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Periodic solutions of dissipative dynamical systems
with singular potential and p-Laplacian

by BING Liu (Wuhan)

Abstract. By using the topological degree theory and some analytic methods, we
consider the periodic boundary value problem for the singular dissipative dynamical
systems with p-Laplacian: (¢p(z')) + % grad F(z) + grad G(z) = e(t), z(0) = =(T),
z'(0) = 2/(T). Sufficient conditions to guarantee the existence of solutions are obtained
under no restriction on the damping forces % grad F'(x).

1. Introduction. Consider the periodic boundary value problem for
the singular dissipative dynamical system with p-Laplacian

(1) (pp(z") + %grad F(x) + grad G(z) = e(t),

(2) 2(0) = (T),  2'(0) = 2'(T),

where F' € C?(R™",R), G € C}(R"\ {0},R), e € L'([0,T],R"), p > 1 is a
fixed constant, and ¢, : R” — R" is the mapping defined by

(3) Op(2) = Gp(x1,- .y xn) = (J21 P22, 2P 2).
Then ¢, is a homeomorphism of R™ with inverse ¢, (1/¢+ 1/p = 1).

Roughly speaking, the potential G(x) is singular (at 0) in the sense that
G(z) becomes infinite when z tends to 0. From the physical meaning of
(1), the singular potential G(z) is said to be of attractive type (repulsive
type, respectively) if G(x) — —oo (G(x) — oo, respectively) as z — 0; see
Ambrosetti [1].

By a solution x of problem (1), (2), we mean that z € W2?([0,T],R"),
¢p(x’) is absolutely continuous on [0,T], x(t) # 0 for all ¢t € [0,7] and =
satisfies the boundary condition (2) and equation (1) for a.e. ¢t € [0,T].

When p = 2 or ¢,(x) = =, and no damping is present in (1), the above
boundary value problem has variational structure and can be handled by
critical point theory. In [3], Gordon introduced a strong force condition on

2000 Mathematics Subject Classification: Primary 34C15, 34C25.
Key words and phrases: singular potential, dissipative system, p-Laplacian.

[109]



110 B. Liu

G(z) at 0 to get some compactness for the corresponding action functionals.
We refer to Ambrosetti [1] for attractive case and to Coti Zelati [2] and
Solimini [9] for the repulsive case.

When damping is present in (1), and p = 2 or ¢,(x) = x, we can use
the Leray—Schauder degree or the coincidence degree. For one-dimensional
systems, we refer to [5, 6, 8, 12]. For higher dimensional systems, Habets
and Sanchez [4] introduced a different strong force condition on G(x) at the
origin from the viewpoint of degree theory. Zhang [10] obtained an existence
result under no restriction on the damping forces % grad F'(z).

In the present paper, motivated by [10], we are also interested in higher
dimensional systems. We establish the existence results for repulsive type
and attractive type and for any damping forces, without imposing more
conditions on the singular potential G(z). Moreover, the general exponent
p is allowed, and our results seem to be new even if p = 2.

The notation we use is mostly standard. We denote the Euclidean inner
product in R™ by (-, -), and the {P-norm in R™ by | - |, i.e.

= /
|3§‘| = |($17'-'7xn)| - (Z|3§'z|p>1 p.
i=1

The corresponding LP-norm in LP([0,T],R™) is defined by
1

el = (3§ an) = (- helg) ™

=10
where z; € LP([0,T],R), |||, = (§, [:(£)[? dt)"/? (i = 1,...,n). The L>-
norm in C([0,T],R") is

[2]loc = max [z
1<i<n

where |[zillc = supiepoplzi(t)| (@ = 1,...,n). Also, for n > 1, we write
C' =CH[0,TL,R"), Cp ={z € C" : 2(0) = x(T), 2/(0) = 2'(T)}.

2. Some lemmas. To discuss the existence of solutions for the periodic
boundary value problem (1), (2), we introduce some lemmas.

Let ¢ : R® — R™ be a continuous function which satisfies the following
two conditions (see [7]):

(Hy) For any z,y € R", x # y, one has

(¢(z) = ¢(y),x —y) > 0.

(Hz)  There exists a function g3 : [0,00) — [0,00) such that lim,_, . 3(s)
= oo and

(p(z),z) > B(|z|)|z| for all x € R".
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Clearly, under these two conditions ¢ is a homeomorphism of R™ onto R",
and lims| o0 |07 (s)| = oo (see [7]). We notice that, in [7], the |- | of
(Hs) denotes the Euclidean norm in R™, while here it is the [P-norm in R"™.
However, it is well known that any two norms on R™ are equivalent, so the
above condition (Hz) and the condition (Hs) of [7] are equivalent.

First, consider the periodic boundary value problem

(4) ((a) = f(t z,2"),
(5) 2(0) =x(T), 2/(0) =2'(T),

where ¢ : R — R” satisfies conditions (H;), (Hz), and f : [0, T] xR" xR" —
R™ is a Carathéodory function. Then we have the following lemma (see
Theorem 3.1 of [7]).

LEMMA 1 (see [7]). Assume that (2 is an open bounded set in Ck such
that the following conditions hold:

(i) For each A € (0,1), the problem
{ (6(a")) = Af(t,x,2),
2(0) = z(T), 2'(0) =2(T),

has no solution on Of2.
(ii) The equation

1T
F(d) = TSf(t,d,O)dtzo
0

has no solution on 02 NR"™.
(iii) The Brouwer degree

degg[F, 2 NR™,0] # 0.
Then problem (4), (5) has a solution in 2.

Next, let W1P([0,T],R™) be the Sobolev space. We need the following
inequality (see Lemma 3 of [11]):

LEMMA 2 (see [11]). Let u € WLP([0,T],R"™), u(0) = u(T) = 0. Then

T
lellp < — 1/l

p
where
(p—1)'/?
d 2m(p — 1)1/P
(6) =2 | Spl/p: m(p 73 .
v -z ()

3. Main results. In this section, we establish the existence results for
the repulsive type and attractive type.
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LEMMA 3. Assume that ¢, : R" — R" is given by (3). Then ¢, satisfies
conditions (Hy), (Ha).

Proof. Let x,y € R™, x # y. From the inequality

(6p(@) = dp(y),x —y) = D _llaal? —wigilea P> + [yal" =) + yal”]

i=1

> ) Mal” = lal - lyal (a2 + gl P~2) + [l ]

M-

@
Il
—

[aeal ™" = lyalP M| = Jysl) > 0

I

@
I
—

it follows immediately that

(Pp(x) —dp(y),z—y) =0 = z=y
and thus (Hy) holds. Also, from

(dp(a),x) =Y Jail? = [af? = |2[P~H]a,
i=1

(Hz) follows.
First, for the repulsive type, we have the following result.

THEOREM 1. Assume that the following conditions hold:

(R1)  lim,—o(z,grad G(x)) = —oc.

(Re)  Habets—Sanchez’s strong force condition at 0 (see [4]): There ex-
ists o € CYR™ \ {0}, R) such that (i) lim,_.¢¢(z) = oo; and (ii)
lgrad p(z)]|9 < |(z,grad G(z))| + co if 0 < |z| < 1, where ¢o is a
positive constant and 1/q+ 1/p = 1.

(R3)  There exist nonnegative constants a, b and ¢ such that

(xz,grad G(z)) < alz|’ +¢, Vo eR™\{0}.

(R4)  There exists a constant M > 0 such that if |z;| > M (i =1,...,n),
then

oG
7 —€; . 17"'7
:E(axi e><0 forall i€ n}

where €; = T~! Sép ei(t)dt (i=1,...,n).

Then the periodic boundary value problem (1), (2) has at least one solution
provided

a < (mp/T)"
where m, is defined by (6).
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Proof. To apply Lemma 1, we first consider the auxiliary equation

/ ! d
) (Pp(a")) = Xe(t) — pr grad F(z) — grad G(z) |, X € (0,1),

Set
2 = {x € W?P([0,T],R™) : z satisfies (7)}.

We shall show that there exist positive constants M; (i = 1,2,3,4) such
that, for any x € (24,

(8) [2'lp < My, My <lzloc < Mz, [[2"]oc < Mi.
In fact, for z € {21, from (7), one has
) (@9(')) = A|elt) ~ 5 grad i) — grad (o)
Since x(0) = z(T), 2'(0) = 2/(T), we have
T
|21 = {{x, (dp(2))") dt
0

and
<:13, %grad F(:E)> = %(x,gradF(m» — (2’ grad F(z)).

Thus considering the inner product of (9) with x, from (R3) we deduce that
T T

(10) |2/ = A [z, grad G(x)) dt — A { (, e(t)) dt
0 ., 0
S OF + cdt + § (t)] - le(t)] dt
0 0
< allzlf + llell1]lzllco + €T
Again from (9), we obtain
T T d
=\ |e(t) — — grad F(z) — grad G(z) | dt
§ é [ e g
=A S [e(t) — grad G(z)] dt
0

and thus



114 B. Liu

that is,

So in view of (Ry), for any i € {1,...,n}, there exists t; € [0,T] such that
|z;(t;)] < M. Thus for any i € {1,...,n},

t T
zi(t;) + S 7 (s) ds‘ <M+ S |z (s)| ds
t; 0
1 T , 1/p 1 r 1/p
§M+T/Q(S]:ri(s)|pdt> §M+T/q< [ 1 (s |pds)
0 =10
= M T,

|z (t)| =

3

where 1/q+1/p = 1. From this inequality, we have ||z;]|co < M +TV9|2/||,
S0

(11) 2]l o0 < M +T4||2||,.
Again for each i € {1,...,n}, set

(t)_ xi(t—l—ti—T)—mi(ti), T—tiStST,
Y=V zit+ 1) — (), 0<t<T—t.

Then y;(0) = y;(T) = 0, hence y(0) = y(T) = 0. Since x € W2P([0,T],R"),
we see that y € W2P([0,T],R™), which implies y € W1P([0, T],R™). There-
fore, from Lemma 2,

T
(12) yllp < — 113/ [l,-
Tp
For each i € {1,...,n}, we have
T—t; T
lyi + zit)lE = | |zt +t)lPdt+ | |o(t+t—T)Pdt
0 T—t,
T ti
= Vi) P dt + § i) dt = [|][3.
t; 0

For any € € (0,a™(m,/T)P — 1), in view of the Minkowski inequality, p > 1
and |z;(t;)| < M, one has

il = llys + i)l < (gilly + lza(E)lp)? < (lgillp + TP M)P
< (T +¢)ly:llh + const,
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which implies
n
(13) )2 = 3" lzill2 < (1 + €)lly]l% + const.
=1

Noticing y; = 2, (¢ = 1,...,n), which implies ||y’||, = ||2'||p, from (12), (13)
we obtain

T p
(14) z]|h < (1+¢€) (W—p> ||| + const.

Hence from (10), (11), (14), one has

T p
o'l < a1+ 2) (= ) /1 + Tl + const
P

Ase € (0,a Y (m,/T)P —1), we have a(l+¢)(T/mp)P < 1, and thus from the
above inequality, there exists a constant M; > 0 such that

(15) o/, < M.
Taking

(16) Ms > M +TY My,
from (11), (15), (16), one has

(17) |l z]|co < Ms.

Now in view of conditions (R1), (R2), proceeding as in the proof of Lemma 6
of [4], a lower bound for min{|z(t)| : ¢t € [0,T]} follows from the proof by
noticing the estimates (15), (17). Namely, there is some L > 0 such that

min{|z(t)| : t € [0,T]} > L.
Since ||z[|oc = maxi<i<n [|Tillo Where [|2;][oc = supsejo ry [#i(t)], we have

18) el > (Y heil) " = [ sup fmtoly
=1

i—1 t€l0,T]

1/p
" 1/p
> [ Yl = o) 2 min a(t)] > L.

te[0,T]

Again from condition (R;), there exists a small enough M, € (0,n~/PL)
such that, for any d € R™ with ||d||oc < M, one has

(19) |(d, grad G(x)|p—aq)| > Mo Z 3R

Since My < n~YPL, from (18) we have
(20) l2lloe > M.
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Again by (17), (18), for any ¢t € [0,T], one has L < |z(t)| < n/?||z]je <
n'/PMs. Thus since F € C*(R™,R) and G € C'(R" \ {0},R), there exist
constants Ly, Ly > 0 such that |0?F(z)/022| < Ly and |grad G(z)| < Lo.
Now we use (9) to get

T T
(21)  {I(¢p(a"))|dt = X e(t)—%gradF( ) — grad G(z)| dt
0 0
T T
< | et |dt+§ —gradF )| dt + | |grad G(x)| dt
0 0 0
T t
= {le()ldt + S |x|dt+§|gradc:(x)ydt
0 0
T
< gye()ydt+L1§\x1dt+L2
0 0

< llells + LaTY4||a" [l + LoT.

From (15), (21), there exists a constant Lz > ||e|y + T*/9LyM; + LT such
that
T
(22) J1(6p(2")'|dt < Ls.
0
On the other hand, for any i € {1,...,n}, as z;(0) = z;(T), there exists
€ (0,T) such that z}(t;) = 0; thus from (22) we get
t
§ (@p(i(s)))" ds
£

So |x(t)] < ¢g(Ls) for all i € {1,...,n} and t € [0,T]. Hence there exists a
constant My > ¢4(L3) such that

(23) |2/ || o < My.
From (15), (17), (20) and (23), we see that the estimates (8) hold.
Define E = {z € W2P([0,T],R") : 2(0) = z(T), 2'(0) = 2/(T)}, and set
R={zx € E: M <|z|o < Mz, ||2'||cc < M4}
Since W2P([0, T],R™) is compactly embedded in C!, we have £2 C C}. Now,
from the above argument, we know that problem (7) has no solution on 942.

Hence condition (i) of Lemma 1 is satisfied.
Next, let

< Ls.

|6 (i (1)] = 1p (w3 (1)) — (3 (E7))] =

{e(t) - %gradF( ) —gradG(x)|dt, =€E,
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that is,

1t 1t
T S grad G(x)|y—q dt = T S e(t)dt
0 0
or
(24) 9G(x) =€, i=1,...,n
axi r=d

Hence |d;| < M (i = 1,...,n). Indeed, suppose that there exists iy €
{1,...,n} such that |d;,| > M. Then from condition (Ry4), one has

oG
%j) . # €igs
which contradicts (24). Thus, by (16), one has ||d|| < M < Ms.
Again
ORNR" = {de QNR": ||d]lec = Ma} U{d € R2NR" : ||d]|o = Ms}.
According to the above argument, F (d) # 0 for any d € 2 NR"™ with

ld|lsc = Ms. Moreover, if d € 2NR™, ||d||ec = M and F(d) = 0, then from
(19), (24), we get

GG

M22’61’<| d, grad G(z)|z=q)
r=d

=1
n
= ‘Zdiéi < Z |d;| - |&;] < Mzz €],
i=1 i=1 i=1

which is a contradiction. So F(d) # 0 for all d € 82 NR™, and condition (ii)
of Lemma 1 holds.

Finally, we show that condition (iii) of Lemma 1 holds. Indeed, since
F(d) =T SOT e(t)dt —grad G(z)|z—q and G € CY(R™ \ {0}, R), it follows
that F : 2 NR" — R" is continuous and maps bounded sets to relatively

compact sets, hence Fis completely continuous.
Set

H(d,\) = MA(d) + (1 — \)F(d)
where A : R™ — R" is the identity. Then
(25) H(d,\) #0, Vded2nR", YAel0,1].
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In fact, for any d € R", if H(d, ) 0, then |d;| < M (i =1,...,n). Indeed,
if |d;,| > M for some d = (dy,. ) € R™ and iy € {1,...,n} such that
H(d,)\) = 0, then

AA(d) 4 (1 = N)F(d) =0,

or

@
Q
2

X&i:(l—X)( o

In particular,

(2) Xy = (1= ) (5

soX#1 (otherwise 31»0 = 0, contradicting \&i0| > M). So from condition
(R4), one has
—_— — Ei0> < 0,
z=d

which contradicts Ad?, > 0; thus |d;| < M (i = 1,...,n). Hence [|d|s <
M < Ms. So for any d € 2 NR"™ with ||d|lcc = Ms, H(d,\) # 0 for any
A e [0,1].

On the other hand, for any d € 2 NR"™ with ||d||cc = Mo, if H(d,\) =0,
then

1 T
A+ (1—=N) {f | e(t) dt — grad G(:J:)|md] =0,
0

which implies

(27) Md, d) = (1 = N)[{d, grad G(z)]s=a) — (d, )],
where

_ 1t

€= (S) e(t) dt

In view of (19), (Ry), (27), we have (noticing X # 1)

Md, d) < (1= X) :—Mg > Jeil + I(d, é)l]

i=1

<(1-2MX) My Z &i| + Z |ds] - ‘Ei’:|

B i=1 i=1
M, S feil + MY ’éi’} =0,
- i=1 i=1

which is a contradiction. So H(d, \) # 0 for any d € 2NR" with ||d||sc = M.
Hence (25) holds.

<(1-\

~—
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By the homotopy property of degree
degg(F, 2 NR",0) = degg(H(-,0), 2NR",0)
= degp(H(-,1),2NR",0)
= degp(4, 2NR",0) # 0.

Thus condition (iii) of Lemma 1 holds. Hence by Lemma 1, the periodic
boundary value problem (1), (2) has at least one solution. This completes
the proof.

Next, for the attractive type, using the above techniques, we can easily
prove the following theorem.

THEOREM 2. Assume that conditions (Rz), (Rs) of Theorem 1 are sat-
isfied, and furthermore the following conditions hold:

(R})  limz—o(z,grad G(z)) = oc.
(R})  There exists a constant M > 0 such that if |z;| > M (i =1,...,n),
then

oG
il =— — € ‘ 17"'7
m(&xi e>>0 forall i € n}

where €; = T~! Sg ei(t)dt (i=1,...,n).

Then the periodic boundary value problem (1), (2) has at least one solution
provided

a < (mp/T)"
where m, is defined by (6).
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