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A uniqueness theorem of Cartan—Gutzmer type
for holomorphic mappings in C"

by P10TR LI1CZBERSKI and JERZY POLUBINSKI (L6dZ)

Abstract. We continue our previous work on a problem of Janiec connected with a
uniqueness theorem, of Cartan—Gutzmer type, for holomorphic mappings in C". To solve
this problem we apply properties of (j; k)-symmetrical functions.

1. Introduction. The following two uniqueness theorems are well
known.

THEOREM (H. Cartan, [1]). Let £2 be a bounded domain in C" and g :

2 — (2 be a holomorphic mapping. If there exists a point b € {2 such that
g(b) = b, Dg(b) =1I, then g(z) = z for every z € (2.

THEOREM (A. Gutzmer, [3]). Let A be the open unit disc in the complex
plane C and g : A — A be a holomorphic function of the form

9(Q) =Y _al’, (€A
v=0

If there exists an integer j > 0 such that |aj| = 1, then g(¢) = a;¢7, ¢ € A.

We consider a related problem connected with a uniqueness theorem
(given by E. Janiec in [4]) for holomorphic mappings in bounded complete
Reinhardt domains

Bt (r) = {z = (21,...,2n) €C": i EARERS r},
s=1

where r € Ry = (0,00) and t = ({1,...,t,) € RL. We write B* for B*(1);
if 1 = (1,...,1), then B = B! is the euclidean open unit ball. For j =
(J1,---,Jn) € N" where N is the set of positive integers, we set t/j =
(tl/jl, - ,tn/jn) S Rﬁ_.

In [4] E. Janiec proved the following result.
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THEOREM (E. Janiec, [4]). Let t € R+, jeN" and g = (g',...,g") be
a holomorphic mapping in Bt. If each g%, s = 1,...,n, has an expansion
into a series of homogeneous polynomials of the form

(1.1) g°(2) = 20 + Z P¥(2), z=1(z1,...,2n) € BY,
v=js+1

and g : Bt — B3 then g transforms B onto B3 and
g(z) = (" ...,2"),  z=(z1,...,2,) € B

It is clear that when j = (1,...,1), the above theorem coincides with the
Cartan uniqueness theorem for 2 = B and b = 0.

E. Janiec [4] also asked whether it is possible to omit the assumption
that

(1.2) pl=pst—  =psis—l—0 s=1,...n

He tried to solve this problem by restricting the set of mappings considered.
He obtained an affirmative answer for every t € R} under the additional
assumption that ¢ : B® — B'J is holomorphic in Bt. Another approach
is to reduce the generality of the domains B*. We have proved in [6] that
assumption (1.2) is not necessary when t = j = (j,...,j) € N™. In this
paper we generalize this result to the case t =j = (j1,...,jn) € N™.

The main theorem (Theorem 3) and its proof are given in Section 3.
There we apply some properties of (j; k)-symmetrical functions; these prop-
erties are presented in Section 2.

We now introduce some further notations. Let Z denote the set of all
integers. For A € C, z = (z1,...,2,) € C", j = (j1,..-,Jn) € Z™ and
1= (I1,...,1,) € Z" we write \j = (M\j1,...,Ajn), Mz = (Mizg,..., Nnzy),
J+tl=01+0,. dn+ ), 1= (il ..., juln) and [j| = j1 + ... + jn-

For every fixed k € N, k > 2,let £ = {0,1,...,k—1} and € = exp(27i/k).
We will use the equality

g _ KT k(L "
(1.3) g;g {0 it kA1 INWAD
.] n

where k|1 means that there exists an m € Z™ such that 1 = km. This
formula follows directly from the equalities

k—1 n n k—1
S-S [ =TS e
jekn 71=0,...,jn=0 s=1 s=1js=0

and from the well known fact that Z o0&l is k if k|1 and zero otherwise,
for l € Z.
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2. (j; k)-symmetrical functions. Fix £ € N, k£ > 2, and let ¢ =
exp(2mi/k). A nonempty subset U of C™ will be called separately k-sym-
metrical if for any (z1,...,2,) € U and s = 1,...,n the point (z1,..., 251,
EZsy Zst1s .-+, 2n) 18 also in U.

Let U be a separately k-symmetrical subset of C", F(U) be the vector
space of all functions F' : U — C, and L; : F(U) — F(U), for j € Z™, be a
linear operator defined as follows:

(2.1) (L;F)(2) = F(ed2), =z€U, FeFQU).
A function F' € F(U) will be called (j; k)-symmetrical if for every 1 €Z™,
(2.2) LiF =R
It is easy to see that (2.2) is equivalent to
F(21y ..., 25—1,E25, Zs41s -y 2n) = stF(z)
for every z = (21,...,2,) €U and s =1,...,n.

The (j; k)-symmetrical functions form a complex linear subspace of F(U),
denoted by F;(U). From now on, we write F; and F for F;(U) and F(U),
respectively.

The analysis of the spaces Fj can be restricted to the case when j € K",
because Lj111 = L£; and consequently Fj 4 = Fj for 1 € Z".

Observe that the notion of a (j; k)-symmetrical function F' : U — C on
a separately k-symmetrical set U C C" coincides for n = 1 with the notion
of a (j; k)-symmetrical function F' : U — C on a k-symmetrical set U C C,
given in [5].

For j € K", define the following operators 7rj on F:

(2.3) mF =k Y e Wop Fef.
lekn

Now we give a useful decomposition theorem.

THEOREM 1. Let U be a separately k-symmetrical subset of C™ and let
F e F. Then

(2.4) F=) mF,
jexn
(2.5) mF e F;, jekm™.
The above decomposition is unique in the following sense: if
(2.6) F=>Y F
jexn
where Fj € Fj for j € K", then F; = m;F.
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Proof. (2.4) follows from (2.3), (1.3) and (2.1):
D omF=> k"> eWaF=) krLF ) e W =LF=F
jexn jexn lexn lexn jexn
Now let m € K. Since (2.3) and (2.1) give
Lan(mF) = Lo (K7 > e WL F) =7 - e WL, ap
leKn leKn
m+(k—1,....k—1)
— climlp—n Z g im)lp B = himlpn Z e lslo
leKn s=m
— hmlg—n Z e Uslg F = eimlz F,
sekn
we see that m;F satisfies condition (2.2), and consequently (2.5) holds.

To prove the uniqueness, suppose that (2.6) holds and Fj € F;j for j €K™,
Then, in view of (2.3), (2.5), (2.2) and (1.3), for every m €K™ we obtain

TmF = 7Tm( Z FJ> = Z T Fj = Z k" Z 5_|1m‘£1Fj

jekn jekn jekn lekn
= S kY el = 3 gy 3 il gy
jexn lekn jexn lekn

The functions Fj = m;F will be called the (j; k)-symmetrical parts of F.

Theorem 1 can also be proved by the methods of the representation
theory of finite groups (see for instance [2]). Another proof of Theorem 1,
in the case of n = 2, has been given in [7] by a reduction to the case n = 1,
considered in [5].

Now we give two corollaries of Theorem 1.

COROLLARY 1. Let U C C" be separately k-symmetrical, F' € F and Fj
be its (j; k)-symmetrical parts, j = (j1,...,Jn) € K™. Then
YIFE)P =" |F(2))’,  z€U
lekn jekn
Proof. Since Fj = m;F, we have
B3R =Y (X e WRER)) (D emEEm)).
jexn jexn 1eKn meKn
Now change the order of summation and use (1.3). m
Let Ng = NU{0} and for m = (mq,...,my) € N§, z = (21,...,2,) € C",
let amz™ = amz]"™ ... 20"

COROLLARY 2. Let U C C" be a bounded complete Reinhardt domain
with centre at the origin, and let F' € F be a holomorphic function of the
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form
F(z) = Z amz", z=(z1,...,2n) € U.
meNg
Then, for any fired k e N, k> 2, and j € K",
(2.7) Fy(z) = Z ajrra? 2 e U
deNy

Proof. As U is a separately k-symmetrical domain for every k > 2 and
F' is the sum of an absolutely convergent power series, we can change the
order of summation after using formula (2.3). Now apply (1.3). =

For s € {1,...,n} and j= (j1,...,jn) €N"let j*=(0,...,0,Js,0,...,0).

Now we prove a uniqueness theorem for (j; k)-symmetrical functions.

THEOREM 2. Let j = (j1,...,jn) EN"NK If f=(fY ..., f"): B —
B is holomorphic and the (j°; k)-symmetrical part fi., s = 1,...,n, of f*
has the form
(2.8) fis(z) = Ao 2=(21,...,2,) €B,
then ‘

f(2)= (2", .20, 2= (21,...,2,) € BL.

Proof. In view of the uniqueness of the decomposition (2.6) it is sufficient
to show that the (1; k)-symmetrical part f of f¢, ¢ = 1,...,n, vanishes in
BJ if 1 €K™ and 1 # j%. Observe that applying Corollary 1 to f*,s =1,...,n,
we obtain

(29) kYD USEmAP =Y 1RGP Y] Y KRR
s=1 mekn s=1 s=1 js£lekn

Now change the order of summation on the left-hand side of this equality
and use the assumption

n
Z]fs(amz)]2<1, ze€B, meK™
s=1

Simultaneously, apply (2.8) to the first sum on the right-hand side of (2.9).
Then, for every component |f{(2)[%, ¢ =1,...,n and 1 # j%, of the multiple
sum on the right-hand side of (2.9), we obtain

n
’flq(z)|2<1_2’z8’2j57 Z:(zla"'7zn)€Bj'
s=1
Thus for ¢ =1,...,n and 1 # j9,

1) <1-— € (0,1).
ggja()f)‘fl (Z)‘ — T, r ( I )
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Hence, by the maximum principle,

0 <max|fi(z)| <V1—-r, 7r€(0,1).
Bi(r)

Now, observe that the maximum above is a nondecreasing function of
r € (0,1), while the right-hand side decreases in (0,1) and lim,_,;- 1 —7r
= 0. Therefore, maxgyy If(z)] =0, for r € (0,1) and 1 # j9. Consequently,

fil(z)=0for1#j% g=1,...,nand z € BI, because BI = Ureo,n) Bi(r). m

3. Main result

THEOREM 3. Let j= (j1,...,jn) € N* and assume that f=(f', ..., f"):
B — B is holomorphic. If, for every s € {1,...,n},

Fz)=)_P(z), zeB,
v=0

is an expansion of f% into a series of homogeneous polynomials and
(3.1) PSIs(2) =20, z2=(z1,...,2,) € B,

then ' ‘
f(z)= (.20, 2= (z1,...,2,) € B

Proof. Set k = 14+max(j1,...,j,) and let g = (g%, ..., g") where g* = s
for j* = (0,...,0,45,0,...,0) and s = 1,...,n. Since f is holomorphic in
BJ, g is holomorphic in BJ. We will show that g satisfies the assumptions of
the Janiec theorem with t = j.

Observe first that ¢ maps BJ into B. Indeed, from the definition of g¢*,
in view of Corollary 1 and by the assumption that f(BJ) C B, we have, for
z € B,

DIFEP=Y IFEP <k Y ()P
s=1 s=1

s=11lekn
n
=k D IfERP <k ) 1=1
lekn s=1 leKn
Now we show that
o0
(3.2) g°(2) = 20 + Zﬁ;’(z), 2= (21,...,2,) € B,
v>Js

where Ps¥ are homogeneous polynomials of order v.
Indeed, as f* is holomorphic, from (3.1) we have

fs(Z): Z a’mzmv Z:(zlv"'yzn)E]ij

meNg
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where ay, = 1 for m = j° and a,, = 0 for the remaining m such that
|m| = js. Therefore, by Corollary 2,

9°(2)=fi(z) =2+ ) agpira T

0#£deNy
This implies (3.2).
From the Janiec uniqueness theorem we infer that, for s=1,...,n,
g (2) =2, z=(21,...,2,) € B
Since ¢° = [, this means that for every s = 1,...,n the (j%; k)-symmetrical
part fi of f° satisfies (2.8). Theorem 2 also shows that
f(z)= (.., 20), 2= (21,...,2,) €EBI. m

REMARK 1. Putting j=1 = (1,...,1) in Theorem 3, we see that the
assumption ¢g(0) = 0 is not necessary in the Cartan theorem with 2 = B
and b = 0.

REMARK 2. If we put n = 1 in Theorem 3, we obtain Gutzmer’s unique-
ness theorem.
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