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Blow-up for a localized singular parabolic equation
with weighted nonlocal nonlinear boundary conditions

by YOUPENG CHEN (Yancheng) and BAOZHU ZHENG (Xining)

Abstract. This paper deals with the blow-up properties of positive solutions to a lo-
calized singular parabolic equation with weighted nonlocal nonlinear boundary conditions.
Under certain conditions, criteria of global existence and finite time blow-up are estab-
lished. Furthermore, when ¢ = 1, the global blow-up behavior and the uniform blow-up
profile of the blow-up solution are described; we find that the blow-up set is the whole
domain [0, a], including the boundary, in contrast to the case of parabolic equations with
local sources or with homogeneous Dirichlet boundary conditions.

1. Introduction. In this paper we consider the following localized sin-
gular parabolic equation with weighted nonlocal nonlinear boundary condi-
tions:

up = (2% )z + uP(zo,t), x € (0,a),t>0,
a a
(1.1)  u(0,t) = S f(@)ul(x,t)dx, wu(a,t)= S g(x)ud(z,t)dx, t>0,
0 0
u(:U,O) :u()(x)v S [O,G],

where 0 < a < 1, a, p and ¢ are positive constants, zo € (0,a) is a fixed
point, and f(z) and g(x) are continuous, nonnegative and not identically
zero on [0, a.

The equation in (1.1) arises in a large number of physical phenomena.
For example, it can be used to describe the heat conduction related to the
geometric shape of the body with an internal localized source (see [CC| and
the references therein for more details of the physical background). Note
that problem (1.1) is singular and degenerate because the coefficients of w,
and u,, tend respectively to co and 0 as x — 0.
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Blow-up singularity, as one of the most remarkable properties that dis-
tinguish nonlinear parabolic problems from linear ones, attracted extensive
attention of mathematicians in the past few decades. There are many works
on global existence and blow-up properties of various degenerate and singu-
lar parabolic equations (or systems) with homogeneous Dirichlet boundary
conditions (see [BGC| [CLX1] [CLX2, LCX| [Zh] and the references therein).

On the other hand, parabolic equations with nonlocal (or nonlocal non-
linear) boundary conditions come from applied sciences; for instance, in
the study of heat conduction with thermoelasticity, Day [Dall [Da2|] de-
rived a class of heat equations with nonlocal boundary conditions in one-
dimensional space. In this model, the solution u(z,t) describes the en-
tropy of per volume material. Motivated by the work of Day, many math-
ematicians have recently studied the blow-up behavior of different kinds of
parabolic equations with nonlocal boundary conditions. The problem of non-
local boundary conditions in a multidimensional space for linear parabolic
equations of the type

up — Au = c(z)u, €N, t>0,
(12) u(x,t) = S K(:U,y)u(y,t) dy, x€09082,t>0,
(0]
u(z,0) = up(x), x € 2,

with a uniformly elliptic operator A = 370", a;; (x)%;wj ->0 bi(x)a%i
and c(z) < 0 was studied by Friedman [Frl]. The global existence and
monotonic decay of the solution of problem (1.2) were obtained under the
condition that {, |k(x,y)|dy < 1 for all z € 9f2. Later, problem (1.2) with
Au replaced by Au and the linear term c(x)u replaced by a nonlinear term
g(x,u) was discussed by Deng [De]. A comparison principle and local exis-
tence were established. On the basis of Deng’s work, Seo [Se] investigated the
above problem with g(x,u) = g(u); by using the upper and lower solutions
technique; he obtained a blow-up criterion for positive solutions, and in the
special case g(u) = uP or g(u) = e* he also derived blow-up rate estimates.

Parabolic equations with both nonlocal sources and nonlocal boundary
conditions have been studied as well. For example, the problem

ut—Au:Sg(u)dx, x €N, t>0,
Q
(1.3) u(z,t) = S K(z,y)u(y,t)dy, x€082,t>0,
Q
u(z,0) = ug(z), x € (2,

was studied by Lin and Liu [LL]. They established local existence, global
existence and nonexistence results, and discussed the blow-up properties of
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solutions. For other works on this topic, we refer the readers to [Pall [Pa2,
WMX| [CY] [GGIL [CT] and the references therein.

However, as far as we know, there are only a few articles concerning the
blow-up behavior of solutions of parabolic equations with nonlocal nonlinear
boundary conditions. Gladkov and Kim [GKIl, [GK2] considered

= Au+ c(x, t)u?, T €N, t>0,
(1.4) u(x,t) = | K(z,y, t)u'(y, t)dy, €0, t>0,
Q
u(z,0) = up(z), x € (2,

where p,I > 0 and {2 is a bounded domain in R”". First, they obtained
uniqueness and nonuniqueness results for local solutions (see [GK2]), then
according to the different behavior of the coefficient function c¢(x,t) and the
weight function K(x,y,t) as t tends to infinity, they gave some criteria for
solutions of (1.4) to exist globally or to blow up in finite time (see |[GKI]).
Recently, Gladkov and Guedda studied problem (1.4) with ¢(z, t)uP replaced
by —c(z,t)uP. They proved existence, uniqueness and nonuniqueness results
for local solutions (see [GG3]). What is more, they gave the critical blow-up
exponent (see |[GG2]).

The main goal of this paper is to investigate the influence of «, p,q and
the weight functions f(x) and g(z) on the global existence and blow-up
singularity of solutions to problem (1.1). Compared with [GKI] and [LL],
we need more techniques to solve the difficulties, which are produced by the
degeneracy and singularity of problem (1.1) and the appearance of nonlocal
nonlinear boundary conditions. Throughout this paper, we denote

(1.5) B = max{lif(x) dx,cslg(x) da:},
0 0

and let A1 be the first eigenvalue and £(x) be the corresponding eigenfunction
of the eigenvalue problem

(1.6) —(@%): =N, 0<z<a; £0)=E(a)=0.

From [CLX1], Mc|, we know that the principal eigenvalue A\; of (1.6) is the

first root of J 17a( ‘fa 2 ) where Ji-« is the Bessel function of the first
2«

kind of order =2. In addition, £(z) is a positive smooth function in (0, a),
and can be expressed in explicit form as

(1.7) £(x) = kx(l—a)/{];%a ( 2vA 22—« /2)’

2—a

where k is an arbitrary positive parameter. Here, for the sake of convenience,
we choose k such that {j&(z) dx = 1.
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Before stating our results, we make some assumptions on the weight
functions f(z), g(x) and the initial datum wug.

(H1) f(),g(x) are continuous and nonnegative on [0,a] with {j f(z) dx
> 0 and {; g(x) dz > 0.

(Hz) up € C?**7(0,a) N C[0,a] for some v € (0,1), ug(x) > 0 in (0, a),
uo(0) = {2 /() () di and wg(a) = [, g(a)uo ()

(H3) (z%uoy), < M in (0,a) for some positive constant M.

Our main results read as follows:

THEOREM 1.1. Suppose that f(x), g(x) and ug(z) satisfy (Hy) and (Hs),
and that max{p,q} < 1; if ¢ = 1, we further assume that B < 1. Then there
exists a global solution u(x,t) of problem (1.1).

THEOREM 1.2. Let hypotheses (Hy) and (Hgz) hold and let B < 1. If
min{p,q} > 1 orp > 1, ¢ = 1, and up(z) is sufficiently small, then there
exists a global solution u(x,t) of problem (1.1).

REMARK 1.3. In the case p > 1 and ¢ < 1 (or ¢ > 1 and p < 1), we
guess that there exists a global solution of problem (1.1) for small initial
data, but we cannot prove this with the method of this paper. We hope to
address this question in the future.

THEOREM 1.4. Let hypotheses (Hyi) and (Hz) hold, and assume that
max{p, ¢} > 1.

(i) If ¢ = max{p,q} and g(z) > 0 on [0, a], then the solution of problem
(1.1) blows up in finite time provided that ug(z) is sufficiently large.

(ii) If p = max{p,q} and q > 1, then the solution of problem (1.1) blows
up in finite time provided that ug(x) is sufficiently large.

THEOREM 1.5. Let hypotheses (H1), (H2) and (Hs) hold, and let p > 1,
g =1 and B < 1. If the solution u(z,t) of problem (1.1) blows up in finite
time, then the blow-up set of u(x,t) is the whole domain [0, a]. Furthermore,
if we denote the blow-up time of the solution u(z,t) of (1.1) by T™*, then in
the interior of (0, a),

(1.8) tl—ig’l* (T* — )PV (g, ) = (p — 1)~ Y@=V

uniformly on any compact subset of (0,a); and on the boundary, we have

a
lim (7" — )/ 0=Du(0,1) = (p— 1)~V f(z)da,

t—T* o

(1.9) a
lim (T — )"/ Yy(a,t) = (p — 1)_1/(”_1)S g(x) dz.

T J
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This paper is organized as follows. In Section 2, we show a comparison
principle and local existence. In Section 3, some criteria for a positive so-
lution to exist globally or to blow up in finite time are given. In Section 4,
a global blow-up result and the asymptotic behavior of the blow-up solution
for the special case of p > 1, g =1, B < 1 are obtained.

2. The comparison principle and local existence. In this section
we first establish a suitable comparison principle, and then state the exis-
tence and uniqueness results for local solutions of problem (1.1). For conve-
nience, we set Qr = (0,a) x (0,T] and Qr = [0,a] x [0,T]. We start with
the definitions of supersolution and subsolution of problem (1.1).

DEFINITION 2.1. A functionil(x,t) is called a subsolution of problem
(1.1) in Qr if & € C*>Y(Qr) N C(Qr) and satisfies

Uy < (-Taax)x + ﬂp(xg,t), (.%‘,t) € Qr,

w(0,t) <\ f(x)i(z,t)dx, te (0,T],

u(a,t) < \g(z)i(z,t)dz, te(0,T],

(z,0) < up(z), z € [0,al.

Similarly, @ € C*'(Q7) N C(Qr) is called a supersolution of problem (1.1)
if it satisfies all the reversed inequalities in (2.1). We say that u(z,t) is a
solution of problem (1.1) if it is both a subsolution and a supersolution of
problem (1.1).

Before studying our problem, we give the following maximum principle.
LEMMA 2.2. Assume that w € C*1(Qr) N C(Qr) and satisfies
wy — (mawx)x > ci(x, t)w(xo,t), (z,t) € Qr,

w(0, 1) zg t) da, t e (0,7,

(2.2) 0
SCS dl', t 6 (O,T],
w(z,0) > O, x € [0,a],

where c;(x,t) (i = 1,2,3) is nonnegative and bounded in Qr, and c;(v,t) (i =
2,3) is not identically zero. Then w(x,t) > 0 in Q.

Proof. This can be proved in the same way as [ZK| Lemma 2.1]; we give
the proof for completeness. Since w(x,0) > 0 and w € C(Q7), there exists



184 Y. P. Chen and B. Z. Zheng

a constant 0 > 0 such that w(z,t) > 0 for (z,t) € [0, a] x [0,6]. Set
t =sup{t’' € (0,7] : w(z,t) > 0 for (z,t) € [0,a] x [0,¢]}.

Then t > § > 0. We claim that ¢ = T'. In fact, suppose for contradiction that
t < T;then w(z,t) > 0for (z,t) € [0,a]x[0,%) and w(x,t) > 0 for (x,t) € Q7.
Hence there exists some T € [0, a] such that w(Z,t) = 0 = inf(m)e@ w(z,t).
If (z,t) € Q, then by the first inequality in (2.2) and the nonnegativity of
c1(z,t) and w(z,t) on Qy, we find that

wy — (:Ea/wx)x > Cl(xat)w(x[)a t) > 07 (‘/E’ t) € Q{

Then by the strong maximum principle for parabolic equations (see [Fr2]
Chapter 2, Theorems 1 and 5|), we have w(z,t) = 0 for (z,t) € @,
a contradiction. If 7 = 0 or a, this also leads to a contradiction that
a
0=w(0,7) > | ea(w, Hw(x, ) dz > 0
0

or
a

0=w(a,t) > SCg(x,f)w(x,f) dx >0,
0
due to ca(z,t) and c3(x,t) being nonnegative and not identically zero. This

proves w(z,t) > 0in Qp. =
REMARK 2.3. If one of the following conditions holds:

(i) ea2(z,t) = e3(z,t) =0 for z € (0,a), t >0,
(ii) ¢i(x,t) > 0, z € (0,a), t > 0, i = 2,3, and max{{; ca(x,t) du,
§gcs (z,t)de} <1,t>0,

and w(x,t) satisfies all the inequalities in (2.2) except the third one, which
is replaced by w(z,0) > 0 on [0, a], then we also have w(z,t) > 0 in Q7.

In order to get global existence and finite time blow-up results for prob-
lem (1.1), we still need the following comparison principle which is a direct
consequence of Lemma 2.2 and Remark 2.3.

LEMMA 2.4. Assume that @ € C*Y(Qr) N C(Qr) is a nonnegative su-
persolution of problem (1.1) and @ € C*Y(Qr) N C(Qr) is a nonnegative
subsolution of problem (1.1). If min{p, q} < 1, suppose moreover that there
exists a small positive constant n such that @(x,t) >n on Qp or a(x,t) > n
on Qp. And assume that @(x,0) > i(z,0) on [0,a] or 4(z,0) > a(x,0) on
[0,a] if max{(; f(z)dx, ; f(z)da} < 1. Then a(x,t) > i(z,t) on Q.

Local in time existence of a positive classical solution of problem (1.1) can

be obtained by using the regularization method, the representation formula
and the fixed point theorem as in |[CLX2, [Yi]. By the above comparison
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principle, we can get the uniqueness of the solution to problem (1.1), and
then we have

THEOREM 2.5. Let hypotheses (Hi) and (Ha) hold. Then there exist
T* (0 < T* < 00) and u € C([0,a] x [0, T*))NC3L((0,a) x (0,T*)) such that
u(z,t) is the unique mazximal solution of problem (1.1). If T* < oo, then

lim sup max u(z,t) = oo.
t—T* v€[0,a]
The proof is more or less standard, and is therefore omitted here.

3. Global existence and finite time blow-up criteria. In this sec-
tion, first of all, by constructing some appropriate global supersolutions and
using the comparison principle, we obtain the existence of global solutions
for problem (1.1), and give the proofs of Theorems 1.1 and 1.2, respectively.

Proof of Theorem 1.1. Consider the following boundary value problem
for an ordinary differential equation:

_(xa¢/(x))/ = To, T € (O,CL),

3.1) 6(0) = | f(x) dw,  6(a) = | g(a) do,
0 0

where 79 is a fixed positive constant, and if B = max{{; f(z) dz, {j g(x) dz}
< 1, it is small enough so that the solution of problem (3.1) satisfies ¢(z) < 1
on [0, a]. We can easily solve this problem and obtain its solution

(32) )= —5o—a®"

# o™ b 0(e) — @) dofat 4§ o

0 0
According to the elliptic maximum principle (see [Evl Chapter 2]), we know
that the solution ¢(z) of problem (3.1) is positive on [0,a]. Let A; =
max,e(o,q ¢(z) and Az = minge(gq ¢(7). Then A3 > As > 0, and 4; < 1
when B < 1. Set ¢ = ¢(xg)/A2 and choose M sufficiently large such
that M > (A))70-9 if ¢ < 1 and M¢(x) > ug(z) + 1. Set vi(z,t) =
M¢(x)exp(ot). Then it follows from the choice of M that vq(x,t) > 1 for
all z € [0,a], £ > 0 and

(3.3) v1(z,0) = Mo(z) > uo(x), x€[0,al.

Noticing that p < 1 and that vi(x,t) > 1 on [0,a] x [0, 00), it follows from

(3.1) and the choice of ¢ that

(3.4) vt — (x%1z)e — V] (w0, t) = ov1 + Mg exp(ot) — MP¢P(x¢) exp(pot)
> ovp —v1d(20) A5 >0, 2 €(0,a),t > 0.
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On the other hand, again utilizing (3.1) and the fact that vi(x,t) > 1 on
[0, a] x [0,00), noting the choice of M for ¢ < 1, and noting that B < 1 and
¢(x) <1 on [0,a] for ¢ =1, we obtain
v1(0,) = M¢(0) exp(ot) = M | f(z) dz exp(ot)
0

Mchll(Slf(x) drexp(got) if ¢ <1,
(3.5) > 0
M\ f(x)¢(x) dvexp(ot) if =1
0

a

> Sf(x)vf(x,t) dx, t>0.

0
Similarly, we can also obtain

a
(3.6) Sg z)vi(z,t)d t>0.

From (3.3)—(3.6), we know that vi(z,t) is a global supersolution of problem
(1.1). Noticing vi(x,t) > 1 on [0,a] x [0,00) and (3.3), by the comparison
principle (Lemma 2.4), we get the global existence result for problem (1.1). =

In order to prove Theorem 1.2, we first give the following lemma.

LEMMA 3.1. Let hypothesis (Hy) hold, and assume that

a a

(3.7) S f(z)zt= d:v“g(:):) dr — 1}

0 0
# Hg(l‘)xl_a dr — al_a] Hf(:c) dx — 1]
0 0

Then there exists a unique solution to the elliptic problem
—(@*Y'(z)) =1, x€(0,a),

(3.8) ¢ ¢
$(0) = f(2)(z)do,  ¥(a) = | g(a)(x) da.

0 0
Moreover, if max{§; f(z)dz,; g(x) dx} <1, then ¢(x) is positive.

Proof. 1t is easy to verify that
_ 1 2—« l1—a
P(x) = 2_azn + c1x + ¢
is the general solution of the equation in (3.8). Substituting this expression
into the boundary conditions in (3.8), and noting condition (3.7), we can
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determine the constants ¢; and ¢y uniquely, and therefore under condition
(3.7), there exists a unique solution ¢ (x) to problem (3.8). Furthermore, if
max{{; f(z) dx, ; g(x) dz} < 1, then condition (3.7) holds, so according to
the elliptic maximum principle (see [Evi Chapter 2]), the solution ¢ (z) of
problem (3.8) is unique and positive on [0,a]. =

Proof of Theorem 1.2. Let 1(x) be a solution of problem (3.8). From
Lemma 3.1 we know that under the hypothesis

B = max{gf(x) dz, Sg(fv) dﬂ:} <1

in the theorem, () is unique and positive on [0, a]. Let K1 =max,¢(g o ¥(z)
and Kz = minge(g o ¥(z). Then K1 > Ky > 0. Let

M = min{(ao) /=D, K71},

and set

(3.9) va(x,t) = Mip(x).

Noting that M < (o) /=1 for z € 2 and t > 0 we have
(3.10) var — (x%2g)e — v (w0, t) = M — MPyP(xg) > 0.

On the other hand, since 1(z) is the solution of problem (3.8) and M (x)
< 1, we have

va(0,1) = Mp(0) = M | f(x)i(x) da

v

f@)vi(x, ) da,
(3.11)
va(a,t) = My(a) =M

g(@)¢(z) dr > | g(x)vy(,t) dz.

v

Qe Q@ Ot Q
Qe Q Ot Q

Then from (3.10) and (3.11) we deduce that va(x,t) is a supersolution of
problem (1.1) provided that ug(z) < M (z). Since vo(z,t) > MKy > 0,
va(z,0) > up(x), B < 1, and ve(x,t) exists globally, from Lemma 2.4 we
find that u(z,t) < ve(x,t). Thus u(z,t) exists globally. =

Next, by using a slight variant of the eigenfunction method (Kaplan’s
method), introduced by Kaplan [Ka], we will discuss the blow-up in finite
time for problem (1.1) with max{p, ¢} > 1 and sufficiently large initial data.

Proof of Theorem 1.4. Let {(x) be the first eigenfunction of the eigen-
value problem (1.6) whose expression is given by (1.7).

CasE (i): ¢ = max{p,q} > 1 and g(z) > 0 on [0,a]. Set U(t) =
§o u(z,t)€(x) dz. Multiplying both sides of the equation in problem (1.1)
by &(x), and integrating the resulting equation over [0, a] with respect to z,
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[(2%uz)e + uP (20, 1)|E(2) dx
> —MU(t) + uP(xo,t) — a&y(a) Sg(x)uq(x, t)ydz, t>0,
0
where \; is the first eigenvalue of (1.6). As &;(a) < 0, using Jensen’s in-
equality, from the above inequality we get
a8z (a) minge(o,q 9(2) §

max;ef,q §(¥) 3
a*&x(a) minxe[O,a} g(z)

maXzeo,a 5(56)

Denote Cp = —a“{;(a) mingep q) 9(7)/max,c(,q §(7). Then Cy > 0. Solving
inequality (3.12), we obtain

S

~

—~

~

S~—

I
O Q

(3.12) U't) > —=\U(t) —

ul(x,t)é(z) dz

> —\U(t) — A1),

A 1/(q—1)
3.13 Ut) > .
( ) ( ) = {CO _ [CO _ AlUl_q(O)](Z)‘l(q_l)t}
From (3.13), we see that if
a A\ 1/(g-1)
(3.14) wngwux@mx><> :
0 Co
then lim; 7y U(t) = oo, where
1 a1
(3.15) GoU™” (0)

15 < .
U= Xg-1) " CoUI0) - &
Therefore the solution u(x,t) of problem (1.1) blows up in finite time in the

case ¢ = max{p,q} > 1 provided the initial data ug(x) is sufficiently large
so that (3.14) holds.

CASE (ii): p = max{p, ¢} >1 and ¢>1. Let Cy = §P(wo)/max,¢[g,q §()-
Then C; > 0. Let h(t) be the solution of the ordinary differential equation
B'(t) + Mh(t) — C1hP(t) =0, ¢ >0,

h(0) = (2A;/C1)Y =1,
By solving this problem, we can easily get the expression of h(t):
(3.17) h(t) = [Cl _ (i’l _ hl—p(0)> e)q(p—l)t:| —1/(p—1).

1

Since h(0) = (2A1/C)Y®=D, C1/A; — h17P(0) = C1/A — C1/(2\1) =
C1/(2M\1) > 0, we know that h(t) is increasing in ¢ and blows up in finite

: * _ _ In2
time T} = N-T)

(3.16)




Blow-up for a localized singular parabolic equation 189

Let v3(z,t) = {(x)h(t). Then

vgi(z,t) — (2%34 (2, 1)) — V5 (20, )
= {(@)N(t) + M&(@)h(t) — & (z0)hP (t)

< max €(a)(H(8) + (1)) = (o) (1)

=0, € (0,a), t >0,
(3.18) ve(0.a)
v3(0,1) =0 <\ f(z)vi(z,t)dzx, t>0,

v3(a,t) =0 <\ g(z)vi(z,t)dz, ¢>0.

Ol Q Ot Q

We see from the above inequalities that if ug(z) > h(0)(z) on [0,a], then
vs(x,t) is a subsolution of problem (1.1). Utilizing the comparison principle
(Lemma 2.4), we know that the solution w(x,t) of problem (1.1) satisfies
u(x,t) > vs(x,t) for x € [0,a], t > 0. Hence u(x,t) blows up in finite time.
This completes the proof of Theorem 1.4. u

4. The blow-up set and the uniform blow-up profile. In this sec-
tion we discuss the blow-up set and the uniform blow-up profile of the blow-
up solution of problem (1.1), and give the proof of Theorem 1.5. Throughout
this section we assume that p > 1, ¢ =1 and

a

B = max{[s)f(m) dm,gg(x) dac} <1

From Theorem 1.4, we see that the solution u(z,t) of problem (1.1) blows
up in finite time for large initial data. We denote by 7™ the blow-up time of
the blow-up solution u(z,t) of problem (1.1) and write v ~ w for

v(t)

= 1.
ST+ w(?)

First, we give the following two preliminary lemmas.

LEMMA 4.1. Let hypotheses (H1), (Hz2) and (Hg) hold, assume thatp > 1,
qg=1, B <1 and that u(x,t) is the blow-up solution of problem (1.1). Then
(x%ug)y < M in (0,a) x (0,T*), where M is the positive constant given in
hypothesis (Hs).

Proof. Set v(x,t) = (x%uy(x,t))r — M. Then the equation in (1.1) yields
(4.1) vy — (%), =0, (z,t) € (0,a) x (0,T7).
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On the other hand, by using the assumption B < 1, we have

a

lim v(x,t) = ut(0,t) — uP(xo,t) — M = Sf(a:)ut(m,t) dx — uP(zo,t) — M

z—0
0

a

f(@)v(x,t)de + <Sf(:c) dx — 1>[up(a:0,t) + M]

S
0 0
<\ f@v(,t)dz
0
and
v(a,t) = Sg(x)ut(x, t)dx — uP(xg,t) — M

0

= Sg(x)v(x, t)dx + (Sg(x) dx — 1) [uP (zo,t) + M]
0 0

< Sg(a:)v(a:,t) dzx.
0

Since v(z,0) = (z%upz(x))z — M < 0 in (0,a), by the maximum principle,
v(z,t) < 0 in (0,a) x (0,77*). (Notice that equations (4.1) and (1.1) are
degenerate and singular at z = 0. However, we can always approximate them
with regular parabolic equations, and then apply the maximum principle;
see |[GHl, Lemma 2.1 and its proof].) That is, (x%uy(z,t)), < M in (0,a) X
(0, 7*). m

Set
(4.2) h(t) =uP(zo,t), H(t) = \h(s)ds.

Then we have
LEMMA 4.2. Under the assumptions of Lemma 4.1, we have
i )= li H) =
and there exists a positive constant Co such that
(4.3) u(zo, t) > Co(T* — )Y P=D e (0,T%).
That is, xg is a blow-up point of the blow-up solution u(x,t) of problem (1.1).

Proof. Noting (4.2) and integrating the equation in (1.1) over (0,t), we
get

u(z,t) = up(x) + S (x%Uug(x, b)) dt + H(t), (x,t) € (0,a) x (0,T7).
0
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In view of Lemma 4.1, we have
(4.4) u(a,t) < Cy+ H(p), (2,1) € (0,a) x (0,T7),

where C3 = max,¢(g q uo(7) + MT™. As limsup,_,p« max,¢(g q u(7,t) = o0,
the above inequality ensures that lim; 7+« H(t) = co. Since T < oo, from
the definition of H(t) in (4.2) we find that lim,_,7« h(t) = oo.

To show the second conclusion, by applying Lemma 4.1 to equation (1.1)
we get
(4.5) ut(xo, t) < M +uP(xo,t), (x,t) € (0,a) x (0,T7).

From the definition of Ah(t) and limy;7-h(t) = oo we infer that
limy_, 7+ u(xg,t) = oo. Utilizing hypotheses (H;) and (Hg), we find that
uo(x) > 0 on [0, a], and therefore there exists a positive constant K such that
M < KuP(zg,t). Integrating (4.5) over (¢,7*) and noting lim;_,7+ u(xo,t)
= 00, we get,
u(wg, t) > Co(T* — )Y@V ¢ e (0,77,

where Cy = [(K +1)(p — 1)]"Y/#=1), o

In order to get the global blow-up result, we transfer problem (1.1) via
(4.6) u(z,t) = w(z,t), x=[1-a)z/0"
to a new problem

wy — doz Tw,, = h(t), (z,t) € (0,1) x (0,T%),
l l
4.7) w(0,t) = Sfl(z)w(z,t) dz, w(l,t)= Sgl(z)w(z,t) dz, te(0,T"),
0 0
w(z,0) = wo(z), =z€]10,],

wheredp = (1—a)™, v = 1%, 1 = ﬁaka, wo(z) = uo(((1 —a)z)l/(lfo‘)),

[1(2)=F(1=a) )V [(1=a)2]",  gi1(2) =g((1=a)2) =) [(1—-a)2]"
and h(t) is given by (4.2). It is obvious that Sf) fi(z)dz = § f(z)dx and
Sf) g1(z)dz = Sg g(z) dz. Consider the following eigenvalue problem:

(4.8) —(2770(2))" = pp(2), 2 €(0,1);  9(0) = (1) = 0.
On setting ¢(z) = 2711/2n(y), z = y* @t the above problem becomes
A 1
2 I /
- —0, ye(0,b),
(4.9) y " (y) +yn'(y) + CEE (2+ﬂ2n@) y € (0,0)

n(0) =n(b) =0,

where b = 1(2t7)/2, Equation (4.9) is a Bessel equation, its general solution
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is given by

2/ 2/

Let w1 be the first root of Jl/(Q_W)(%b) = 0; by McLachlan [Mcl, pp. 29
and 75|, it is positive. It is obvious that p; is the first eigenvalue of problem
(4.8); also we can easily obtain the corresponding eigenfunction

2
(4'10) 901(2) _ k27+1/2J1/(2+7) (mz(2+7)/2>
2+7y
which is positive for z € (0,1), where k£ > 0 is chosen so that Xé v1(z)dz = 1.
Now we can give the proof of Theorem 1.5.

Proof of Theorem 1.5. Define I(t) = Sé H(s)ds, v(z,t) = H(t) — w(z,t)
and

l
(4.11) Bt) =\v(z,t)e1(2)dz,  te(0,T7),
0
where w(z, t) is given by (4.6) and it satisfies (4.7), u1 and ¢1(2) are the first
eigenvalue and the corresponding eigenfunction of the eigenvalue problem
(4.8), and ¢q(z) is given by (4.10) and satisfies Sé ¢1(z)dz = 1. Then by
(4.7) and (4.8), and using the known facts that w(z,¢) > 0 on [0, a] x [0, T%),
(277¢1(2)) | 2=0 > 0 and (27 7¢1(2))|.=; < 0, we obtain
l l
B'(t) =\ (h(t) — wi(z,1))e1(2) dz = | —doz w2z (2, 1)1 (2) dz
0 0
!

= —do \w(z,1)(z77¢1(2))" dz + dow(z, 1) (= 1(2)) o
0
!

< dom Sw(z,t)gpl(z) dz = —dop B(t) + dopr H(t), t € (0, 7).

0
Integrating the above inequality over (0,¢) and noting that
! !
B(0) = {v(z,0)¢1(2) dz = — [ wo(2)¢1(2) dz < 0,
0 0
we get
t
(4.12) B(t) < B(0)e™ ! 4 dopuy | e 5D H(s) ds

0
< d()ulf(t), t e (O,T*).
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On the other hand, (4.4) implies that

4.13 inf wv(z,t) = inf (H(t)—w(z,t) = inf (H(t)— u(z,t
(4.13) zé{%,z)”(z) zé?o,n( (t) —w(z,1)) xéfé,a)( (t) —u(z,t))

>—C3, te(0,T7).
Combining (4.12) and (4.13), we obtain

l
(4.14) Vo(z, t)lp(z)dz < Ca(1+I(t), te(0,T7),
0

where Cy = max{2Cs5,dpu1} is a positive constant.

In view of Lemma 4.1, we have
(%ug(z,t))e <M in (0,a) x (0,T7).
Then it follows from the transformation (4.6) that
doz Twy(z,t) < M,  (z,t) € (0,1) x (0,T7).
Therefore
(4.15) 2z (2,t) = —wza(2,) 2 =05, (2,1) € (0,1) x (0,T7),
where Cs = (M/dp)l”. For any subset [c,d] C (0,a), let [; = 2!~ and

1—a
ly = T2-d'=*; then [l1,l5] C (0,1). Let r = $min{l;,! — lo}; then r > 0. For
any fixed = € [c,d], let z = -2-x17%; then z € [l1,l2]. We define

11—«

(4.16)  ((y,t) =v(y,t) + %(y — 22 (yt)e(z—rz+71)x(0,T%).
Then by (4.15), we get
ny(yvt) 2 07 (yvt) € (Z - 7"7Z+7a) X (OaT*)

The mean-value inequality for subharmonic functions yields

z4r
o(zt) = (2 t) < o | Gy t)dy.
Then
(4.17) v(z,t) < 1 Tv( t) dy + 5,3 t € (0,T%)
* b — 2']" 2 y7 y 3 ) ) N

From (4.10), there exists a positive constant Cg such that

inf  1(y) > Cer? .
y€Elly—r,la+r]
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This together with (4.17) and (4.14) implies that

z+r
418)  w(nt) < 1( [ o) dy+ (;513)

zZ=r

z+r
1 1 C
< ( G \v(y,wrsol(y)dw;z?’)

zZ=T

l
< O 2 ([ oly Dl (v) dy + 1)
0

< Cer 7?1+ 1(t), te(0,TY),
where C7 = max{%cﬁ, %l7+4} and Cg = C7(Cy + 1).
Since I(t) > 0 for t € (0,7*), combining (4.4) with (4.18) we obtain
Cs u(z,t) w(z,t) o L+ 1()
———<1- =1- < v
HO) =7 TH(@) HE SO H(t)

for t € (0,7*). Using the conclusion H(t) — oo as t — T* of Lemma 4.2
and the fact that T* < oo, we get limy_,p« I(t)/H(t) = 0. Then by the
arbitrariness of x € [c, d], we deduce that

u(x,t)
im
t—T* H(t)
uniformly on any compact subset [c,d] of (0,a). Then we have

H'(t) = h(t) = uP(x0,t) ~ HP(t) ast— T

=1

Therefore
lim u(z, t)(T*—t)Y®D = lim |lu(-,t)||e(T* =)/ = (p—1)~V/ =1
t—T* t—T*

uniformly on any compact subset [c,d] of (0,a). Utilizing hypothesis (Hy),
the above equality and Lebesgue’s convergence theorem, we also obtain

a

lim (T — )//®Du(0,¢) = | f(z) lim (7% — )/ Du(z, t) dw
t—T* o t—T*

= (p—1)~Yr=1 §f(x) dz,

0
a

lim (7% — )P Yy(a, t) = Sg(x) lim (T — )Y P Yy(z,t) da
t—T* t—T*

= (p— 1)~ §g($) dz.
0
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All these show that the blow-up set of the blow-up solution u(z,t) is the
whole domain [0, a], including the boundaries. This differs from the case
of parabolic equations with local sources or with homogeneous Dirichlet
boundary conditions. The proof of Theorem 1.5 is complete. m
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