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On iteration of higher order jets and
prolongation of connections

by MirosLAV DOUPOVEC (Brno) and
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Abstract. We introduce exchange natural equivalences of iterated nonholonomic,
holonomic and semiholonomic jet functors, depending on a classical linear connection
on the base manifold. We also classify some natural transformations of this type. As an
application we introduce prolongation of higher order connections to jet bundles.

In general, the idea of iteration plays an important role in the theory
of jets. For example, the rth nonholonomic prolongation J"Y of a fibered
manifold Y — M is defined by iteration,

JY = JYTY — M),

which yields the natural identification jr(jSY) — J™+5Y . Denoting by J'Y
the classical rth holonomic prolongation of ¥ — M, we have the canonical
inclusion J"Y C J"Y given by j’s +— jl(u - j771s) for every local section
s of Y. One can also recursively define the semiholonomic prolongation J"Y
(see e.g. [8] and [19]). Then for r > 1 we have
JY CJY CJY,

while for » = 1 all such spaces coincide. For the theory of jets we refer to
[14], [13], [17], [19], [26].

Taking into account applications of jet theory in higher order mechan-
ics and mathematical physics, it is also useful to study iteration of higher
order jets. This leads to the problem of exchange natural transformations
of iterated jet functors, which has direct applications in the prolongation of
higher order connections. But in [7] we have proved that for r # s there is

no natural transformation J"J* — J*°J" and by [3] the only natural trans-
formation J"J* — J"J* is the identity. On the other hand, M. Modugno [24]
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has defined an exchange isomorphism ex, : J'J'Y — J'J'Y depending on
a linear connection A on M. In this paper we solve the general problem:

PROBLEM 1. Introduce exchange natural equivalences B/’T’G :FG — GF
for any couple F,G of higher order holonomic, semiholonomic or nonholo-
nomic jet functors, depending on some linear connection A on the base man-

ifold.

First, in Section 2 we recall the exchange isomorphism J"J*Y — J*J"Y
from [6]. In Section 3 we introduce a natural equivalence B* : J"J* —
Jo T " which has a simple coordinate description. Section 4 is devoted to the
solution of Problem 1. Unfortunately, the complete description of all natural
transformations J"J* — J%J" depending on A is a difficult problem, which
has been solved only for r = s = 1, [I5]. In Section 5 we classify all natural
transformations J2J!' — J2J' and J2J' — J'J? depending on a torsion
free connection A on the base manifold.

In Section 7 we apply natural equivalences BZ’G to prolongation of higher
order connections. We recall that an rth order nonholonomic connection in
the sense of C. Ehresmann [I0] is a smooth section

Iy —Jvy.

Such a connection is called holonomic or semiholonomic if it has values
in J'Y or in JY, respectively. Clearly, first order connections ¥ — J'Y
can also be interpreted as lifting maps Y X TM — TY. Furthermore, a
linear smooth section TM — J"TM is called a linear rth order connec-
tion on M. For r = 1 we obtain the concept of classical linear connec-
tion on M, which can be equivalently interpreted as the covariant derivative
X(M) x x(M) — x(M). In general, higher order connections have many ap-
plications in differential geometry and in the geometric approach to math-
ematical physics (see e.g. [1, [2], [8], [9], [12], [18], [27], [28]). For example,
in [8] we have shown that rth order connections can be used to obtain a
geometric description of higher order geometric object fields.

Roughly speaking, by prolongation of connections we understand geomet-
ric constructions transforming a connection on Y — M into a connection on
FY — M or on FY — Y, where F' is some bundle functor. We recall that
prolongation of first order connections was studied e.g. in [4], [14], [20], [24].
However, prolongation of higher order connections has not been studied sys-
tematically up till now. The second author [23] has recently defined prolonga-
tion of rth order holonomic connections from Y — M to F'Y — M by means
of some classical linear connection on M. In Section 7 we introduce another
prolongation of rth order holonomic, semiholonomic and nonholonomic con-
nections to any sth order (holonomic, semiholonomic or nonholonomic) jet
bundle by means of some classical linear connection on M.
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1. Preliminaries. In what follows we denote by M f,,, the category of
m-~dimensional manifolds and their local diffeomorphisms, by F M the cate-
gory of fibered manifolds and fiber respecting mappings, by F.M,, the sub-
category of fibered manifolds with m-dimensional bases with fibered maps
over local diffeomorphisms, and by FM,,,, C FM,, the subcategory with
n-dimensional fibers and local fibered diffeomorphisms. All manifolds and
maps are assumed to be infinitely differentiable.

Obviously, J" : FM,, — FM,, C FM is a bundle functor transforming
a fibered manifold Y — M into its r-jet prolongation J"Y — M, and any
F Mp-morphism ¢ : Y] — Y5 covering ¢ : M1 — My into J"¢ : J"Y] — J Yo,
J"p(jro) = j;(x)(‘P ooy !). Similarly, J" and J" are also bundle functors
on FMy,.

Denoting by (z?, y”) the canonical coordinates on Y, the induced coordi-
nates on J'Y are Y= OyP/O0z'. The canonical coordinates on J'Y can be

introduced by the following induction. First, assume we have the coordinates
(2',yf 5 )onJ 7Y, whereiy,...,i,—1 € {0,1,...,m}. Then the induced

coordinates on J"Y are

i 0

D R D _ D
T Yireip10 = Yireip—r Yinieni = griYinir-y

Next, the semiholonomic prolongation J"Y can be characterized by the
following condition: y; ; =y . provided the sequences obtained from
(i1...7r) and (j1...7r) by deleting all zeros and preserving the order of
nonzero indices coincide. So the local coordinates on J"Y are (mi,yflu_is),
s = 0,...,r. Finally, the holonomic prolongation J"Y is characterized by
full symmetry in all subscripts.

Let G1,Gs : FM,,, — FM be bundle functors and Con be the bundle
of classical linear connections on the base manifold. By FM,,,-natural trans-
formations Ay @ G1 — Ga depending on A we understand F M,,-natural
operators A : Con ~» (G1,G2) in the sense of [14] transforming classi-
cal linear connections A € Con(M) into the space C3(G1Y,G2Y) of all
F M-morphisms G1Y — G2Y covering the identity of M. According to [14],
such an operator A is a family of invariant regular operators (functions)
Ay : Con(M) — C(G1Y,GoY) for any F M,-object Y — M. The invari-
ance of A means that if A; € Con(M;) and Ag € Con(Ma) are related by
a local diffeomorphism ¢ : My — My and @ : Y] — Y5 is an FM,,-map
covering ¢, then Ga®@o Ay, (A1) = Ay, (A2) o G1®. The regularity means that
A transforms smoothly parametrized families of classical linear connections
into smoothly parametrized families. Quite analogously one can also define
F M, n-natural transformations. If we want to stress the fibered manifold,
we write (A,)y instead of Ay.
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2. Exchange natural equivalence of iterated holonomic jets.
Write R™" for the product fibered manifold R™ x R™ — R™. In what follows
we identify sections of R""™ with maps R” — R"™ and we use the notation

(1) Joi*(f(z,z)) = jo(z — ji(z — f(z,2))) € JgJ*(R™").
LEMMA 1. For any FMp-map & : R™" — R™F with &(z,y) =
(p1(x), p2(x,y)) and ¢1(0) = 0 we have
(2)  JIR(j5s fx,x)) = j5i° (paler (@), o1 (@), 07 (@)
Proof. Indeed,
J I @(joj* f(w,2)) = T J*P(jo(x — jalz — f(z,2))))
=yl — O (@ fler (@).2))

= jj(a = G3(z = a1 (@), Fler (@), 07 (@)
= j3% (p2(p1 (), fp1 ' (2), 97 ' (2)))) =
In [6] we correctly defined a linear isomorphism
) A+ Jo S (R™Y) — JgJ7 (R™"),
A G0d° (f (2, ) = joi" (f (x — 2, 2)),
and we proved the following invariance condition:

LEMMA 2. Let @ : R™" — R™* be an FM,,-map of the form &(z,y) =
(p1(x), p2(x,y)), where p1 : R™ — R™ is a linear isomorphism and ¢y :
R™" — RF. Then for any v € J§J*(R™") we have

(4) A:;L‘“':k(,]”ﬁ@(v)) = J2J" (AL, (v)).

Now let Y — M be an FM,, ,-object, A be a classical linear connection
on the base manifold M and v € JJ®*Y, z € M. Choose any fibered coor-
dinate system ¥ = (¢,%) : Y — R™" such that ¢ : M — R™ is a normal
coordinate system of A with center z, ¢)(z) = 0. In [6] we have defined an
F M,,-natural equivalence depending on A,

(5) (A)y JTY - JTY, (AY)y(v):= JSJTLP_I(AZ:LS’,L(JTJSJ/(U))).
Using Lemma [2| we show easily that the definition of A”;* does not depend
on the choice of ¥ with the above property. So A”;* is defined correctly and
globally.

Denote by (2,47 = yh, yf = vk, Y = ygi,yfj = 0y’ /027) the canoni-
cal coordinates on J'J'Y and let AZ- be the coordinates of A. By [6], the
coordinate expression of A}l’l is

1

6) F=YP, V=l Fy=uli+ YA+ (YAl — A,
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3. Exchange natural equivalences of iterated nonholonomic jets.
Starting from A}l’l, we can introduce an FM,,-natural equivalence depend-
ing on A,

(7) KT LTI = TR
as follows. First, we have (21}11) (A1 Yy : JLJYY — JLJYY. Then we
can define (A By : JTJY — JlJTY by

Ay = (A 50y 0 THAT Yy,

where (;ﬁfl’l)y cJL Yy 5 Ly Finally, we define the map @ by

A%y == JHAT Ny o (Egl)ﬁ,w.

Roughly speaking, AVT is defined by recursion from Ah’l. Then the coordinate
form of A”;” for any r, s can be computed directly from @ by differentiation.
In general, (A;)y is not the restriction of (A”;*)y to J"J*Y. Indeed, we
have
LEMMA 3. For some A € Con(M) and some F My,-object Y — M, the
isomorphism (A ) : J2JYY — JYJ2Y does not send J2J'Y into JLJ2Y .
Proof. For the sake of simplicity we use the following notation of standard
coordinates. First, on JIR™" = R™" we have the coordinates (z°,y? =

yh,yb = = OyP 0z’ ) and on JLJ'R™" = R™"2 we have the induced coordi-
nates (2%, yP = Yo, Ul = yzO,Yp —~ygj,yfj). Then the local coordinates on

Jl(JlJl)Rmn — (J1J1)J1Rmn — J3Rm,n = R™"3 gre
(@', 4" = Yboo: Yi = Yioos Y ?Jogm yu yij? Yook Yiok: ygjk’ yfjk)-
Obviously,
(8) Wl0) =yl (o) for o € JLJPR™™.
Now let ‘A, t € R, be a family of connections on R™ such that
‘A, = AL, = t2®  and other ‘AP, are zero.

Then ‘A is torsion free, so that @ yields the following coordinate form
of fltl/’llz

(9) V=Y YP=yf, g=of+ (YD),
Choose a section np : R™ — JLJ'R™! such that

(10) Y 0(0)) = Y (5(0) A0 and jin € JLIR™,
By @D, we have

(1) g4 (@) = () + (g1 (n(2) = Y7 (n(=))) 4}y (),
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which yields (because t/l]li(O) =0)

V(P AR G0) = whu G AR om) = 525 (AL (n(a)

= o W)+ (- )AK(0) + (h(0) — Vi (0(0))) AL (0)

=y (on) + (1 (n(0)) — Y7 (1(0)))"A],.(0).
From AFs(0) = 0 and @I) it follows that
(A (0)) = Whin(AL (0) = (Dki(0) = ik, (o)

for any o € ((JYJY)J'R™1)y = (J3R™!)y. This implies

Jo =
vl (AL Gom) = vl (Ao (T AL Gom)) = wiky (T A1) Gigm)
= Yni; (Jom) + (y1(n(0)) — Y1 (1(0))) 4,5 (0).

From tA%2;3(O) =t and the first condition of it follows that yis; (A% 1(70 7))
depends on ¢ in an essential way. On the other hand, yézl(g?/’ll (jém)) does not
depend on ¢ (as 'A}3,(0) = 0). By (8), A7} (jgn) & (J'J?R™1) for some ¢. m

Now we define another F M,,-natural equivalence ET C IS = 5T
depending on A, which is an extension of A”;*. Let A° be the canonical flat
connection on R and consider natural equivalences and depending
on A%, We first prove

LEMMA 4. The natural isomorphism (AAO)Rm,n L JTJSRM 8 JIRMN
sends (J"J*R™™)q into (J*J"R™™)g. Moreover, the restriction of gﬁg to
(JTJR™™)g coincides with the restriction of A’y to (J"J R™™)g.

Proof. We proceed by induction with respect to (r,s). By the defini-
tion of A”}°, the assertion is true for (r,s) = (1,1). We first compute
(A5 )rmn (j5,7° f (2, 2)), 2o € R™. Clearly, the translation 7_g, : R™ — R"™
by —x0 is a normal coordinate system of A° with center zo. By we have

(12) A, d° f (2, 2))

= ST (T X idgn ) (A0 (J" T (Tozg X idmn) (0" f (2, 2))))

= ST (g X idpn ) (A3 (05° (f (2 + 20, 2 + 20)))))

= J*J" (T2 X idrn ) (j5J" (2 — @ + @0, Z + 20))

= Jaod " f((Z — 20) — ( — 20) + w0, (x — w0) + w0) = Jy, 0" f(2z —  + w0, ).
Now we prove the assertion for (r,1) from (r —1,1). Using for (r—1,1)
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and the inductive assumption we obtain

Ao (365" f (2, 2)) = Ay (TN (A ) (o (20 — iy (& — iy (z — f(@,2)))))
o (T (o (w0 — iy Mo = (e — f(a,2))))

o G (o — AT (05 (& — alz — f(x,2)))))
1,1
A0

)
(Jo (20 = Jay (& — Ji 7z — flz — 2 +20,2)))))
)

= jo (o — Jay(x — i Nz — flz — 2+ (x — 20),2))))

= jo (w0 = jao(x — 3 'z — f(z — 20,2))))

= jo (w0 = jp,(x — f(z — 20, 7)) = jo(z — ji(z — flz — z,2)))
= joi" flz -z, ) = AT (G5 (2, 2)).

Finally we prove the assertion for (r,s) from (r,s — 1). Applying (12)),
the above equality and the inductive assumption we obtain

A (g f(a,z) = TN A (AT G (& — jbwo — 35 (@ — f(z,2)))))
= YA (AT G (2 — ji(zo — 357 M@ — f(z,2))))
= T AT Y (e — Jilzo — j5 @ — flzo — z,2))))
= e — AT (wo — G5z — flzo — 2,2))))
:y(%(w; HNao — joy(@ — flz — o — z + 2,2))))
= il — jiz — flz—2.2)) = j3i flz — z.2) = A5 f (@, 2)). =

LEMMA 5. Let (2%,9yP) be the usual fibered coordinate system on R™"
and Ao be the canonical flat linear connection on R™. Then (AZ’S)Rm,n :
JTTSR™N s TS JTR™ treated as (AVC{S)Rm,n . JrHSRman _, JTESRM fag
the coordinate form

(13) Lo (AAO)RM'" =%, Y1 sedrin,enis © (AAO)R"L’" = Vit eis e

foralli=1,....m,p=1,....nand i1,...,95,J1,---,4r =0,1,....m
Proof. We proceed by induction with respect to (r, s). The case (r,s) =
(1,1) follows from (6) and from the fact (Ao)fj = 0. Assume that is true

for (r—1,1) and we prove it for (r,1). Using the relevant definitions and the
inductive assumption we have

~r 1 11 1, 7r—1,1
y?hmjr,il © (AZO)Rm’n = yjplv-"vj'mil © (A/lo)jr—lRm’" oJ (AClo )Rm’"

= Yjtedir—1,i1.r = Yirg1ndee

Assume now that is true for (r,s — 1) and we prove it for (r,s). We can
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write

o Jl(gr,s—l) o O (ET,I)
Ag R™» Ag

A%l

D AT,S D
. .. ) = . .. . ~
Y1 seiivsityeensis (AAO)Rm’” Y1 seivsit seensis Js—1Rm.n

—_ P - — P
= Uiy oiiar tseris © ( Jo—1Rmn = Yy i gtende ™
Write

nrs . ( Jr 78TIDM.n T8 Trpym,n

Bm,n(']‘]R )OH(JJR )0

for the restriction of (Azg)Rm,n to the fiber over 0 € R™. Quite analogously to

the linear isomorphism , the map By, satisfies the invariance condition:

_LEMMA 6. Let & : R™" — R™F be as in Lemma . Then for any v €
(JUJR™™)g we have

(14) By (7T () = J* T O(By, (v)).

Proof. Clearly, ¢1 preserves A%, Then our assertion follows immediately
from the invariance of A;g with respect to @. =

Let ¥ = (,%) : Y — R™" be any fibered coordinate system such that
1 : M — R™ is a normal coordinate system of A with center z, ¥(z) = 0.

DEFINITION 1. Let Y — M be an F M, ,-object and let A be a classical
linear connection on M. We define an F M,,-natural equivalence depending
on A,

(15) By J"TY = J*TY, (BY)y W)= J"J W N BL, (" T (v),
vE j;"st, z € M.

From Lemma [0] it follows that this definition does not depend on the
choice of a fibered coordinate system ¥ with the above property. Using
Lemma [4] we obtain directly

PRrROPOSITION 1. EZ’S  JTTS — J5J7 sends JTJY into JSJTY and the
restriction of BY® to J"J®Y s equal to A'}".

Moreover, we have the following coordinate description of E;’S:

PROPOSITION 2. Let (z*,yP) be the usual fibered coordinate system on
R™™ and let A be a linear connection on R™ such that (z') is a normal
coordinate system of A with center 0. Then for all v € (J"TSR™™)y we have

Yiteoimsityonis © B JRmn (V) =405 0o (V).

Proof. This follows from Lemma and from the definition of EZ’S "
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4. Solution of Problem 1

PROPOSITION 3. Let F' be ezther J" or J" or J” and G be either J° or
JS or J°. Then BTS JrJS — J5J" sends FGY into GFY .

Proof. Because of the invariance of B:l’s it suffices to show that (Ezs)Rm,n
sends (FGR™™)q into (GFR™™), for any linear connection A on R™ such
that the usual coordinate system on R™ is a normal one for A with center
0 € R™. This follows immediately from Proposition [2| and from the coordi-
nate characterization of holonomic and semiholonomic prolongation. =

DEFINITION 2. Let F' be either J" or J" or JT and G be either J* or J*
or J*. The restriction from Proposition |3 I defines F M, ,-natural equivalences
depending on A,

(16) B/I;’G : FG — GF.
In particular, Bf"]s = A" and BjT’JS =B}

ProrosiTION 4. We have Efl’r o E:{s = id. In particular, B/GI’F o B/IT’G
=id.

Proof. ThlS is an immediate consequence of Proposition [2] and the defi-
nition of B

An important feature of the canonical involution TT'N — TTN of the
iterated tangent bundle is that this map interchanges the two projections of
TTN into TN. This concept can be generalized as follows.

DEFINITION 3. Let F' and G be two bundle functors on FM,,, and denote
by pfr : FY — Y, pg : GY — Y the bundle projections. An F.M,,-natural
equivalence A4 : FG — GF depending on A is called an involution if

(17) Py © (Aa)y = F(pf).
This means that (A4)y interchanges the projections F(p§) : FGY
— F'Y and pgy :GFY — FY. One verifies easily

PROPOSITION 5. B/};’G : FG — GF is an involution. In particular, A’} :
J"JS — JJ" and Ezs L JT TS — J5J" are involutions.

REMARK 1. It is well known that for every pair F,G of product pre-
serving functors on the category M f there is an exchange natural equiva-
lence FG — GF, [14]. In particular, denoting by T, N = Jj(R™, N) the
bundle of m-dimensional velocities of order r, we have a natural equivalence
kD ITTS — T3T7 | which generalizes the classical involution of iterated
tangent bundle. In [6] we have shown that the isomorphism corresponds
to the canonical isomorphism . This means that our natural equivalences
B/I;’G from Problem 1 generalize the exchange map of iterated velocities func-
tors to the case of fibered manifolds. However, to define exchange natural
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equivalences of iterated jet functors, the use of some auxiliary connection A
is unavoidable. We also point out that there is an open problem to define
an exchange natural equivalence F'G — GF depending on A, for any couple
F, G of fiber product preserving functors on FM,,. So our natural equiva-
lences Bi’G are particular solutions of this general problem for any couple
of higher order jet functors.

5. Classification of some natural transformations of iterated jets.
Write J°Y := Y and denote by 7% : J'Y — J*°Y the jet projection. It is well
known that 77_; : J"Y — J 'Y is an affine bundle, the associated vector

bundle of which is the pullback of STT*M®VY over J"~1Y.Ifv € (J2J'Y),,
y € Yy, # € M, then we have two elements v/ = 73(v) € (J'Y), and
V" = Jird o md(v) € (J'Y),. So we can define a fibered map covering the

identity of Y,
(18) o JAJYY = T*"M VY, o) :=v" —v eTiMeV,Y.

Suppose we have an M f,,-natural operator C' : Con, ~ T @ S?*T* @ T*
transforming torsion free classical linear connections A on M into tensor
fields C(A) of type T ® S?T* @ T* on M. Given a torsion free classical linear
connection A on M, we have the contraction

(CA),0): J2JY - S*T*"M @T*M VY

covering the identity of Y (we contract T from C with 7™ from o). This can
obviously be treated as the fibered map

(C(A),0) : JPTVY — (mh o m))*(S*T*"M @ T*M @ VY)
covering the identity of J'.J'Y, where ( )* denotes pullback.

Obviously, 72 : J2J'Y — J'J'Y is an affine bundle with the associ-
ated vector bundle (7})*(S?T*M @ VJ'Y), where n§ : JLJ'Y — J'Y and
VJYY — JY is the vertical bundle of J'Y — M. But «} : J'Y — Y is
an affine bundle with the associated vector bundle 7*M @ VY. Then the
vertical bundle VY J1Y of 7} : JIY — Y is (n})*(T*M ® VY). The obvi-
ous inclusion VY J'Y C VJ'Y yields the induced inclusion (vector bundle
monomorphism)

(1§ o) (S*T*M @ T*M @ VY) C (7))*(S*T*M @ VJ'Y)
over the identity of J'J'Y. So we have an FM,,-natural transformation
depending on A
(AD)y == id 21y +(C(A),0) : J2I'Y — J2JYY
covering the identity of M (even the identity of J'J'Y). In the next section
we prove
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THEOREM 1. Let n > 2. All F M, n-natural transformations Ay : J2Jt
— J2J! depending on a torsion free classical linear connection A on the base
manifold are of the form

Ay = Ag =idj2 1 +(C(A), 0)

for an M fo,-natural operator C : Con, ~» TQS?*T*QT*. Given an F M-
natural transformation A, as above, the corresponding operator C is deter-
mined uniquely.

REMARK 2. An example of such an M f,,-natural operator C' : Con, ~»

T®S?*T*®T* is
C(A)(w, u, w,v) = (sym(Ricy))(u, w){w,v), wu,v,we TyM,weTyM,

where Ric, is the Ricci tensor field of A and sym denotes symmetrization.
By Theorem 33.16 from [14], given a linear connection A on M, all C'(A)
can be obtained from the curvature tensor field R4 of A by the following
procedure: (1) we tensor R, several times with the identity tensor field
on M; (2) we apply permutations of arguments of such tensor fields; (3) we
apply appropriate contractions of such tensor fields to obtain tensor fields of
type (1,3); (4) we take appropriate symmetrizations of such tensor fields to
obtain tensor fields of type T ® S?T* ® T*; (5) we take linear combinations
of such tensor fields.

REMARK 3. Using A"}° : J"J5 — J*J" defined by , Theorem [1] also
gives the classification of all FM,, ,-natural transformations B, : J2Jt
— JYJ2, Dy JYJ? — J2J' and Ey : J'J? — J'J? depending on a torsion
free connection A. For example, all such B, are of the form
(19) By = A% 0 AS = A% o (id o +(C(A), 0)) : J2TE — JLJ2
for any M f,,-natural operator C : Con, ~ T ® S?°T* @ T*.

6. Proof of Theorem We denote the usual coordinates on R™" by
b, .. 2™, yb, ..., y" Taking into account the notation , the coordinates
on R™ x R™ will be denoted by z',...,2™, ', ... ,2™. In this section we
will use the methods from [I4] and [16].

LEMMA 7. Letr =1,2,... and s =0,1,2,.... Let K C JjJ*R™" be a
vector subspace such that
(20) §og*(2%,0,...,0) €K fori=1,...,m,
(21) JyJPp(K) C K
for any F My p-map ¢ : R™"™ — R"™™ covering idgm. If n > 2, then K =
JT’JSRm,n

0 .

Proof. In the proof we use several times the formula (2] for special FM,,,-

maps @. First, using the invariance of K with respect to the F M,,, ,-map



66 M. Doupovec and W. M. Mikulski

(zb,..., 2™yt y? + 2%, ... y"), from 555%(0,...,0) € K we obtain

(22) J0s*(0,2%,0,,0) € K

for any m-tuple a. Applying for the map (z',...,2™, y' + (y")F,
y?,...,y"), from we get

(23) J63°((@)F,0,...,0) € K
forany kK =0,1,2,... and ¢ = 1,...,m. By induction on s < m we prove
(24) Goi (k. (2®)*=0,...,0) € K.

For s = 1 we apply . Suppose that is true for s < m. To prove it
for s + 1, applying for permutations of fibered coordinates, from
we get

(25) 35350, (z* k41 0, ... 0) € K.

Taking the sum of and and considering the induction assumption
we deduce

(26) g3 (MR (xR (2 ThRs+10,...,0) € K.

Applying (21) for the FM,,, p-map (x!, ..., 2™ y'+y % 2 ..., y"), from
we deduce (24) for s + 1 in place of s, so that the proof of is complete.
For s = m we have

(27) Jog’(x%,0,...,0) e K

for any m-tuple . From and it follows that
gbis(x,2”,0,...,0) € K.

Then for the map (z',..., 2™, y' +yly? 42, ...,y") yields
gbis(xz*z”,0,...,0) e K

for any m-tuples a and §. Finally, applying for permutations of fibered

coordinates we obtain

(28) 3i%(0,. .., x%P, ... 0) e K

for any m-tuples o and 8 with z®2” in position s = 1,...,n. Since all
elements generate the vector space JjJ*R™", we have proved K =
JgJ'R™™. m

LEMMA 8. Ifn > 2, then (Ap)y : J2J'Y — J2JYY covers the identity of
JYJYY for any F M, n-object Y — M and any torsion free classical linear

connection A on M. More precisely, 73 0 Ay = 2.

Proof. By the existence of normal coordinates it suffices to show that
i o Aa(v) = 77 (v)

for any v € J3J'R™™ and any torsion free classical linear connection A on
R™ with vanishing Christoffel symbols at 0 € R™. (We may assume that the
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Christoffel symbols of A vanish at 0 € R™ because the Christoffel symbols of
torsion free classical linear connections at the center of normal coordinates
vanish.) We fix such a A and denote

K:={ve J2J'R™" | 720 As(v) = mi(v)}.

It suffices to show I = JgJ IR™:" Now we use several times the formula
for special FM,,-maps @. Because of Lemma [7] we have to verify that K
is a vector subspace and that the conditions and of Lemma, |7| for
r =2 and s = 1 are satisfied. Applying the invariance of 72 o A4 and 7?2
with respect to fiber homotheties we deduce

720 Ap(tv) = trf o Ax(v) and wi(tv) = tmi(v) for t # 0.

By the homogeneous function theorem [14, Th. 24.1], 770 A 4 (v) and 72 (v) are
linear in v. Hence K is a vector subspace in JgJ IR™" Next, the invariance

of A yields
o Apo 2T o= J T pon?o Ay, wioJPTlo = J T pon?

for F My, n-maps ¢ : R™"™ — R™" covering idgm. Therefore K satisfies .
So it remains to verify . Write

1o Ax(55' (4,0, .., 0))

= joi" ((ak(A) +) M)+ E W+ > d’;b(/l):r“gb))
j=1 j=1

a,b=1k=1

for unique real numbers a*(A), b;?(/l), c?(/l) and d¥, (A) depending on the
system (A% .4 (0)) of all derivatives AL ,.,(0) at 0 of the Christoffel symbols
AY . of A. Below, for the sake of simplicity we usually omit the brackets and
write A} ;.4 (0) instead of (A% ,.4(0)). By the nonlinear Peetre theorem [14]
Th. 19.7] we can assume A} ,.,(0) = 0 for |a| > K for some finite K. Using
the invariance of A with respect to the base homotheties ¢tidgm X idgn we

obtain

af (A (0) = Sd(AD,.0(0),  BF(ETTAD L (0)) = B (4D,.0(0)),
S (erttap,(0) = (AZM( ), de (t'“‘“/lgm( ) = tdgy(45,.4(0))

for t #£ 0. As AL .(0) = 0, by the homogeneous function theorem we deduce

a"(A) =0, BF(A) =bE(Ao), f(A) =ch(Ag), dly(A) =0,

where Ay is the connection on R™ with vanishing Christoffel symbols. Thus
710 Aa(j§t(2",0,...,0)) = 71 0 Aa, (435 (2,0,...,0)).

So we can assume A = Ay. Applying the invariance of A,, with respect
to fiber homotheties we show that (Aay)o : JEJ'R™" — JZJIR™™ is
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linear. Next, using the invariance of A,, with respect to (tat, ... tma™,
ytry?, ., my") for th .. #™ T # 0 we prove easily
(29) An (G35 (27,0,...,0)) = Ggi' (az’ + bz',0,...,0)

for some a,b € R. By the invariance of A,, with respect to the FM,, ,,-map
(... 2™yt — 2t 92, ... y") we deduce from that
(30)  Au(j3i' (' —2,0,...,0)) = 535" (aa’ + bz’ — 2',0,...,0).
By the invariance of A, with respect to the FM,, -map (z!,... 2™,
vyt (yh2 %, y") we get from
Ao (J67" (" = 2)%,0,...,0) = jgj' ((aa’ + bz’ — 2')*,0,...,0).
Since jajl(z’ — 29)%? = 0 (as ji(z' — 2%)? = 0), we have
0=33i"((a+b—1)z"+ (b—1)(z" — 2"))?
=2t ((a4+b -1 ) +2(a+b—1)(b— 1)z (z’ — zY)).
Then (a+b—1)2=0and 2(a+b—1)(b—1) =0, so that a + b = 1. Simi-
larly, applying the invariance of A4, with respect to the FM,, ,,-morphism
(', 2™yt 4+ (yh)3, 92, .., y"), we get from
Ao (7531 ((2'),0,...,0)) = jgj* ((az’ +bz")?,0,...,0)
Since j2j1(x%)? =0 (as jg( H3(...) = 0), we have
0 =i (ax’ +ba')’ = jij' ((a + b)a’ +b(z’ —2"))* = jij' ((a + b)*(z")°
+3(a + b)%(z)2b(z’ — %) + 3(a + b)2'b? (2" — )2 + b3 (z' — 27)?)
— 3(a + %53 ()2’ — o).
Hence 3(a + b)%b = 0. But a + b =1, so that b = 0. Then
A(Ao) (3371 (2",0,...,0)) = j3j*(2",0,...,0),
which yields
1 0 Ap (355 (,0,...,0)) = 77 (555" (7, 0,...,0)).
So we have obtained the condition of Lemma m, which completes the
proof. =

Let A4 be the natural transformation from Theorem [I] Using Lemma
and the affine bundle structure, for any torsion free classical linear connection
A on M and any FM,, ,-object Y — M we have the unique fibered map
B(A) : J2JY — (md)*(S*T*M @ VJ'Y) covering the identity of J'J'Y
such that (Aj)y = idj2 1y +B(A). Obviously, B(A) can be treated as the
fibered map

B(A): J2JY — S?°T*M @ VJ'Y
covering the identity of J'Y, where VJ'Y — J'Y is the vertical bundle of
JY — M.
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LEMMA 9. We have
B(A): J2JY — S°T*M @ VY J'Y € S°T*M @ VJ'Y,

where VY JY is the vertical bundle of 71'6 cJY Y.

Proof. Composing B(A) with the differential of 7} : J'Y — Y we obtain
the fibered map

B(A): J2JY — S*T*M @ VY
covering the identity of Y. Because of the FM,, ,-invariance of B(A), the
existence of normal coordinates of A and the fact that A is torsion free, under
standard identifications it suffices to show
B(A)(v) =0 € S*R™ @ R" = S?’T¢R™ @ T,R"
for any v € (JZJ'R™™),, y € (R™")y = R" and for a torsion free classical
linear connection A with vanishing Christoffel symbols at 0 € R™. We will
use similar methods to the proof of Lemma |8 Fix a A on R™ with the above
mentioned properties and write
K ={ve JJJ'R™" | B(A)(v) = 0}.

It remains to show K = JZJ 1R”f’". For this, we prove the assumptions of
Lemma @ By the invariance of B(A) with respect to fiber homotheties we
deduce that B(A)(v) is linear in v. Hence K is a vector subspace. Applying
the invariance of B(A) with respect to FM,, ,-maps covering the identity
of R™ we deduce the condition of Lemma [7] It remains to show
(31) B(A) (5351 (",0,...,0)) = 0 € S*T{R™ @ TyR".
For this we use the invariance of B with respect to t~Lidgm x idgn» to obtain
the homogeneity condition

tB(A] 1.0 (0) (G35 (@',0,...,0) = B+ A7 L, (0))(j5! (a0, ..., 0)).

q,m;x q,r;c
Taking into account A%,(0) = 0 and using the same arguments as in the
proof of Lemma |8 (i.e. the nonlinear Peetre theorem and the homogeneous
function theorem) we obtain . n

But we remarked above that VY J'Y = (7{)*(T*M ® VY). Hence by
Lemma [] we can treat B(A) as the fibered map

B(A): J?JY - S*T*"M @T*M @ VY
covering the identity of Y. Thus we have proved
PROPOSITION 6. Ifn > 2, then Ax can be decomposed in the form
(32) (Aa)y =idjzpny +B(A)

for some fibered map B(A) : J2J'YY — S?T*M @ T*M ® VY covering the
identity of Y.
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PROPOSITION 7. Letn > 2 and consider B(A) from Proposition[6l There
is a unique M fn,-natural operator C : Qr ~ T & S?*T* @ T* such that
(33) B(A) = (C(A),0) : J2T'YY - S’°T*M @ T*M @ VY
for any torsion free classical linear connection A on M and any F My, -

object Y — M, where o : J?J'Y — T*M @ VY is the fibered map ( .

Proof. Let A be a torsion free classical linear connection on an m-dimen-

sional manifold M. We have the fibered map
B(A): J2JH (M x R™) — S?°T*M @ T*M @ V(M x R")
covering the identity of M x R™, where M x R" is the trivial bundle over M
with fiber R™. Thus, for zg € M we have
B(A) (20,0 1 (JPTHM x R™))(40.0) = ST M @ Ty M @ TyR"™.
We define a tensor field C(A) of type T ® S*T* @ T* on M by
(34)  (C(N)zp,w @ (uO V) @w)
= dy' ((B(A)(2.0) (75,3 (f(2),0,...,0)), (u © v) ® w)) € R

for any zg € M, any w € T; M and any u,v,w € T, M, where y! :R®” - R
is the first coordinate and f : M — R is such that f(zg) =0 and dg, f = w.
By Lemma [L0] below, the definition of C'(A) is correct and (33) follows from
Lemma |11] u It remains to prove the uniqueness. If C' : Q, ~ T ® S?T* ® T*
is another M f,,,-natural operator such that B = (C’, o), then we obtain
with C’ instead of C, so that by we get with C’ instead of C over
0 € R™. By M f,-invariance we have C = C’, which completes the proof. =

LEMMA 10. The element C(A)y, is well-defined and belongs to Ty, M ®
S*Ty M @ T M.
Proof. Tt suffices to prove that B(A) (4, o) is linear and

(35) B(A)(zo, (jxoj (fl( )fg(l'),O,...,O)) =0

for any fi1,fo : M — R with fi(xg) = fa(xo) = 0. Then the defini-
tion is independent of the choice of f and C(A)g, € TyeM ® S*Tj M
® T, M. The linearity is a simple consequence of the invariance of B(A)
with respect to the fiber homotheties idys xtidge and the homogeneous
function theorem. Applying the FM,, ,-map idas x(y! + y'y?, v%,...,y")
t0 B(A) (29,0) (72,5 (f1(2), f2(2),0,...,0)), we obtain . More precisely,

B(A) (20,0) (G g (f1(2) + fi(@) fo(2), fo(2),0,...,0))
:B(A)(ro, (]1}0] (fl( ) fg(l‘),O,...,O)),
which implies (because of linearity) the equality (35)).

LEMMA 11. We have B(A) = (C(A),0).
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Proof. Because of the F M,, ,-invariance of B and C' it suffices to show

(36) B(A)(v) = (C(4)o,0(v)) € SR™ @ R™ @ R"
= S’T{R™ ® T{R™ @ T,R"
for any torsion free classical linear connection A on R™ with vanishing
Christoffel symbols at 0 € R™ and any v € (JZJ!R™"),, y € (R™")y = R™.
Define 5 1
K ={ve JgJR™" [ B(4)(v) = (C(A)o,o(v))}-

We have to verify the assumptions of Lemma/[7] Because of the invariance of
B(A) and (C(A), o) with respect to fiber homotheties and the homogeneous
function theorem, both sides of are linear in v. So K is a vector space.
The invariance of B(A) and (C(A), o) with respect to F M, ,-maps covering
the identity implies . It remains to prove ([20)), i.e.

(37) B(A)O(Z)jl(xlv 0,... 70)) = <C(A)07 0,@(2)]1(1.1, 0,... 70)))

for i = 1,...,m. Using the invariance of both sides of (separately) with

respect to (z!,... 2™ y' ty?, ... ty") we deduce that the dy’ coordinates

of both sides of are zero for j = 2,...,n. Thus it remains to verify
(38)  dy'((B(A)(ji' («",0,...,0)), (u®v) ®w))
= dy* ({({C(4A)o, (u©v) @ w),a(j35"(2",0,...,0))))
for any u, v, w € TyR™. By the definition of o it is easy to see that
A 9
(39) o(jgi'(2",0,...,0)) =do’ ® = .
‘ Yt (0,0

So the right hand side of is equal to (C(A)g,dpz’ ® (u ® v) ® w) and
follows from the definition (34}). =

7. Prolongation of higher order connections

A. Prolongation of connections into connections on FY — M.
Let F be any of the functors J”, J", J". In [4] (for r = 1) and in [5] (for
all ) we have proved that there is no FM,, ,-natural operator transform-
ing rth order holonomic connections on ¥ — M into sth order holonomic
connections on F'Y — M. So the use of a classical linear connection A in
the following geometric constructions is unavoidable.

DEFINITION 4. Let G be either J" or J" or J". A G-connection on a
fibered manifold Y — M is a section I : Y — GY.

In particular, for G = J” we obtain the concept of an rth order holonomic
connection.

PROPOSITION 8. Let F be either J™ or J" or jr, let G be either J® or
J% or J%, and let I' : Y — GY be a G-connection on' Y — M. If B/};’G :
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FG — GF is an F My, -natural equivalence depending on A, then
F(I,A) == (BY®)y o FI': FY — GFY
is a G-connection on F'Y — M.

Proof. By Proposition B/};’G is an involution. So pgy o (B/};’G)y oFI' =
Fp{)oFI' = F(p{{oI') =idpy. =

Moreover, formula ([19) describes the classification of all F M, ,-natural
transformations By : J?J! — J'J? depending on a torsion free connec-
tion A.

COROLLARY 1. Let I' : Y — JYY be a connection on' Y — M and let
By J2JY — JYJ? be any F My, natural transformation depending on a
torsion free connection A. Then

J*(I,A) := (Bp)y o J*T : J?Y — J'J%Y
is a connection on J*Y — M.

Proof. We know that all (AS)y from Theorem [1| cover the identity of
J'J'Y . Then the composition B, := Ai’l o Ag is an involution. m

COROLLARY 2. Let I' : Y — J?Y be a second order holonomic connec-
tion on Y — M and let Dy := Ag o A}l’Q be any F M, n-natural transfor-
mation J'J? — J2J' depending on a torsion free connection A. Then

TN, A) == (Dy)y o J'T: J'Y — J2J'Y
is a second order holonomic connection on J'Y — M.

REMARK 4. In [14] all natural operators transforming a connection I’
on Y — M and a classical linear connection A on M into a connection on
JY — M are classified. However, for » > 1 there is an open problem of
classifying all natural operators transforming couples (I", A) into connections

onJ"Y — M.

B. Prolongation of connections into connections on FY — Y.
By item A above, prolongation of higher order connections from Y — M to
FY — M can be defined by means of an auxiliary classical linear connection
A on M. However, prolongation of connections from ¥ — M to FY — Y
has a quite different character.

PROPOSITION 9 ([20]). There is no F My, p-natural operator C trans-
forming connections I' :' Y — J'Y and classical linear connections V on M
into connections C(I',V) on J'Y — Y.

Now we show that to construct a connection on J"Y — Y from a con-
nection on Y — M, it suffices to use some classical linear connection on Y.
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EXAMPLE 1. Let V be a classical linear connection on Y. Then we have a
general connection D(V) on J'Y — Y defined as follows. By Section 12.16
of [14], J"Y — Y is an open subbundle in the bundle K], Y of rth order
contact elements on Y of dimension m. More precisely, J"Y is the (open)
subset in K7 Y of all contact elements in K Y transversal to the fibers of
Y - M. But K], : Mfpin =FMpino — FM is a bundle functor. Thus
by Section 45.4 of [I4], our V on Y together with the trivial general con-
nection I'Y on the trivial bundle idy : Y — Y induces a general connection
Kr(rY,veer) on K'Y — Y, where VP is the rth order linear con-
nection on Y (the exponential lift of V, [22]), and then by restriction to the
open subbundle J"Y — Y we have a general connection D(V) on J"Y — Y.
We remark that this geometric construction is due to I. Kolar.

REMARK 5. Using local coordinates, J. Janyska and M. Modugno have
also constructed a general connection on J'Y — Y from a classical linear
connection on Y, [II]. Then the second author extended this construction
to J'Y — Y for all r (unpublished).

Applying Proposition [9] and Example [I] we recover the following result
from [21]:

PROPOSITION 10. There is no F M, ,-natural operator A transforming
connections I' 'Y — JYY and classical linear connections A on M into
classical linear connections A(I', A) on Y.

Proof. 1f such an A exists, then given I" and A as above we have a classical
linear connection A(I, A) on Y. Then according to Example [I| we have a
general connection C(I',A) := D(A(I',A)) on J"Y — Y. This contradicts
Proposition [0 =

Using different methods than those from [21I], we present another proof
of Proposition[I0} We will use the following well-known facts saying that any
affine transformation of a connected manifold is determined by its first jet
at a point.

LEMMA 12 (see Proposition 2.116 in [25]). Let V be a classical linear
connection on a connected manifold N. Let f,g: N — N be V-affine maps.
If jLf = jlg at some point x € N, then f = g.

Second proof of Proposition . Suppose that such an A exists. Let 1"°
be the trivial general connection on R™" and A° be the usual classical
linear flat connection on R™. Then we have a classical linear connection
V = A(I° A% on R™ x R" . Consider diffeomorphisms 1, @2 : R® — R?
such that j01<p1 :jégog and p1 # ¢2. The FM,, ,-maps @, = idrm X,
for a = 1,2 preserve A% and I'°. By the invariance of A, they also pre-
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serve V = A(I'°, AY). Then & and &, are two different V-affine maps with
j(1070)§251 = j(lo,o)sﬁg, contrary to Lemma "

REMARK 6. Let Y = P — M be a principal bundle. Section 54.7 of [14]
yields a construction of a classical linear connection Np(I', A) on P from a
principal connection I" on P — M and a classical linear connection A on M.
So Proposition says that the assumption ¥ = P — M is a principal
bundle in the construction of Np(I', A) is unavoidable.

Replacing 'Y in the second proof of Propositionby the trivial sth order
connection on R™™ we obtain the following generalization of Proposition [I0]

PROPOSITION 11. There is no F M, n-natural operator A transforming
sth order connections I' :' Y — J°Y and classical linear connections A on
M into classical linear connections A(I'y A) on'Y.

REMARK 7. The second author recently classified all bundle functors
F: FMpyn — FM which admit prolongation of rth order connections I'
on Y — M into gth order connections A(I,A) on FY — Y by means of
torsion free classical linear connections A on M, [23].
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