extended to a unique natural transformation
of F into itself. In particular , Aut(F|FMm,n

) = Aut(A,H, t).

Proof. Let x1, . . . , xm, y1, . . . , yn be the coordinates on the FMm,n-
object Rm × Rn → Rm, the trivial bundle.

Consider a natural transformation η of F|FMm,n
into itself. Since F is

fiber product preserving, F0(Rm×Rn) = An. Thus η is uniquely determined
by the restriction and corestriction η : An → An. Write η(a1, . . . , an) =
(η1(a1, . . . , an), . . . , ηn(a1, . . . , an)) for a1, . . . , an ∈ A.

By the invariance of η with respect to the FMm,n-morphisms (x1, . . . ,
xm, τ1y

1, . . . , τny
n) for τ1, . . . , τn ∈ R+ we get the homogeneity conditions

τjη
j(a1, . . . , an) = ηj(τ1a1, . . . , τnan) for j = 1, . . . , n and any a1, . . . , an

∈ A and any τ1, . . . , τn ∈ R+. This type of homogeneity implies that ηj

depends linearly on aj by the homogeneous function theorem [3].
Using permutations of fibered coordinates we deduce that η = σ× . . .×σ

for σ = η1 : A→ A.
We prove that σ ∈ Morph(A,H, t).

Step 1. σ is an algebra homomorphism.

We know that σ is R-linear. Using the invariance of η with respect to
the local FMm,n-morphism (x1, . . . , xm, y1 + (y1)2, y2, . . . , yn) we derive
that σ(a + a2) = σ(a) + (σ(a))2, i.e. σ(a2) = (σ(a))2 for any a ∈ A. Then
σ((a1 + a2)2) = (σ(a1 + a2))2, i.e. σ(a1a2) = σ(a1)σ(a2) for any a1, a2 ∈ A.
So, σ is multiplicative.

Using the invariance of η with respect to the FMm,n-map (x1, . . . , xm,
y1 + 1, y2, . . . , yn) we derive that σ(a+ 1) = σ(a) + 1, i.e. σ(1) = 1.

These facts show that σ is an algebra homomorphism.

Step 2. σ is Grm-equivariant.

Using the invariance of η with respect to the FMm,n-maps ϕ× idRn for
ϕ ∈ Diff(Rm,Rm) with ϕ(0) = 0 we obtain H(ξ) ◦ σ = σ ◦ H(ξ) for any
ξ = jr0ϕ ∈ Grm. So, σ is Grm-equivariant.

Step 3. σ ◦ t = t.
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By the invariance of η with respect to the FMm,n-morphisms (x1, . . . ,
xm, f(x1, . . . , xm) +τy1, . . . , τyn) for any τ ∈ R+ and any f : Rn → R and
next letting τ → 0 we get σ ◦ t(jr0f) = t(jr0f). Hence σ ◦ t = t.

We have proved that σ ∈ Morph(A,H, t). By Theorem 1 we have the
natural transformation ησ : F → F corresponding to σ. Clearly, η is the
restriction of ησ.

If η̃ : F → F is another such transformation, then η̃ = ησ because η̃
coincides with ησ on A = A× {0} ⊂ An.

7. Absolute operators. Let F : FMm → FM be a fiber product pre-
serving bundle functor and let (A,H, t) be its triple. We have the following
example of absolute natural operators Tproj|FMm,n

 TF .

Example 1 (The operators op(D)). Let D ∈ Lie(Aut(A,H, t)). Let στ
be the 1-parameter subgroup in Aut(A,H, t) corresponding to D. By The-
orem 1 we have the corresponding 1-parameter subgroup ηστ of natural
equivalences of F . So, for every FMm,n-object Y we have a flow ηστ on
FY . This flow defines a vector field op(D) on FY . The correspondence
op(D) : Tproj|FMm,n

 TF is an absolute (i.e. constant) natural operator.

We have the following classification of absolute operators.

Proposition 2. Let F : FMm → FM be a fiber product preserving
bundle functor and (A,H, t) be its triple. Every absolute natural operator
B : Tproj|FMm,n

 TF is op(D) for some D ∈ Lie(Aut(A,H, t)).

Proof. Consider an absolute natural operator B : Tproj|FMm,n
 TF .

For every FMm,n-object Y we have a vector field B on FY invariant with
respect to FMm,n-maps. The flow FlBτ of B is FMm,n-invariant. Using
Theorem 1 we can easily show that there exists v ∈ FY such that FY is
the orbit of U with respect to FMm,n-maps for any open neighbourhood
U ⊂ FY of v. This implies that B is complete, i.e. the flow FlBτ is global.
Hence the flow corresponds to some 1-parameter subgroup in Aut(F|FMm,n

).

By Theorem 2, we have the corresponding 1-parameter subgroup σFlBτ in
Aut(A,H, t). This subgroup corresponds to some D ∈ Lie(Aut(A,H, t)).
Thus B = op(D).

The triple corresponding to Jr is (Drm, idGrm , idDrm), where idGrm : Grm →
Grm
∼= Aut(Drm) is the identity. By Proposition 1, Lie(Aut(Drm, idGrm , idDrm))

= {0}. Therefore we have the following corollary.

Corollary 1. Every absolute operator on Jr|FMm,n
is 0.

Let Jrv : FMm → FM be the vertical extension of Jr (see [2]). We
recall that Jrv (Y ) =

⋃
x∈M Jrx(M,Yx) for every FMm-object Y → M . The

triple of Jrv is (Drm, idGrm , ε), where ε : Drm → Drm is the trivial algebra
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homomorphism (equal to 0 on the nilpotent ideal; see [4]). By Proposition 1
we have Lie(Aut(Drm, idGrm , ε)) = {D ∈ Der(Drm) | ξ ◦D = D ◦ ξ for all ξ ∈
Grm}. As an easy exercise one can compute that {D ∈ Der(Drm) | ξ◦D = D◦ξ
for all ξ ∈ Grm} = {0} if r ≥ 2. For r = 1 we have {D ∈ Der(D1

m) | ξ ◦D =
D◦ξ for all ξ ∈ G1

m} = RD1
m, where D1

m ∈ Der(D1
m) is the unique derivation

such that D1
m(j1

0(xi)) = j1
0(xi) for i = 1, . . . ,m. (Here x1, . . . , xm are the

usual coordinates on Rm.) Therefore we have the following corollary.

Corollary 2. (i) Every absolute operator on J1
v |FMm,n

is a constant
multiple of op(D1

m).
(ii) For r ≥ 2 every absolute operator on Jrv |FMm,n

is 0.

Remark 1. We have the following geometrical interpretation of op(D1
m).

For every FMm,n-object p : Y → M , J1
vY =

⋃
w∈Y (T ∗p(w)M ⊗ TwYp(w)) is

a vector bundle over Y . The Liouville vector field L on the vector bundle
J1
vY is op(D1

m).

The triple corresponding to V A is (A, idA, ε), where idA : Grm → Aut(A)
is the trivial group homomorphism and ε : Drm → A is the trivial al-
gebra homomorphism. By Proposition 1 we obtain Lie(Aut(A, idA, ε)) =
Lie(Aut(A)) = Der(A). So, we have the following corollary.

Corollary 3. Every absolute operator on V A|FMm,n
is op(D) for some

D ∈ Der(D) = Lie(Aut(A)) = Lie(Aut(A, idA, ε)).

Since every natural transformation of J̃2 = J1 ◦J1 into itself is the iden-
tity (see [3]), then Lie(Aut(AJ̃

2
,H J̃2

, tJ̃
2
)) = {0}. So, we have the following

corollary.

Corollary 4. Every absolute operator on J̃2
|FMm,n

is 0.

8. Admissible fiber product preserving bundle functors. Suppose
that F : FMm → FM is a fiber product preserving bundle functor of order
r and (A,H, t) is its corresponding triple. We say that F is admissible if the
following condition is satisfied: for every derivation D ∈ Der(A),

if H(jr0(τ idRm)) ◦D ◦H(jr0(τ−1 idRm))→ 0 as τ → 0 then D = 0.

Lemma 1. (i) The functors Jr and J̃r and their extensions in the sense
of [2] are admissible.

(ii) All vertical Weil functors V A are admissible.

Proof. The triple corresponding to Jr is (Drm, idGrm , idDrm). Consider
D ∈ Der(Drm) such that jr0(τ idRm) ◦ D ◦ jr0(τ−1 idRm) → 0 as τ → 0. Let
x1, . . . , xm be the usual coordinates on Rm. For i = 1, . . . ,m we can write
D(jr0x

i) =
∑
aiαj

r
0(xα) for some real numbers aiα, where the sum is over all
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α ∈ (N ∪ {0})m with 0 ≤ |α| ≤ r. We have

jr0(τ idRm) ◦D ◦ jr0(τ−1 idRm)(jr0(xi)) =
∑

aiα
1

τ |α|−1
jr0(xα).

Then from the assumption on D it follows that aiα = 0 for all α ∈ (N∪{0})m
with 1 ≤ |α| ≤ r, i.e. D(jr0x

i) = ai(0)j
r
01 for i = 1, . . . ,m. Then (since

jr0((xi)r+1) = 0 ∈ Drm and D is a differentiation) we have

0 = D(jr0((xi)r+1)) = D((jr0x
i)r+1) = (r + 1)(jr0x

i)rD(jr0x
i)

= (r + 1)ai(0)j
r
0((xi)r).

Then ai(0) = 0 as jr0((xi)r) 6= 0 ∈ Drm. Then D(jr0x
i) = 0 for i = 1, . . . ,m.

Then D = 0 because the jr0x
i for i = 1, . . . ,m generate the algebra Drm.

Hence Jr is admissible.
The proof of the admissibility of J̃r is left to the reader. First observe

that the triple (A,H, t) of J̃r has the following properties: (1) A =
⊗r D1

m

(see [2]); (2) H(ξ) =
⊗r

ξ for ξ = jr0(τ idRm) ∈ G1
m ⊂ Grm. Then the proof

is similar to that for Jr.
Every extension F of Jr is admissible because (AF ,HF ) = (AJ

r

,HJr )
and Jr is admissible. By the same argument every extension of J̃r is admis-
sible.

The admissibility of V A is a consequence of the fact that the triple of
V A is (A, idA, ε).

In Section 11 we will exhibit a non-admissible fiber product preserving
bundle functor.

9. The main result

Example 2 (The flow operator). In general, if E : FMm,n → FM is
a bundle functor then we have the flow operator E : Tproj|FMm,n

 TE
lifting projectable vector fields to E. More precisely, if X is a projectable
vector field on an FMm,n-object Y then its flow FlXτ is formed by FMm,n-
morphisms. The flow E(FlXτ ) on EY generates E(X).

The main result of this paper is the following classification theorem.

Theorem 3. Let F : FMm → FM be an admissible fiber product pre-
serving bundle functor and let (A,H, t) be its triple. Every natural operator
B : Tproj|FMm,n

 TF is of the form

B = λF + op(D)

for some λ ∈ R and D ∈ Lie(Aut(A,H, t)), where F is the flow operator.

Proof. We assume F = F (A,H,t). We have Rm × TARn ∼= F (Rm × Rn),
where Rm×Rn is the standard FMm,n-object. The identification is given by
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(x,X) ∼= {jr0τx, (tRm(jr0(τx)),X)} ∈ F (A,H,t)(Rm×Rn), x ∈ Rm,X ∈ TARn,
where τx : Rm → Rm is the translation by x. The homothety τ idRm × idRn
for τ 6= 0 sends (x,X) into (τx,H(jr0(τ idRm))(X)). An FMm,n-morphism
of the form idRm ×ψ with ψ ∈ Diff(Rn,Rn) sends (x,X) into (x, TAψ(X)).

Let x1, . . . , xn, y1, . . . , yn be the usual coordinates on Rm × Rn. The
operator B is determined by B(∂/∂x1). We can write

B

(
µ

∂

∂x1

)

(x,X)
=

m∑

i=1

ai(µ, x,X)
∂

∂xi |x
+ E(µ, x,X),

where Eµ,x = E(µ, x, ·) is a vector field on TARn for any µ ∈ R and x ∈ Rm.
The functions ai and E are smooth.

Using the invariance of B(µ∂/∂x1) with respect to the FMm,n-mor-
phisms of the form idRm×ψ with ψ ∈ Diff(Rn,Rn) we see that Eµ,x is
TAψ-invariant. So, Eµ,x corresponds to some absolute operator on TA|Mfn

.
By the result of [3], Eµ,x = op(Dµ,x) for some Dµ,x ∈ Der(A). The family
Dµ,x depends smoothly on µ and x.

Using the invariance of B(µ∂/∂x1) with respect to the fiber homoth-
eties idRm ×τ idRn for τ 6= 0 we deduce that ai(µ, x,X) = ai(µ, x, τX), i.e.
ai(µ, x,X) = ai(µ, x) for i = 1, . . . ,m.

Using the invariance of B(µ∂/∂x1) with respect to the base homotheties
τ idRm × idRn for τ 6= 0 we deduce that ai(τµ, τx) = τai(µ, x), i.e. ai(µ, x)
depends linearly on µ and x by the homogeneous function theorem.

Clearly, B(0) is an absolute operator. So, B(0) = op(D) for D ∈
Lie(Aut(A,H, t)) by Proposition 2.

Now, replacing B by B −B(0) we can write

B

(
µ

∂

∂x1

)

(x,X)
=

m∑

i=1

aiµ
∂

∂xi |x
+ op(Dµ,x)X ,

where ai ∈ R and Dµ,x ∈ Der(A) is a smoothly parametrized family of
derivations with D0,0 = 0.

Using the invariance of B(µ∂/∂x1) with respect to the FMm,n-mor-
phisms (x1, τx2, . . . , τxm, y1, . . . , yn) for τ 6= 0 we get a2 = . . . = am = 0.
So replacing B by B − a1F we can write

B

(
µ

∂

∂x1

)

(x,X)
= op(Dµ,x)X ,

where Dµ,x ∈ Der(A) is a smoothly parametrized family of derivations with
D0,0 = 0.

Using the invariance of B(µ∂/∂x1) with respect to the base homotheties
τ idRm × idRn we get op(Dτµ,τx)X = (H(jr0(τ idRm))∗ op(Dµ,x))X , i.e.

Dτµ,τx = H(jr0(τ idRm)) ◦Dµ,x ◦H(jr0(τ−1 idRm))

for any τ 6= 0.
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If τ → 0, then Dτµ,τx → 0 because D0,0 = 0. Thus Dµ,x = 0 for all
x ∈ Rm and µ ∈ R because F is admissible.

Remark 2. Observe that from Theorem 3 it follows that under the as-
sumption of the theorem any natural operator B : Tproj|FMm,n

 TF has
order less than or equal to the order of F . This order estimation also follows
by the general method from [6].

10. Corollaries. We have the following immediate corollaries of Theo-
rem 3, Corollaries 1–4 and Lemma 1.

Corollary 5 ([5]). Every natural operator B : Tproj|FMm,n
 TJr is

a constant multiple of the flow operator J r.
Corollary 6. (i) Every natural operator B : Tproj|FMm,n

 TJ1
v is

a linear combination of the flow operator J 1
v and op(D1

m) with real coeffi-
cients.

(ii) For r ≥ 2 every natural operator B : Tproj|FMm,n
 TJrv is a

constant multiple of the flow operator J rv .

Corollary 7. Every natural operator B : Tproj|FMm,n
 TV A, where

A is a Weil algebra, is of the form B = λVA + op(D) for some λ ∈ R and
D ∈ Der(D) = Lie(Aut(A)) = Lie(Aut(A, idA, 0)).

Corollary 8. Every natural operator B : Tproj|FMm,n
 T J̃2 is a

constant multiple of the flow operator J̃ 2.

11. A counterexample. We show that the assumption of admissibility
of F in Theorem 3 is essential.

Example 3. Given a fibered manifold p : Y →M from FMm we define
a vector bundle

F 〈r〉Y =
⋃

y∈Y
{jrp(y)σ | σ : M → TyYp(y)}

over Y . For every FMm-map f : Y1 → Y2 covering f : M1 →M2 we define
the induced vector bundle map F 〈r〉f : F 〈r〉Y1 → F 〈r〉Y2 covering f by

F 〈r〉f(jrp(y)σ) = jrf(p(y))(Tf ◦ σ ◦ f−1)

for any σ : M → TyY1p(y), y ∈ Y1. Then F 〈r〉 : FMm → FM is a fiber
product preserving bundle functor with values in the category VB of vector
bundles.

Let s = 0, . . . , r. Given a projectable vector field X on an FMm,n-object
Y covering a vector field X on M we define a vertical vector field V 〈s〉(X)
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on F 〈r〉Y as follows. Let jrp(y)σ ∈ F
〈r〉
y Y , σ : M → TyYp(y), y ∈ Y . We put

V 〈s〉(X)(y) = (y, jrp(y)(X
(s)σ(p(y)))) ∈ {y} × F 〈r〉y Y = VyF

〈r〉Y,

where X(s) = X ◦ . . . ◦X (s times) and X(s)σ(p(y)) : M → TyYp(y) is the
constant map.

The correspondence V 〈s〉 : Tlin|FMm,n
 TF 〈r〉 is a natural operator.

Of course if s = 1, . . . , r then V 〈s〉 is not of the form as in Theorem 3,
for V 〈s〉(0) = 0 and V 〈s〉 is not absolute.
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