ANNALES
POLONICI MATHEMATICI
89.3 (2006)

The BIC of a singular foliation
defined by an abelian group of isometries

by MARTINTXO SARALEGI-ARANGUREN (Lens)
and ROBERT WoLAK (Krakéw)

Abstract. We study the cohomology properties of the singular foliation F deter-
mined by an action @: G x M — M where the abelian Lie group G preserves a riemannian
metric on the compact manifold M. More precisely, we prove that the basic intersection co-
homology IH5(M/F) is finite-dimensional and satisfies the Poincaré duality. This duality
includes two well known situations:

e Poincaré duality for basic cohomology (the action @ is almost free).
e Poincaré duality for intersection cohomology (the group G is compact and con-
nected).

This paper deals with an action &: G x M — M of an abelian Lie
group on a compact manifold M preserving a riemannian metric on it. The
orbits of this action define a singular foliation F on M. Putting together
the orbits of the same dimension we get a stratification Sz of M. This
structure is still very regular. The foliation F is in fact a conical foliation
and we can define the basic intersection cohomology IHy(M/F) (cf. [15]).
This invariant becomes the basic cohomology H*(M/F) when the action
@ is almost free, and the intersection cohomology H;(M/G) when the Lie
group G is compact and connected (cf. [15]).

The aim of this work is to prove that this cohomology IH5(M/F) is
finite-dimensional (cf. Theorem 4.2.2) and satisfies the Poincaré duality (cf.
Theorem 4.3.6). This result generalizes [6], which concerns the almost free
case. When G is compact and connected we find these results in [8].

The paper is organized as follows. In Section 1 we define conical folia-
tions. Section 2 is devoted to the study of isometric actions and the induced
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foliations. For this kind of foliations we can define the basic intersection co-
homology (BIC). This is done in Section 3. The main results are proved in
Section 4. The definitions of the conical foliation and BIC were introduced
in a preprint of M. Saralegi and R. Wolak, Basic intersection cohomology
for singular riemannian foliations, which was circulated some time ago. The
definitions and some basic properties of BIC appeared in print in [15] for
the first time, but only those necessary for the study of conical fibrations.
The present paper provides the first published account of the general theory
of BIC.

In the following, M is a connected, second countable, Hausdorff, C'*°
manifold of dimension m without boundary. All the maps considered are
smooth unless otherwise indicated.

1. CONICAL FOLIATIONS

A singular foliation whose associated stratification is conical in the sense
of Goresky-MacPherson (cf. [8]) will be called a conical foliation.

1.1. Singular foliations. A regular foliation of codimension g on a
manifold M of dimension m is a partition F of M into arc-connected im-
mersed submanifolds, called leaves, in such a way that each z € M has the
following local model:

(R™,H)

where leaves are defined by {1 = ¢1,...,2y = ¢4 | c1,...,¢4 € R}. We
say that (R™,H) is a simple foliation. Notice that the leaves have the same
dimension.

A singular foliation on a manifold M is a partition F of M into arc-
connected subsets, called leaves, such that for each x € M there exists a
chart (U, ) at this point such that:

(i) Img =V x W where V C R* and W C R are open neighborhoods
of 0, and a + b = m,
(i) ¢(x) = (0,0)
(iii) if L is a leaf, then p(LNU) = V x W, where Wi, C W is a countable
subset.

Leaves are connected immersed submanifolds whose dimension may vary.
The definition of a singular foliation is due to P. Stefan [16] and H. Suss-
mann [17]. For a discussion of the singular Frobenius theorem and various
equivalent conditions see [10, 20], and [11] for a reduction of the axioms.

Classifying the points of M according to the dimension of leaves one gets
the stratification Sy of M whose elements are called strata. The foliation is
regular when this stratification has just one stratum {M}.
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A smooth map f: (M,F) — (M',F’) between singular foliated man-
ifolds is foliated if it sends leaves of F into leaves of F'. If f is an open
foliated embedding then it preserves the dimension of leaves and therefore
it sends strata of M into strata of M’. Examples, more properties and the
singular version of the Frobenius theorem can be found in [1, 15-18].

1.1.1. ExamPLE. Consider a sphere S*~! of positive dimension endowed
with a singular foliation G without 0-dimensional leaves. Identify the disk D"
with the cone ¢S"~ 1 = S~ x [0, 1[/S"~! x {0} by the map = — [z/||z]], ||z]|]
where [u,t] is a general element of the cone. We shall consider on D" the
singular foliation

G = {Fx{t}| Feg,teloifud},
where 9 is the vertex [u, 0] of the cone. The induced stratification is
Seg = {8 x]0,1[| S € Sg} U {¥},

since G has no 0-dimensional leaves. For technical reasons we allow n to take
the value 0; in this case S"~! = ) and ¢S"~! = {9}.

The same considerations apply to the co-cone cooS" 1 =S~ x [0, 0o[ /S !
x {0}. In particular, R" = c¢5,S" !. Notice that the map f: (¢S"7!,cG) —
(€ooS" 1, c0oG) defined by f[0,t] =0, tan(tr/2)] is a foliated diffeomorphism.

The strata of a singular foliation are not necessarily manifolds. This leads
to the following definition. In order to support an intersection cohomology,
the stratification Sz needs a certain amount of regularity and conicality (see
[8] for the case of stratified pseudomanifolds).

1.2. Conical foliations. The definition is by induction on m = dim M.

A regular foliation is conical by definition.

If m = 1, a conical foliation is regular, and either it is a foliation by
points, or it has just one leaf. In the general case, a singular foliation (M, F)
is said to be a conical foliation if for any x € M there exists n € {1,2,...}
and a foliated diffeomorphism

(1) @: (R™ " x S H x cG) — (U, Fy),
where

e U C M is an open neighborhood of z,

e H is a regular foliation of R™™",

e (S*71,G) is a conical foliation without O-dimensional leaves, called the

link of x, and

e 0(0,9) = =z.
We shall say that (U, ¢) is a conical chart at . Notice that if S is the stratum
containing x then p=1(SNU) = R™™ x {9}.

For a regular foliation the link is the empty set.
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The following examples well illustrate the situation in dimension 2.

NN
SN

Conical Not conical Not conical Conical

Although a point x may have several charts the integer n is an invariant:
it is the codimension of the stratum containing x. This integer cannot be 1
since the conical foliation (S*~!, G) has no 0-dimensional leaves.

We will also consider manifolds with corners of the type M x [0, 1[”, p > 0;
they are foliated by foliations F x Z, where Z is the foliation by points of
[0,1[P. In fact, this is the restriction of the foliation F x Z of M x ]—1,1[?,
where Z is the foliation by points of |—1, 1[”. We say the the foliation F x Z
of M x [0,1[ is conical if the foliation F x Z of M x ]—1,1[F is. This is
equivalent to the assumption that the foliation F of M is conical.

1.2.1. Stratifications. In the compact case, the family of strata is finite,
and locally finite in the general case. The closure S of a stratum S € S is
a union of strata. We define an order < in the set of strata by 57 < Sy if
S1,59 € Sy and S7 C §2,

The depth of Sr, written depthSxz, is defined to be the largest i for
which there exists a chain of strata Sy < S7 < --- < S;. So, depthSx = 0 if
and only if the foliation F is regular. Depth is always finite because of the
local finiteness of Sz. Moreover, depth Sz, < depthSz for any open subset
U C M, and depthSg = depth Syyxg < depth Spyxcg (cf. 1.1.1).

The minimal strata are exactly the closed strata. An inductive argument
on depth Sz shows that the maximal strata are those of dimension m (just
consider the local model (1)). They are called regular strata, and the others
singular strata. Since the codimension of singular strata is at least 2, only
one regular stratum Rz appears, which is an open dense subset. The union
of the singular strata will be denoted by Xr.

The restriction of F to a stratum S defines a regular foliation Fg. More-
over, if §1 < S then dim Fg, < dim Fg,. So, the biggest leaves of F live
in Rr. The dimension dim F of the foliation F is the dimension of these
leaves, that is, dim 7 = dim Fg,. Notice that for any singular stratum S
we have the equality

(2) dim F — dim Fg = dim G,
where (S"71,G) is the link of a point of S (see (6)).



BIC of an abelian foliation 207

1.2.2. EXAMPLES.

(a) Foliated bundles. Let (N,N) be a foliation, B a manifold, B its
universal covering and h: m(B) — Diff(IV,N) a representation into the
group of diffeomorphisms of NV preserving V. A foliated bundle is the crossed
product M = B X, (p) IV endowed with the foliation F whose leaves are

obtained from B x L, L € N. This foliated bundle is conical. The dynamics
of the leaves, strata, ... can be very complicated.

1. Put B=S!, N =c,cS", n >0, N =cG, G the one-leaf foliation and
h(1) defined by h(1)(u) = u/2. The minimal stratum S = S! does not
have a small saturated tubular neighborhood.

2. Put B=S!, N = cS?*!, G the Hopf foliation and h(1) defined by

h(1)[(z1, .-, 2n),t] = [(62”“ 21, .., X Zn), t]

and F = cG. Here the leaves are diffeomorphic to cylinders (at irra-
tional t-levels) or to tori (at non-zero rational ¢-levels) or to a circle
(for t = 0) and they are completely mixed up. The minimal stratum
S = S! has small saturated tubular neighborhoods, but they do not
retract to S through a foliated retraction.

(b) Singular riemannian foliations. A singular riemannian foliation,
SRF for short, is a singular foliated manifold (M, F) endowed with a rieman-
nian metric such that every geodesic that is perpendicular to a leaf at one
point remains perpendicular to every leaf it meets (cf. [12]). The restriction
of F to each stratum S of Sz is a regular riemannian foliation. The local
structure of F can be described as follows (cf. [12] and [2]). Given x € M
we can find a chart modeled on (R™™" x R",’H x K) where (R™™" H) is a
simple foliation, (R™, K) is an SRF having the origin as unique 0-dimensional
leaf and being invariant under homotheties.

The sphere S”—1 inherits a singular riemannian foliation G with K = ¢G
since K is invariant under homotheties [12]. We conclude that an SRF is a
conical foliation.

(¢) Isometric actions. The foliation determined by an isometric action
induces a singular riemannian foliation and therefore a conical foliation. This
example will be treated more extensively in the second section.

(d) The product. Given two conical foliated manifolds (M;p,F;) and
(My, F2) their product (M; x Ms, Fy x F2) is also conical.

Proof. We proceed by induction on depthSz, + depthSx,. When this
number is 0 the product foliation is conical since it is regular. The proof in
the general case is just a local matter. Taking into account (b) it suffices to
consider the product (¢S™,cGy) x (¢S™2, cGsy), where (S™,G1) and (S™2,Gs)
are conical. By the induction hypothesis it suffices to check the local con-
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icality near (¢1,v2). We are going to construct a conical foliated manifold
(Smtn2tl G and a foliated embedding ¢: (¢S™H72 %! cG) — (cS™,cGy) x
(cS™2, cGs) sending ¥ to (91, 72).

Since the foliation on the cone ¢S™ is tangent to each sphere S™ x {t},
the submanifold N = {([01,t1], [f2,t2]) € ¢S™ x S"2 | 2 +13 = 1/2} is a
foliated submanifold. Moreover, the map

P: (N x]0,1[, (¢G1 X cG2)N X L) — (¢S™ x ¢S™2, G % cG2)

defined by ¢ ([01, t1], [02,t2],t) = ([01,1-t1], [P2,t-12]) is a foliated embedding.
We claim that (N, (¢G1 X ¢G2)n) is conical. Again this is a local question,
so it suffices to prove that (IV — {t1 = 0}, (G1 X G2) N—{4,—0}) s conical (and
similarly for N —{t2 = 0}). Since it is foliated diffeomorphic to (S™! x0, 1] x
Sy, G1 X I x ¢Ga), where T is the 0-dimensional foliation of ]0, 1[, it suffices
to apply the induction hypothesis to get the claim.

Notice that N is diffeomorphic to the sphere S™*72*+! by the map
([01,1], [02,t2]) — (V/2t1-61,+/2t5-62). The induced foliation (S™1Fm2+1 G)
is conical. Under this diffeomorphism, the foliated embedding 3 becomes
the foliated embedding

C: (SMHm2tl 510, 1[,G x T) — (¢S™ x ¢S™, Gy X cGo),
defined by
u tefull] [ vt
C((va):@mu-’wn73/07~-7yn )7t):<|:—7 I TRTR! .
' ’ lull” v2 1" Llkl" V2
But ¢ extends to a foliated embedding (: (¢S"1"2F! ¢G) — (cS™ x cS"2,
cG1 x ¢Ga) by putting ((9¥) = (91,92). This ends the proof m

The following result will be useful.

1.2.3. LEMMA. Let (M,F) and (M',F') be two conical foliated man-
ifolds of the same dimension and let f: M x [0,1[ — M’ x [0,1[ be an
embedding. If the restriction

(3) fio(M x]0,1[, F xI) — (M’ x]0,1[, F' x I)
is foliated then so is
(4) f: (M x[0,1[,F xI)— (M x[0,1[, F' x T).

Proof. Notice first that when the two foliations are regular, the result
comes directly from the local description of f.

Let S € Sz be a minimal stratum. From (3) there exists S’ € Sz with
f(S x]0,1]) € 8" x ]0,1] and therefore f(S x [0,1[) € " x [0, 1[. We claim
that

F(Sx[0,1]) € 8" x [0,1].
Indeed, suppose there exists S € Sz with S) < S and f(S x {0}) N
(Sf x {0}) # 0. Since f(M x [0, 1[) is an open subset of M’ x [0, 1] we have
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F(M x10,1]) N (S x ]0,1[) # 0. But this is not possible since
f: (M x])0,1[,F xT)— (f(M x]0,1]), F x I)

is a foliated diffeomorphism and S x ]0, 1] is a minimal stratum of Sry7.

We now proceed by induction on depth Sz. If this depth is 0 then F is a
regular foliation and the above considerations give f(M x[0,1[) C R’ x[0,1],
where R’ is a regular stratum of S /. We get the result since the two foliations
are regular.

Consider now the general case. Denote by Spin the union of the closed
strata of F. By induction hypothesis the restriction

fi((M = Smin) X [0,1[, F xZ) — (M' x [0,1[,F x I)

is a foliated map.

Let now S € Sr be a singular stratum. We have seen that there exists
S" € Sg with f(S x [0,1]) € S’ x [0, 1]. It remains to prove that

f:(Sx[0,1[,FxI)— (8 x[0,1[,F x I).

This follows since the two foliations are regular. m

1.3. Local blow-up. Consider a conical chart (U, ¢) at a point z of a
singular stratum .S of M. The composition map

P,: R™" x S" 1 x [0,1,H x G x I) — (U, F),

defined by P,(u,0,t) = ¢(u,[0,t]), is said to be a local blow-up. It is a
foliated smooth map such that

e The restriction P,: R™™" xS""! x]0,1] — U — S is a diffeomorphism.
e The restriction P,: R™™" x "1 x {0} — U NS is a fiber bundle
whose fiber is S*~.

In other words, the local blow-up replaces each point of the minimal stratum
by a link.

The following result shows that the local blow-up is essentially unique
and that the link of z is also unique. The proposition was announced in [15]
without proof.

1.3.1. PROPOSITION. Let (U1, 1), (Uz, p2) be two charts at a point x
of M with Uy C Us. There exists a unique embedding

1o R x §"1 % [0,1[ — R™ ™ x S 1 x [0,1]

making the following diagram commutative:



210 M. Saralegi-Aranguren and R. Wolak

@
R™™" x S*71 x [0, 1] -

R™™™ x §S*71 x [0, 1]

P P

03 Lopr

R™M—7 % cSn—l R™Mm—7 x« cSn—l

where P(u,0,t) = (u,[0,t]). Moreover, if the two charts are conical, modeled
respectively on (R™™™ x S" L Hy x ¢Gy) and (R™™" x ¢S*71, Hy x ¢Ga),
then

Bro: (R™ " xS" 1 x[0,1[,H1 xG1 xT) — (R™ ™ xS" 1 x [0, 1[, Ha X Go x T)
is a foliated embedding.

Proof. Notice that 902—1 0 @1: R™™™ x S" 1 — R™ ™™ x ¢S"! is an
embedding.

Uniqueness. 1t follows from density of R™™" x S"~1 x]0, 1[ and from the
fact that P: R™™™ x "1 x ]0,1[ — R™™" x (¢S"~! — {¥}) is a diffeomor-
phism.

Ezistence. Denote by (f,g): R"™™™ x R" — R™™" x R" the embedding
<p2_1 o 1. The components f and g are smooth with ¢g(0) = 0. So, the map
h: R™™™ x S7=1 x [0,1] — R™ defined by h(u,0,t) = g(u,t - 6)/t is smooth
and without zeroes. Finally, we define

Bro(u,0,4) — (f(u,t 0), %t Hh(u,@,t)”).

Embedding. Notice first the following. Since (f, g) is an embedding with
g(0) = 0, each g(u,—): R” — R" is an embedding. Let G, be its deriva-
tive at 0, which is an isomorphism. By construction we have h(u,6,0) =
Gu(9)/|Gu(0)]|. So, each restriction @1 9: {u} x S"~ x {0} — {f(u,0)} x
St x {0} is a diffeomorphism.

Now, consider two points (resp. two vectors) on R™~" x S*~1 x [0, 1[ sent
by @12 to the same point (resp. vector). Since <p2_1 o 1 is an embedding,
they live on a fiber {u} x S*~! x {0}. Since G,, is an isomorphism, we get
the claim.

Foliated. The embedding &1 2 extends the foliated map ¢, Lo w1. We
apply Lemma 1.2.3. =

An important consequence of this proposition is that the links (S"~!, G)
of two points of the same stratum S are foliated diffeomorphic. We shall

write Gg = G.
2. FOLIATIONS DETERMINED BY AN ABELIAN ISOMETRIC ACTION

In this paper we deal with an abelian isometric action @: G x M — M
on a compact smooth manifold M. As we study the induced foliation F, we
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may assume that the group G is connected; it suffices to replace G by the
connected component Gy of the identity.

For technical reasons, we also need to work with non-compact manifolds.
Tame actions are introduced for this purpose.

2.1. Tame actions. A smooth action @: G x M — M of an abelian Lie
group G on a smooth manifold M is tame if it extends to a smooth action
@: K x M — M where K is an abelian compact Lie group containing G.
We say that K is a tamer group of G. When M is compact, this notion is
equivalent to that of isometric action (cf. [9]).

When necessary, we can suppose that the group G is dense in K.

The restriction of the action of G to a K-invariant submanifold of M is
again a tame action. For a subgroup H C G the restriction ®: H x M — M
is also a tame action.

The connected components of the orbits of the tame action @ determine
a foliation F on M. Since the action @®: G x M — M is isometric, F is a
conical foliation (cf. 1.2.2(b)).

2.1.1. Three particular actions. We now describe the particular actions
we shall use.

(a) The action =: G x K — K defined by =(g,k) = g - k. This action
is tame since it extends to =: K x K — K defined by =(g,k) = g - k. We
write Fg for the induced foliation; then dim Fx = dim G. For each u € g,
the Lie algebra of G, we write X,, € X(K) for the associated fundamental
vector field.

(b) The action ¥: G x K/H — K/H defined by ¥(g,kH) = (g - k)H,
where H C K a closed subgroup. This action is tame since it extends to
¥: K x K/H — K/H defined by the same formula. We write Fy g for the
induced foliation, with dim F/y = dim GH/H = dim G/(G N H). For each
u € g we write Y,, € X(K/H) for the associated fundamental vector field. If
7m: K — K/H is the canonical projection then 7, X, =Y.

(c) The action I': GNH x H — H defined by I'(g,h) = g - h. This
action is tame since it extends to I': H x H — H defined by I'(g,h) = g h.
We write Fp for the induced foliation, with dim F;g = dim G N H. For each
u € gNh we write Z, € X(H) for the associated fundamental vector field.
Here b is the Lie algebra of H.

2.2. Twisted product. This is the first geometrical tool we use for the
study of F.

Let K be a connected compact abelian Lie group and G a connected
subgroup. Suppose that G is dense in K. Consider an orthogonal action
©: H xR" — R" where H is a compact subgroup of K. The twisted
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product K xp R™ is the quotient of K x R™ by the equivalence relation
(k-h=Y,0(h,z)) ~ (k, z). The element of the twisted product corresponding
to (k, z) is denoted by (k, z). It is a manifold endowed with the action

P:Gx (KxgR") — K xgR"

defined by @(g, (k, z)) = (g - k, z). It is clearly a tame action and we denote
by Fiw the induced conical foliation.

The restriction @: GN H x R™ — R"™ is also a tame action. The induced
conical foliation is denoted by Fgn; H is a tamer group. The couple (R", Frn)
is a slice of the twisted product.

The product K x R™ is endowed with the conical foliation Fx X Fgn.
The natural projection R: K x R" — K xg R" gives the relations Fiyy =
R.(Fk x Frn) and

(5) Sr., = {R(K x S) | S €Sz} = RUK} x Sgpn).

2.3. Tubular neighborhood. This is the second geometrical tool we
use for the study of F.

Consider a singular stratum S of Sz. Since dim G(k - x) = dim G(z) for
all k € K and x € S, S is a K-invariant proper submanifold of M. It has
a K-invariant tubular neighborhood (T,7,S,R™) whose structural group is
O(n). This means that 7 is K-invariant and there exists an atlas B such
that for any two charts (U, ¢), (V,¢) € B and k € K the composition

Yokop 1 (UNK V) xR" = (kU)NV) x R"

is of the form (z,u) — (k- x, Ay x(u)) with A, € O(n).
Recall that the following smooth maps are associated with this neigh-
borhood:

e The radius map o: T — [0,1] defined fiberwise by [z,t] — t¢. Each
t # 0 is a regular value of . The pre-image o~!(0) is S. This map is
K-invariant, that is, o(k - z) = o(2).
e The contraction H: T x [0,1] — T defined fiberwise by ([z,t],r) —
[z, rt]. The restriction H;: T — T is an embedding for each ¢ # 0 and
Hy = 7. We shall write H(z,t) =t - z. This map is K-invariant, that
is,t-(k-z)=k-(t-2).
These two maps are related by o(t - z) = to(z).
The hypersurface D = p~1(1/2) is the tube of the tubular neighborhood.
It is a K-invariant submanifold of T". Notice that the smooth map
V:Dx[0,1]—=T

defined by V(z,t) = (2t) - z is K-equivariant, where K acts trivially on
the [0, 1[-factor. Its restriction V: D x 0,1 — T — S is a K-equivariant
diffeomorphism, and V: D x {0} =D — S is 7.
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The foliation F induces a tame foliation on the fibers of 7. To see that,
let Gs = G4, be the isotropy subgroup of some (and hence every) point
xo € S. This group acts effectively on 771 (zp). The trace on 77 !(xg) of F is
given by the action of G's. Using a chart of the atlas B we identify 7! (z0)
with R™. The induced foliated manifold (R"™, Fgn) is the slice of the tube.

The action of Gg induces an orthogonal action ©@: Gg x S*~1 — S*—1,
This action is effective and tame. Let Gg be the induced conical foliation.
In fact, (S"~1,Gg) is the link of S. The formula (2) becomes

(6) dim F = dim Fg + dim Gs.
The tubular neighborhood gives rise to a local blow-up:

2.3.1. PROPOSITION. Given a conical chart (U,p) € B there exists a
commutative diagram

/

R™" x "1 x [0,1] —=— D x [0,1]

(7) P| v|

R™—" % SPL LN T

where ¢’ : (R™ " xS 1 x[0,1[,HxGxT) — (D x[0,1[, F xI) is a foliated
embedding.

Proof. The existence of ¢’ and the commutativity 70 ¢’ = p o P are
guaranteed by Lemma 1.3.1. We also know that the restriction
¢ = Voo P R™ " x§" 1 x 0,1, H x G xI) — (D x 0,1, F x I)
is a foliated embedding. Applying Lemma 1.2.3 we conclude that ¢’: (R™~™
x S x [0,1[,H x G X I) — (D x [0,1[, F x ) is a foliated embedding. m

2.4. Molino’s blow-up. Molino’s blow-up [12] of the foliation F pro-
duces a new foliation F of the same kind but of smaller depth. The main
idea is to replace each point of closed strata by the fiber of a convenient
tubular neighborhood. But in order to avoid the boundary that appears in
this procedure, we take the double.

We suppose depth Sz > 0. Let Spin be the union of the closed (minimal)
strata and choose a disjoint family Ty, of K-invariant tubular neighbor-
hoods of the closed strata. The union of the associated tubes is denoted by
Diin. Notice that the induced map Viin: Dmin X |0, 1] — Thin — Sin 1S a
K-equivariant diffeomorphism. The blow-up of M is the manifold

—

M = {(Dmin X ]_17 1[) il ((M - Smin) X {_17 1})}/N7
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where (2,t) ~ (Vmin(z, [¢]), t/|t]), and the map £: M — M is defined by
Vmin(z, [t]) if v =(z,t) € Dmin x |-1,1],

£w) = o
z ifv=_(2,j) € (M — Smin) x {—1,1}.

Notice that £ is a continuous map whose restriction L: M — ﬁ_l(Smin) —
M — Spin is a K-equivariant smooth trivial 2-covering. R . .
Since Vpin is K-equivariant, ¢ induces an action ®: K x M — M
by requiring that the blow-up £ is K-equivariant. The open submanifolds
L7 (Tiin) and L7 (Tinin—Smin ) are clearly K-diffeomorphic to Dy, x]—1, 1]
and Dpin % (] — 1,0[U]0, 1]) respectively. Notice that the depth of the re-
strictions of F t0 Dmin, Tmin — Smin and Mmin — Smin is strictly smaller than
depth S . . .
_ The restriction ®:GxM— Misa tame action, whose tamer is just
¢: K x M — M. The induced foliation is F. The associated foliations
F and F are related by £ which is a foliated map. Moreover, if S is a
non-minimal stratum of S then there exists a unique stratum S’ of Sz

such that £71(S) C '. The family {S’ | S € Sz} covers M and satisfies
S1 < Sz & S < 5% We deduce the important property

depthSz < depthSg.

2.5. Orbit type stratification. Given an action @: K x M — M, the
points of M are classified by the equivalence relation:

r~y & K=K,

The induced partition Sg is the orbit type stratification of M (see for example
[3]). The elements of this stratification are connected K-invariant subman-
ifolds, called ot-strata. This stratification is finer than the stratification Sz
defined by the action ®: K x M — M, but it has similar properties, in
particular, (S, <) is a poset with finite depth.

Since an ot-stratum is a K-invariant submanifold, it has an invariant
neighborhood. A blow-up can be constructed as in the previous framework:
the ot-blow-up. We write N': M — M for the ot-blow-up, which is a K-
equivariant continuous map relative to an action &: K x M — M. We have

(8) depth Sz < depth Sg.

3. BASIC INTERSECTION COHOMOLOGY

The basic cohomology of a foliated space is the right cohomological tool
to study the transverse structure of foliations. A conical foliation has a
transverse structure which reminds the stratified pseudomanifolds of [§],
and for this kind of singular spaces the best adapted cohomological tool is
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the intersection cohomology. In this section we mix up the two ingredients
and we introduce the basic intersection cohomology.

For the rest of this section, we fix a conical foliated manifold (M, F).

A differential form defined on the regular stratum may have a wild be-
havior relative to the singular strata. But there are some forms with a good
relation to the singular part. These are the perverse forms, and from them
we are going to construct the basic intersection cohomology.

There are several ways to define perverse forms: using a system of tubular
neighborhoods (cf. [5]), a global blow-up (cf. [14]) etc.; in this work we
introduce them in a more intrinsic way, using the local blow-ups we have
already considered. This definition was formulated for the first time in [15];
we recall it below and prove some properties, some of which were just stated
there without proof.

We are going to deal with differential forms on products (manifold) x
[0, 1[?; these forms are restrictions of differential forms defined on (manifold)
x ]—1,1[P.

3.1. Perverse forms. Perverse forms are differential forms defined on
the regular stratum Rz which are extendable through local blow-ups.

The differential complex IT%(M x [0, 1[F) of perverse formson M x [0, 1
is introduced by induction on depth Sz. When this depth is 0 then

IT-(M x [0,1]7) = 2*(M x [0,1]").

Consider now the general case. Let M be a foliated manifold with a conical
foliation of depth k. A perverse form on M x [0,1[F is a differential form w
defined on R x [0,1[F € M x [0, 1[” such that, for any conical chart (U, ¢),
there exists a perverse form w,, on (R™~" x S"~! x [0, 1P H x G x T) with

(9)  wyp = (P, x identityg p)"w  on R™™™ x Rg x 10,1 x [0, 1[".
Notice that this condition makes sense since
(i) the restriction of the local blow-up
Py,: R™"xRgx]0,1] — UNRfr
——

reg. stratum of Rm—n x cSn—1 reg. stratum of U

is a diffeomorphism,
(i) the foliation H x G of R™™" x S"~! is of depthk — 1.

We notice that
(10) P} O3(U) — Iy gur (R x S*1 % [0,1])
is a differential graded commutative algebra (dgca for short) isomorphism.

The complex IT3(M) is a dgca since (w+1), = We+1,, (WAN) = W AT
and (dw), = dw,.
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3.1.1. REMARKS.

(a) The notion of perverse form depends on the foliation F through the
stratification Sr.

(b) A local blow-up produces a factor [0,1[. Further desingularization
would produce extra [0, 1] factors. This is the reason for introducing [0, 1[”
directly.

(c¢) The perversion condition does not depend on the choice of the conical
chart. In fact, if (9) is satisfied for some conical chart then it is also satisfied
for any other conical chart (cf. Proposition 1.3.1).

(d) The local blow-up of the cone c¢S" ! is essentially the product S*~! x
[0,1[. So, we have the natural identification I15(S" 1 x [0,1[) = II};(cS™ 1)
given by w — wr,x]o,1[-

(e) Given a tubular neighborhood 7: T — S of a singular stratum
(cf. 2.3), the map V: D x [0,1] — T gives an isomorphism between IT(T)
and IT5, (D x [0,1]) (cf. Propositions 2.3.1 and 1.3.1).

(f) Let us illustrate this notion with an example. Consider the isometric
action @: R x S — S7 defined by

amit brit crit

D(t, (20, 21,22,23)) = (€920, ™ 21, 29, 23)
with (a,b,c) # (0,0,0). Recall that the induced foliation F is conical (cf.
1.2.2(b)). We can view S” as the join S? * S' where R acts freely on the first
factor, inducing the foliation G, and trivially on the second factor. There

is just one singular stratum, namely S!, whose link is (S°,G). This stratum
has a “global conical chart” (S' x ¢S° T x ¢G), so

II5(S7) = 2%(S® x D?).
(g) There are differential forms on Rz which are not perverse. Any dif-

ferential form w on M is perverse, that is, £2*(M) C II’-(M). In fact, we
have w, = Pw on R"™™ x S"=1 x [0, 1] for any conical chart (U, ¢).

Proof. For the first part consider a smooth function on Rz going to infin-
ity when approaching the singular part. For the second part we proceed by
induction on depthSz. Let w € IT(M x [0,1["). For a conical chart (U, ¢),
w, = Piw € 2*R™ ™ x ST x [0, 1[P™). Then we apply the induction
hypothesis. =

(h) An open foliated embedding f: (M1, F1) — (Ma, F2) of foliated con-
ical manifolds induces a dgca operator f*: ITy (Mz) — I (Mh).

Proof. The embedding f preserves conical charts and therefore perverse
forms. =

3.2. Perverse degree. The amount of transversality of a perverse form
w € IT-(M) with respect to a singular stratum S is measured by the perverse



BIC of an abelian foliation 217

degree ||w||s. We first define the local perverse degree ||w||y for a conical chart
(U, ) at a point of S.

Notice that a local blow-up replaces U NS by R™™" x Rg x {0} and that
the restriction

(11) P,:R™ " x Rg x {0} - UNS

is (isomorphic to) a trivial bundle. Since w is a perverse form, the differential
form ¢*w (living on R™™™ x Rg x ]0,1]) extends to a differential form w,
(living on R™™™ x Rg x [0,1]). The perverse degree ||w||y is the vertical
degree of w,, relative to the added part, that is, the fibration (11).

Namely, when w, = 0 on R™™" x Rg x {0} we put ||w|y = —oo, and in
the other cases
Wo(uo, - -y Uk, ...) =0
for each family {ug, ..., ux}

|lwlly =min< ke N
of vectors tangent to the fibers of

P,: R™™ ™ x Rg x {0} = UNS
This number does not depend on the choice of the conical chart.

Proof. Let (U,¢1) and (U, p2) be two conical charts. From Proposi-
tion 1.3.1 we know that wy, = @ swy, and the restriction @12: R™™" x

Rg x {0} — R™™™ x Rg x {0} is a diffeomorphism. This implies that
lwllF" = llwlF?. u

Finally, we define the perverse degree ||w| s by
(12) llw|ls = sup{||w|| | (U, ¢) is a conical chart at a point of S}.
For two perverse forms w and 7 and a singular stratum S we have

(13)  llw+nls < max{[jwls; [nlls}, o Anls < llwlls + [|n]]s-

For a perverse form w the perverse degree is smaller than the usual degree
and satisfies

(14) |lwlls < dim Rgg = codimys S — 1.
3.2.1. REMARKS.

(a) The notion of perverse degree depends on the foliation F through
the stratification Sg.

(b) The perverse degree of a differential form on M is —oo or 0 (cf.
3.1.1(g)).

(c) Consider S*~! endowed with a conical foliation without 0-dimensional
leaves, and the disk ¢S"~! endowed with the induced conical foliation. Then
the perverse degree of a form w € II}(¢S" 1) = II5 (S"™! x [0,1]) is just
the degree of the restriction wign-1, {0y, where the degree of 0 is —co.
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(d) Given a tubular neighborhood 7: T" — S (cf. 2.3) we know that we
can identify II+(T) with II% (D x [0,1[) through V (cf. 3.1.1(e)). Since
V:D x]0,1] - T — S is a K-diffeomorphism, the family of strata of T'
is {V(5’ x]0,1[) | 8 is a stratum of D} U {S}. So, for any w € II’+(T) we
have:

* |lwllvsixjoap = IVwllsxjo]-

e [[wlls = [(V*w)|pnRrs X {0}, where ||a[|- denotes the vertical degree
of @ € 2*(D N Ryx) relative to the projection 7: (D N Rr) x {0} =
DNRgr — S (cf. Proposition 2.3.1).

(e) Let us illustrate this notion with the example of 3.1.1(f). The perverse
forms are just the differential forms on S° x D?. The perverse degree || ||s1 is
measured relative to the trivial fibration S® x S' — S!. So, if 65 is a volume
form of S, #; a volume form on S' and (x,%) the coordinates on D?, we
have

101]lst =0, [16slls1 =5, |65 A (zda + ydy)|ls1 = —oc.

(f) A perverse form with [|w||s < 0 and ||dw]||s < 0 induces a differential
form wg on S. When this happens for each stratum S we conclude that
w = {wg} is a Verona controlled form (cf. [19]).

Proof. Let (Ua, p2) be a conical chart of a point of a singular stratum S.
The conditions ||w||s < 0 and ||dw||s < 0 give the existence of a form
Ney € 27(U2NS) with wy, = P} 1y, on R™™™ x Rg x {0}. Let (U1, 1)
be another conical chart of a point of S with (U1, 1) C (Usz,p2). From

Proposition 1.3.1 we have

P{Zl Npr = Wey = @T,waz = 95’{,213;2%2 = lensoz
and therefore 7,, = 7,, on Uy NS. This implies that the forms {7,,} match
up to define a differential form wg € 2%(5). m

(g) An open foliated embedding f: (Mi, F1) — (Msy, F2) between two
foliated conical manifolds induces a dgca operator f*: ITy, (Mz) — Iz (M)
which preserves the perverse degree (cf. Proposition 1.3.1).

3.3. Basic cohomology. The basic cohomology of a foliation F is an
important tool in the study of its transversal structure and plays the role
of the cohomology of the leaf space M /F, which can be a wild topological
space.

Let (M,F) be a foliated manifold. A differential form w € 2*(M) is
basic if

ixw=1ixdw =0
for each vector field X on M tangent to the foliation F. For example, a
function f is basic iff f is constant on the leaves. We denote by 2*(M/F)
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the complex of basic forms. Since sums and products of basic forms are
basic, the complex of basic forms is a dgca. Its cohomology H*(M/F) is
the basic cohomology of (M,F). We also use the relative basic cohomology
H*((M, F)/F), that is, the cohomology computed from the complex of basic
forms vanishing on the saturated set F'.

When the foliation comes from a fibration f: M — B with connected
fibers, the leaf space M /F is in fact the manifold B and the basic cohomology
H*(M/F) is the cohomology of B.

3.3.1. REMARKS.

(a) The basic cohomology does not use the stratification Sx.

(b) Let us illustrate this notion with an example. Consider the isometric
action ¥: R x S® — S° defined by W(t, (20, 21, 22)) = (€™ 2q, ¥ 21, ™ 23)
with (a,b,¢) # (0,0,0). The induced foliation G is regular and H*(S°/G) is
the following:

1=0]i=1|:1=2 |1=3| 1=4
R 0 R - [e] 0 R - [€?]

Here, the cycle e € £2%(S?/G) is an Euler form. Notice that this cohomology
is finite-dimensional and satisfies the Poincaré duality. These facts are true
for any regular isometric flow on a compact manifold (see [6] and [7]).

~Consider now the singular isometric flow defined in 3.1.1(f). Then
H{(S"/F) is

i=0|i=1]i=2|i=3 i=4 i=5 i=6
0 0 0 R-[BAe€] 0 | R-[BAE?

The cycle 8 € £2%(S”/F) is the form induced by 1 from the double suspension
ST=xxs°.

Notice that this cohomology is finite-dimensional. This is true for any
isometric flow on a compact manifold (see [21], [13]). On the other hand,
the Poincaré duality is lost. We introduce the basic intersection cohomology
in order to recover this property.

(c) A smooth foliated map f: (My,F1) — (Ma, F2) induces a dgca op-
erator f*: (2*(My/F2) — 2% (M1/Fr).

3.4. Basic intersection cohomology. The stratification S induced
by a conical foliation JF is rich enough to support an intersection cohomology
theory.

Let (M,F) be a conical foliated manifold. A perversity is any map p :
S% — Z, where S% is the family of singular strata. There are two particular
perversities we are going to use:
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e the constant perversity i defined by i(S) = i, where i € Z, and
e the (basic) top perversity t defined by
t(S) = codimy; F — codimg Fg — 2 = codimy; S — dim Gg — 2.
Any two perversities can be added.

Associated to an open foliated embedding f: (M', F') — (M, F) and a
perversity D on (M, F) there exists a perversity on (M', F'), still written p,
defined by p(S’) = p(S) where S’ € S%, and S € S& with f(S') C S.

The basic intersection cohomology appears when one considers basic
forms whose perverse degree is controlled by a given perversity. We let

$25(M/F)
=A{w e 2*(Rz/Fry) N Hz(M) | max(||w]|s, [[dwls) < P(S) VS € SF}
be the complex of basic perverse forms whose perverse degree (and that of

their differential) is bounded by the perversity p. It is a differential complex,
but it is not an algebra, in fact the wedge product acts in the following way:

N: Q2 (M)F) x Q2(M[F) — L32(M/F)
(see (13)). The cohomology IH;(M/F) of this complex is the basic intersec-
tion cohomology of (M, F), or BIC for short, relative to the perversity p (cf.
[15]).

3.4.1. REMARKS.

(a) The basic intersection cohomology coincides with the basic coho-
mology when the foliation F is regular, that is, when depthSz = 0. But
it also generalizes the intersection cohomology of Goresky—MacPherson (cf.
[8]) when the leaf space B lies in the right category, that of stratified pseu-
domanifolds (cf. [15]).

(b) The perverse degree of a perverse form satisfies (14). But when this
form is also basic we have

[wlls < dim Rg — dim Fr,; = codimy F — codimg Fg — 1 = (£ +1)(5)
(cf. (2)).

(c) fw € fol(M/]-') and @: (R™™" x S"" L H x ¢G) — (U, F) is a

conical chart then
we =0 onR™" x Rg x {0},
where ¢ = codim; F.

Proof. Let S be the stratum of Sz containing ¢(R™~"x{1}). Notice that
t(S) =0—((m—n)—dimH)—2 = n—dim G —2. If the above assertion is not
true then there exist (z,z) € R™™™ x Rg, {v1,...,Vm—n—dimn} C T,R™ "
and {wl, c. ,’U)nflfdimg} C TZSnil with

w(z,2,0)(v1, ..., Vm—p—dimH> W1, - - -, Wn—1—dimg) 7 0.
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This is not possible since the vectors {w1,...,w,—1-dimg} are tangent to
the fibers of P, and n —1 —dim G > #(S). =

(d) Consider a tubular neighborhood 7: T' — S (cf. 2.3) and a perversity
pon T. From 3.2.1(d) we see that V* establishes an isomorphism between
$25(T/F) and

{we 5D < [0,1[/F xI) | |lwpnrslI- < D(S) and [|dwpag,ll- < P(S)}

Here, the perversity p on D x [0, 1] is defined by p(S” x [0,1]) = p(V (S’ x
Jo. 1)

)-
(e) Let us illustrate this notion with the example of 3.1.1(f) (see also
3.3.1(b)). A direct calculation shows that H;(S7/]-') is

i=0|i=1]i=2 |i=3 i=4 i=5 i=6
p<—1 0 0 | R-[B 0 |R-[BAe R-[BAe?
=0 0 0 R-[BA€] 0 R-[B A€
p=t R 0 R[] 0 R-[B A€

p>t+1| R R-[e] 0 R [€?]

The first line is the relative basic cohomology H*((S7,S')/F), the second
line is the basic cohomology H*(S7/F) and the last line is the basic cohomol-
ogy H*((S” — S')/F). These cohomologies are finite-dimensional and satisfy
the following Poincaré duality:

Hy,(M/F) = Hy(M/F)

fori+j=6andp+q==t.

We shall prove that all these facts are true for any abelian isometric flow
on a compact manifold.

(f) Given an open foliated embedding f: (M1, F1) — (M2, F2) we have
the induced differential operator f*: 25(Mz/F2) — (25(M1/F1) (cf. 3.1.1(h)
and 3.3.1(c)). If f is a foliated diffeomorphism then f* is a differential iso-
morphism.

We now present some of the technical tools used in this work. We fix a
conical foliated manifold (M, F) and a perversity p.

3.5. Local calculations. The intersection basic cohomology, like the
basic cohomology, is not easily computable. It becomes computable for sin-
gular foliations defined by an abelian isometric group, as will be observed
in the next section. Nevertheless, the typical calculations for the BIC are
classical. The following two propositions were announced in [15] without
proof.
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3.5.1. PROPOSITION. Let (R¥,H) be a simple foliation. Let p be the
perversity defined on the conical foliated manifold (R x M, H x F) by
P(RF x 8) = B(S). The canonical projection pr: R¥ x M — M induces
an isomorphism

H(M/F) = H5(R" x M/H x F).

Proof. Fix a base point a € R¥ and let ¢: M — R* x M be the inclusion
defined by ¢(x) = (a,x). Notice that a conical chart (U, ¢) on M induces the
conical chart (R¥ x U, Idgr x ) on R¥ x M. Under these charts the projection
pr becomes the canonical projection R¥ x R™™™ x ¢S*~1 — R™™" x ¢S*!
defined by (u,v,() — (v, (). The inclusion ¢ becomes the inclusion R™~™ x
eSP1 — RF x R™™" x ¢S™~! defined by (v, () — (a,v,¢). An inductive argu-
ment on the depth shows that pr*: {25(M/F) — Q%(Rk x M/H x F) and
L Q%‘(Rk x M/H x F) — §25(M/F) are well defined differential operators.

Since ¢* opr* is the identity, it suffices to prove that pr* o.* is homotopic
to the identity.

The foliated homotopy ko: R* x [0,1] — R* defined by ko(u,t) = tu
induces the homotopy k1: R* x M x [0,1] — R¥ x M defined by ki (u, z,t) =
(ko(u,t),x). This homotopy does not involve the M-factor, so it induces a
morphism kj: IT3,, (R¥ x M) — II},, »(R* x M x [0,1]) which preserves
the perverse degree. We also have dok] = kj od and therefore the differential
morphism

ki: S2(RY x M) — 2:(RF x M x [0,1]).

Integration along the [0, 1]-factor does not involve M. So, the operator
K: I}, (R x M) — II;;L-(R* x M) given by Kw = { kjw is well de-
fined and preserves the perverse degree. On the other hand, it satisfies the
homotopy equality

doK+ Kod=prfo/ —1d.
This implies that dK also preserves the perverse degree. We conclude that
K: 25(RF x M/H x F) — 227 (R x M/H x F)
is well defined and is a homotopy operator between pr*o.* and the identity. m
For the cone (c¢S" !, cG) (cf. 1.1.1) we have:

3.5.2. PROPOSITION. Let G be a conical foliation without 0-dimensional
leaves on the sphere S"™1. A perversity o on ¢S"~! gives the perversity p
on S"~1 defined by p(S) = (S x ]0,1[). The canonical projection x: S"~1 x
10, 1[ — S"! induces an isomorphism

i ene1 o HES™/G) if i < p({0}),
(e /Cg)_{o if i > p({o}).
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Proof. The statement about perversities is clear. From 3.2.1(c) we have
| ran—1 ep - —
(S % [0,1[/G x I) if j <p({9}),
1 n—1 _ ] n— _ * . S
25(cS" 7 /eG) =  22(S" % [0,1[/G x T) nd~ Kere* if j = p({9}),
| (qn—1 * e . _
Q2(S"1 x [0,1[/G x T) N Kert if 7 > p({v}).

Here ¢: S"71 — S§"71 x [0, 1] is the inclusion defined by «(#) = (6,0). Pro-
ceeding as in the above proposition we get the desired isomorphism. =

3.6. Mayer—Vietoris. An open covering {U,V} of M by saturated
open subsets is basic if there exists a subordinate partition of unity made
up of controlled basic functions. Basic coverings may or may not exist. For
such a covering we have the Mayer—Vietoris sequence

0— 2(M/F)— BU/F)® V/F) = 2(UNV)/F) =0,
where the maps are defined by w — (w,w) and («, 3) — a — 3. The third
map is onto since the elements of the partition of unity are controlled basic
functions. Thus, the sequence is exact. This result is no longer true for more
general coverings.

The Mayer—Vietoris sequence allows us to make computations when the
conical foliated manifold has a suitable finite covering. The passage from

the finite case to the general case may be done by using an adapted version
of Bredon’s trick of [4, p. 289]:

3.6.1. BREDON’s TRICK. Let X be a paracompact topological space (resp.
compact topological space) and let {Uy} be an open covering, closed under
finite intersections. Suppose that Q(U) is a statement about open subsets
of X, satisfying the following three properties:

(BT1) Q(Ua) is true for each o

(BT2) QUU) & Q(V) & QUNV)= QU UV) for any open subsets U
andV of X;

(BT3) QUs) = Q(U,Us) for any disjoint (resp. finite disjoint) family
{U;} of open subsets of X.

Then Q(X) is true.

3.7. Compact supports. For the study of Poincaré duality we shall
need the notion of cohomology with compact supports. We define the support
of a perverse form w € II’-(M) as the closure (in M!)

suppw ={z € M — Xr |w(z) # 0}.

We have supp(w + w’) C suppw U suppw’, supp(w A w’) C suppw N supp w’
and supp dw C suppw. We define

5 (M)F) ={w € 25(M/F) | suppw is compact}.
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It is a differential complex, but not an algebra; in fact, the wedge product
acts in this way:

Ne 82 (M/F) x Q(M/F) — 22 (M/F)
(see (13)). The cohomology IH3 .(M/F) of this complex is the basic inter-
section cohomology with compact supports of (M, F), relative to the perver-
sity p. Of course, when M is compact we have H7 .(M/F) = H;(M/F).
For Xz = (), this notion generalizes the basic cohomology with compact
supports.

Given a basic covering {U, V'} of M we have the Mayer—Vietoris sequence
0= & ((UNV)/F) = 5 (U/Fu) © &5 (V/Fv) = &5 (M/F) =0,

where the maps are defined by w — (w,w) and («, 3) — a — . The third
map is onto since the elements of the partition of unity are controlled basic
functions. Thus, the sequence is exact.

We now give some local calculations. Given a simple foliation (R*, H) =
(R* x R®, J x I), where J is the one-leaf foliation of R* and Z the point
foliation of R®, we have H(R*/H) = R generated by [f dz1A- - -Adxy) where
f is a bump function: f € C*°(R?) with {go f =1 and compact support.

3.7.1. PROPOSITION. Let (R¥ H) be a simple foliation. We have an
isomorphism

H5 (M/F) =2 Hy (R x M/H x F)
given by [B] — [fdxy A---Ndxy A B], where f € C®(RY) is a bump function.
Proof. Notice first that Q;7C(Rk X M/HxF) = Q%jC(Rb x M/T x F).

It suffices to deal with the case b = 1.

Let us introduce some notation. Suppose 5 € 2*(Rx x M) does not
include the dt factor. We denote by §© 5(s) A ds and { 5(s) A ds the forms

in 2*(Rx x M) obtained from [ by integration with respect to s:

(§8() A ds) (@, )@, ... T) = § B, ) (B, ) ds,

Bz, )(@,..., ) ds,

O e ke O

(§86s) A ds) ()@, ., ) =
where ¢ € Ja,b[, (z,t) € RF x |a,b[ and (v1,...,7;) € Ty (RF X |a,b]).
A general w € (25 (R x M/T x F) is of the form
w=a+ [ Adt,
where o, 8 € £25 (R x M/T x F) do not contain dt. Consider the differential
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operators
A: (2 (M/F) — 25 R x M/T x F),
V: 2 (R x M/T x F) — Q2 (M/F),
defined by
Ala+pndt)= | B(s)Ads and V(B) = fdtAp.

Notice that AoV = Id (up to sign), which gives V*o A* = Id (up to sign). We
now prove A* o V* = Id. Consider [w = a+ B Adt] € Hy (R x M/T x F).
Define n € 125 (R x M/T x F) by

t

n= ( § f(s)ds) (Ogoﬂ(s)/\ds) — (?f(s)ds)( S ﬁ(s)/\ds).

—0o0 —00

A straightforward calculation gives

dn = fdt N S B(s)Nds —BANdt —a =A% oV (w) — w.
This ends the proof. =
For the computation of H%(cS""!/cG) we consider g € C*([0,1[) with
g=1lon|0,1/4], g=0on [3/4,1] and S[l)g =1
3.7.2. PROPOSITION. Let G be a conical foliation without 0-dimensional
leaves on the sphere S*™1. We have an isomorphism
B (577 feG) = {0 L e
HE(S"/G) if i =2p({d}) + 2,
given by [gdt N\ w] — [w].
Proof. From 3.2.1(c) we have
2 (8" % [0,1[/G x T) if i < p({0}),
Q5. (8" 7 eG) = ¢ 2 (S % [0,1[/G x T) nd~  Ker* if i = p({¥}),
28 (S < [0,1]/G x T) N Ker * if i > p({0}).
Here 1: S~ — S"~1x[0, 1] is the inclusion defined by ¢(§) = (6, 0). Consider
acyclew=a+dtANp e Q%C(CS”_l/g). Notice that

wzd(iﬂ(s)/\ds),

with ({1 B(s) A ds) € 25 1(S"1 x [0, 1[/G x Z). This gives I} (cS"1/cG)
=0if i <p(J)+ 1. Now, it suffices to prove that [w] — [g dt A w] establishes
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an isomorphism between IH ;_I(S”_l /G) and

H* (025 (S"' x [0,1[/G x I) N Ker ")
=H; ("' x [0,1[,S"" x {0})/G x T).

The proof is exactly the same as that of the previous proposition, with —oco
replaced by 0. =

3.8. Twisted product. In this section we show how to compute the
BIC of the twisted product K x g R™ (cf. 2.2) in terms of the group K and
the slice R".

Notice first that a perversity p on (K x R™ Fx X Fgn) (resp. (K xpg
R"™, Fiw)) is determined by a perversity p on (R"™, Fgn) by putting p(K xS) =
p(S) (resp. P(R(K x 5)) = P(S5), see (5)).

3.8.1. LEMMA. The natural projection R: K x R — K xg R" induces
a differential monomorphism

R*: _Q;(K xg R"/ Fiw) — Q%<K X R" /Fr X Fgn)
for any perversity p.

Proof. We proceed in several steps.

(a) A foliated atlas for m: K — K/H. Since m is an H-principal bundle,
it has an atlas Ay = {¢: 77 1(U) — U x H} of H-equivariant foliated charts.
H-equivariance means p(h-k) = (7(k), h-ho) if p(k) = (w(k), ho). We study
the foliation p,Fg. By equivariance, ¢, X,, = (0, Z,) for each u € gNh. Thus,
the trace of the foliation ¢,Fk on the fibers of the canonical projection
pr: U x H — U is Fg. On the other hand, since 7 is a G-equivariant
submersion, we have m.Fx = Fp p, which gives pr,p.Fx = Fg/g. We
conclude that o, Fx C Fx g x Fu. For dimensional reasons we get 0. Fr =
Frya X Fu. The atlas Ay is an H-equivariant foliated atlas of 7.

(b) A foliated atlas of K x g R™. We claim that A% = {@: 7~ Y(U) x g
R" - U xR" | (U,¢) € Ay} is a foliated atlas of K x g R™ where the map
P is defined by B((k, 2)) = (n(k),O((¢ (7 (k),e))~t - k, 2)). This map is a
diffeomorphism whose inverse is 7 (u, z) = (p~(u, ), z). It satisfies

R-equiv.

w*f.tw a*R*(FK X I) = ¢*R*(g0_1 X IdR")*(fK/H X fH X I)

A straightforward calculation shows o Ro (¢! x Idgs) = Idy x ©. Since
Fr is defined by the action I': GNH x H — H, we have O, (Fg xT) = Fgn.
Finally, o, Fiw = fK/H X Frn.
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(c) Last step. Given (U, ¢) € Ay, we have the commutative diagram

—1x1d
Ux HxR 2 ®H e o Re
r| di
——1
U x R ¥ . KxygR"

where P(u,h,z) = (u,0(h,2)) and R"1(Im@ ') = Imp~! x Idga+1. We
claim that
R*: Q5K xg R"/F) — $25(K x R"/Fie X Fn)
is a well defined morphism. Since this is a local question and we have
R YImp~ ') = Ime~! x Idgat1, it suffices to prove that the induced map
P*: Q%(U X Rn/fK/H X fRn) — .Q%(U X H x Rn/j:K/H X Frg X fRn)

is well defined. This follows from the fact that the map

V:(Ux HxR", Fryg x Fg x Frn) = (U x HxR", Freyp X F X Fgrn)
defined by V(u,h,z) = (u,h,0(h,z)) is a foliated diffeomorphism. Since
prooV = R with prg: U x H xR"™ — U x R" being the canonical projection,
it suffices to apply 3.4.1(f) and Proposition 3.5.1. The injectivity of R*

follows from the fact that R is a surjection. =

3.8.2. LEMMA. Let ®: G x M — M be a tame action. Let K be a
connected tamer group of G. Write V,, € X(K) for the fundamental vector
field associated to an element u of the Lie algebra of K. For any perversity
P the contraction operator

iv,: ((M/F)E — (2= (M/F)E
is well defined.

Proof. Since K is connected, the vector field V,, is K-invariant. So, the
contraction operator iy, preserves the K-invariant differential forms. More-
over, if w € (Q%(M/f))K and X is a vector field on M tangent to the
foliation F then

ixivuw = —iVuin =0 and ixdivuw = —ixivudw = iVuixdw =0.
We end the proof if we show that w € (£25(M x [0, 1[P)% implies iy, w €
Q;_l(M x [0,1["). We proceed by induction on depth Sgz.

FI1rST sSTEP: depthSy = 0. The result is clear.

INDUCTION STEP. Since the question is local, we can assume that M =T
is a K-invariant tubular neighborhood of a singular stratum S. Let V,, €
X(D x [0,1]) be the fundamental vector field associated to u. This field is
tangent to the boundary of D x [0, 1[; write U for its restriction. On the
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other hand, since V: D x [0,1] — T is a K-equivariant map, we obtain
ViV =V,

For each a € §2*(D) we have the implication iya(vy,...,v;) # 0 =
a(vi,...,v;) # 0. This gives the inequality ||iyall; < |||~

Set I =TIdp,;». We have (V x I)*w € £25(D x [0,1["*) with
[((V X I)*'w) pxfoyxpapll- <BS),  [[((V x I)*dw) pxfoyxjo.1p lr < P(S)
(cf. 3.4.1(d)). By induction hypothesis we have
(V x I)*(iv,w) = iy, (V X I)*w € £25(D x [0, 1[77).
The result now follows from
[((V < I)*(iv,w)) px{oyx[o,1p I = [I(ig, (V X I)*w) pxfoyx (o121
= [liv ((V x I)*w) px oy x[0,1) |7
< [((V x I)*w) | px{oyxfo,1p I- < B(S),
and

[((V x I)*(d(iv,w))) pxfoyx 0,17 |- = [[=((V x I)*(iv,, dw)) | Dx {0y x (0,17 |7
< p(5S)
since w is K-invariant and 3.4.1(d) holds. =
3.8.3. Fizing some notations for Lie algebras. Let €, g and h be the Lie

algebras of K, G and H respectively. Choose an invariant riemannian metric
k on K, which exists by compactness. Let

{u1, .o Uay Uag 1y - ooy Uy Up g1y« - s Uy Ueq 1,y - - - Up

be an orthonormal basis of ¢ with {uj,...,u,} a basis of g and {ug41,...,uc}
a basis of §.

For each index ¢ we let X; € X(K) be the invariant vector field associated
to u; (cf. 2.1.1(a)). Let v; € 21(K) be the dual form of X;, that is, v; = ix;, k-
It is a cycle and it is K-invariant, that is, k*y; = ~; for each k € K. Since
K/H is an abelian Lie group, H*(K/H) = A"(71,- - Ya, Yet1s- -2 7f)-
The Fy p-basic differential forms on A(71, ..., %a; Yet1,- -+, 7f) are exactly
AN (Yes1s---,7f). This gives
(15) H*((K/H)[Fgm) = N erts - 77)-

3.8.4. PROPOSITION. Let K X R™ be a twisted product. Suppose that
the group G is connected and dense in K. Then

Hy(K xg R"/Fo) = H(K/H)/Frn) © (Hp(R"Frn))

for any perversity p.

Proof. Since R*: 3(K xyg R"/Fiw) — (25(K X R"/F x Fgn) is a
monomorphism (cf. Lemma 3.8.1), it suffices to compute the cohomology
of Im R*. We describe this complex in several steps.
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(i) Description of £2*(K x Rz, ). A differential form in 2*(K X Rxr,,)
is of the form

(16) N+ Z Vi1 AR Yie A Tiv,..sips

1<ip << <f
where 1,1;,.i, € 2°(K X Rr,,) satisfy ix,n = ix,m,,.i, = 0 for all in-
dices.

(ii) Description of Iz, r., (K x R™). Since the foliation F is regular,
we can always choose a conical chart of the form (U; x Us, p1 X @2) where
(U1, 1) is a foliated chart of (K,Fk) and (Us,¢2) is a conical chart of
(R™, Frn). The local blow-up of the chart (U; x Uz, 1 X ¢2) is constructed
from the second factor without modifying the first one. So, the differential
forms ; are always perverse and any w € II% , ~ . (K x R™) is of the form
(16) where 1, m;,,..i, € Ik, 7., (K x R") satisfy ix,n = ix, 7.5, = 0 for
all indices.

(iii) Description of £2°(K X Rr,,/FKk X Frn). Let w € 2%(K x Rr,,/
Fr X Frn). Denote by
N: K x (K xR") — K xR"

the action defined by N(g, (k,u)) = (g - k,u) and by Rg: G x (K x R") —
K x R"™ its restriction. Since the fundamental vector fields of the action N¢g
are tangent to the foliation Fx X Fgrn, w is G-invariant and, by density,
also K-invariant. So, w € A*(71,...,7f) ® 2*(Rz..). We need here the
connectedness of G.

Since the Fg-basic differential forms in A*(y1,...,7f) are exactly
N (W41, -+, 7f), we get a differential isomorphism

(K X Rpp [ Fre X Fre) Z N (Wot1, - - -5 7f) @ 2°(Rpyn [ Frn).
(iv) Description of $25(K x R"/F x Fgn). From (ii) and (iii) it suffices
to control the perverse degree of the forms
n+ > Vir A AN Yig Alig,eiie € N (Vo155 7f) ® g, (RT).
b+1<i1 < <ip<f
Let S be a stratum of Sz,,,. From ||v;||kxs = 0 and ||n]|xkxs = ||7]|s, we get
[17in A+ AN Yig Aol = ([ .ie | s- We conclude that
Q%(K X Rn/f[( X j:]R") = /\*("}/bJrl, e ,’}/f) () Q%(Rn/fRn)
as differential complexes.
(v) Description of Im{R*: {22(K X g R"/Fiy) — 25(K xR / Fe X Fgn) }.
We denote by {W,41,..., W} the fundamental vector fields of the action

©: H x R" — R". Consider now the action 7: H x (K x R") — K x R"
defined by V'(h, (k,2)) = (k-h™1,0(h, 2)). The fundamental vector fields are
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{(=Xat1, Wai1), ..., (=X, We)}. Given h € H we let 15, : K xR" — K xR"”
be defined by 13,(k, z) = Y'(h, (k, z)). Then

Im R*={w € A" (W41, - - 77) O (R"/ Frn) | (i) ix,w = iww if a+1 <i<ec
(ii) (7)'w =w for h € H}
(as differential complexes). Recall that h*y; = ~; for all h € H and 1.
The foliation Fg» is defined by the action of G N H and so iy,w = 0 for
i € {a+1,...,b}. Since v;(X;) = J;;, we deduce that Im R* is the differential
complex
{we N (Vor1,--71) ® (Q%(Rn/]:Rn))H lixw=1iwwifb+1<i<c}
= N (Ve+1,---77)
1w € N (st - 170) @ (R Far))T | ixc0 = i i b+ 1< < c}
A*
Define A: (25(R"/Fgn )T — N (V11,5 7e) ® (25(R"/Frn)) T by
ABY =B+ D A A Al i, B)-

b+1<i1 < <ip<c

A straightforward computation shows that A is a differential operator and
its restriction A: (£25(R" /Frn)) — A* is an isomorphism. The inverse
operator is

At (50 + Z Vir N Ny A fil,..-,iz) =&
b+1<i1 < <ip<c

(cf. Lemma 3.8.2). We conclude that the differential complex Im R* is iso-
morphic to

N Ve, -, vf) © (25(R™/ Frn ).
(vi) Last step. Consider now the operator
H* (2R Frn)) ) — (HH(R"/Frn)) !
induced by the inclusion ¢: (Q%(Rn/]:Rn))H — §2(R"/Fgn). The usual
arguments show that this operator is an isomorphism:

e Monomorphism: w = dn = w = d{, T}y dh.
¢ Epimorphism: w — 7w = dny, foreach h € H = w — {, Yifwdh =
d SH Nh dh.

We get
H5(K xp R [Fou) = H (K/H) | Fipr) © (IR | Fen)) "
(cf. (15)). m
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3.8.5. REMARK. The same procedure shows that the differential oper-
ator

V= (Id/\*(%
gives an isomorphism
(H-*Ftw (K XH Rn))K o~ /\*(,Yl’ vy Yas Yetly .- - 7"}/f) ® (H;__Rn (Rn))H
— H*(K/H) ® (T}, (R")".

®A_1) OR*

s Yar Vet 1Y f)

4. COHOMOLOGICAL PROPERTIES OF THE BIC

In this section we prove that the BIC of a compact foliated manifold
(M, F), determined by an abelian isometric action ®: G x M — M, is
finite-dimensional and satisfies the Poincaré duality.

If the orbits of this action have the same dimension, that is, depth Sz = 0,
then F is a (regular) riemannian foliation (cf. [12]) and the BIC becomes the
usual basic cohomology H* (M /F). We already know from [7] that H*(M/F)
is finite-dimensional and satisfies the Poincaré duality. For the general case
we are going to proceed by induction on depth Sg.

But first of all we show how the BIC generalizes the usual basic cohomol-
ogy. The same situation appears for the intersection homology of a stratified
pseudomanifold (cf. [8]).

4.1. PROPOSITION. Let (M,F) be a foliated manifold determined by a

tame action. Then
(i) Ha(M/F)=H*(Rg/F) if 9> 1.
(11) HE(M/F) = H*(M/F). .

(ii) FHA(M/F) = H*((M, £5)/F) if 5 < 0.

Proof. The map w — w gives a differential operator Ips: 22(M/F) —
2*(Rr/F). The restriction map w — wp, defines differential operators
Ta: 2(M/F) — Q5(M/F) and Kz Q*((M, Z5)/F) — Q5(M/F) (ct.
3.2.1(b)). We prove by induction on depth Sz the following assertions:

A, (M, F) = “Ip is a quasi-isomorphism”,
Ao (M, F) = “Jp is a quasi-isomorphism”,
A3 (M, F) = “K)s is a quasi-isomorphism”.

FIRST STEP: depthSz = 0. The singular part X'z is empty and there-
fore IHZ(M/F) = ]H%(M/}") = H;(M/F) = H*(M/F) with In; = Jy =
Ky =1d.

INDUCTION STEP. The family {M — Snin, Tmin} is @ K-invariant open
covering of M (cf. 2.4). Choose a smooth map «a: [0,1[ — R with « =1 on
[0,1/4] and o = 0 on [3/4,1]. Write f = @ © pmin: M — R, which is a K-
invariant map and therefore F-basic. Since supp f C Tiin and supp(1—f) C
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M — Spin, the covering is basic. From 3.6 we have a Mayer—Vietoris sequence
and we get

Qli(Tmin - Sminvf) & 9'[<M - Sminaf) & Q['(T'minv-r) = QIZ(M, f)?
fori = 1,2, 3. The induction hypothesis yields 2; (Tiin— Smin, F) and 2; (M —
Smm,}"), it remains to prove 2;(Tinin, F).

From 3.2.1(d) we know that we can identify the perverse forms on Ty,
with those on Dy, x [0, 1[. This identification sends basic forms to basic
forms and preserves the perverse degrees relative to any stratum different
from those of Smin. The perverse degree of a perverse form w on Dyin X [0, 1]
relative to Siin becomes the vertical degree of the restriction of w relative
t0 Viin = Tmin : Dmin X {0} = Dmin — Stmin (Cf. 3.2.1(d)). That is,

27 (Timin/F) becomes  22(Dmin x [0,1[/F xI)  (cf. 3.4.1(b)),

5 (Tinin/F)  becomes  {w € 25(Dmin x [0, 1[/F x I) |

w‘Dmin = mlnn Wlth T, E Q*( mln/f)}7
25 (Tinin/F) becomes  {w € 27(Dyin x [0,1[/F X I) |wp,,, = 0}

Proceeding as in Proposition 3.5.1 we prove that

H*( mln/f) (Dmin/f)a H*( mln/f) (Smin/f)a
HE(Tmin/F) = 0.
Notice that I, . is induced by proV : Tiin — 27 — Dmin X ]0, 1] = Diin

and Jp becomes T*
On the other hand, since Viin: (Dmin X |0, 1[, F X Z) — (Twin — X7, F)
is a foliated diffeomorphism, we get

H*(Toin — 55)/F) = H* (Dain x 10, 1[/F x T) "= H*(Dyin/ F),

where the isomorphism is induced by pr o V~!. The induction hypothesis
implies that I, is a quasi-isomorphism.

The inclusion tmin: Smin — Tmin and the projection Ty, : Tmln — Smin
are foliated maps with TmmOme =1d, so they induce operators ¢*: 2* (Spin / F)
— (2 (Tinin/F) and 7 £2%( mm/f) — (2°(Smin/F) satlsfymg L in © Toin =
Id. The composition tpin © Tmin 1S homotopic to the identity by a foliated
homotopy. This homotopy is just H: Tinin X [0,1] — Tinin (cf. 2.4). So, 75
induces an isomorphism

H*(Tmin/F) = H*(Smin/F).
This proves that Jr, , is a quasi-isomorphism.
Let w € £2%(( mm,Z;)/]-') be a cycle. The above homotopy operator
gives the relation w = dS H*w. Since the homotopy H preserves F, we

have S H*'w e *(T,Xr)/F) and therefore H*((Tin, ~27)/F) = 0. This
proves that K . is a quasi-isomorphism. =

min
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4.2. Finiteness. We prove that the BIC of the conical foliation F in-
duced by an abelian isometric action on a compact manifold is finite-dimen-
sional. We proceed by induction on depth Sz. In order to decrease the depth
we use the blow-up of Molino. This will lead us to the twisted product
through the invariant tubular neighborhood.

4.2.1. PROPOSITION. Let (M,F) be a conical foliated manifold deter-
mined by a tame action. Let (T,1,S,R™) be a K-invariant tubular neigh-
borhood of a compact singular stratum S. If the BIC of the slice (R™, Frn)
is finite-dimensional then so is the BIC of the tube (T, F).

Proof. We can suppose that G is connected and we fix a connected tamer
group K in which G is dense. We consider the orbit type stratification
induced by the action ¢: K x S — S (cf. 2.5). We prove by induction on
depth Sg the following statement.

(T, F) = “The BIC IH;(T/F) is finite-dimensional for each perversity p”.

Fix p. Recall that any K-invariant submanifold of M inherits naturally
a perversity (cf. 3.4), still denoted p. We proceed in two steps.

FIRST STEP: depthSs = 0. The isotropy subgroup of any point of S
is a compact subgroup H C K. The orbit space S/K is a manifold and
the natural projection 7: S — S/K is a locally trivial bundle with fiber
K/H. Fix a good open covering {U,} of S/K (cf. [4]), closed under finite
intersections. For an open subset U C S/K we consider the statement

Q(U) = “The BIC H(r'x~(U)/F) is finite-dimensional”.

Notice that Q(S) = A(T, F). We get the result if we verify the three condi-
tions of Bredon’s trick (3.6.1).

(BT1) Since U, is contractible we can identify 7~ (U,) with U, x K/H.
The group K acts by ko-(x, k1 H) = (z, kok1 H). Fix a base point x( in U, and
identify {z¢} x K/H with K/H. The contractibility of U, gives a K-invariant
O(n)-isomorphism between (7', 7, S, R") and (U, x 71 (K/H),Idy, x 7, Uy X
K/H,R"). Notice that, identifying 7=!(e H) with R™, the map (k,u) — k-u
realizes a K-diffeomorphism between 7—!(K/H) and the twisted product
K xg R™

The contractibility of U, gives

Hi(r 7 Ua)/F) = HyUs x 7 (K/H)/T x F)
3.5.1
= Hy(r'(K/H)/F) = Hy(K <y R"/F),

which is finite-dimensional by Proposition 3.8.4.
(BT2) The lifting of a partition of unity subordinate to the covering
{U,V} of S/K gives a controlled and basic partition of unity subordinate
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to the covering {7717~ (U),7 7~ (V)} of T (cf. 3.2.1(b)). This covering
is basic. Now we apply 3.6.
(BT3) is clear since

wil( e () ) - @i e

Notice that the compactness required in the statement of the proposition is
used here by considering a finite covering {U; | 1 < i < m}. For an infinite
covering, property (BT3) could be false.

INDUCTION STEP. Denote by S™® the union of the closed (minimal)
strata of S¢ and choose a disjoint family 7™ of K-invariant tubular neigh-
borhoods of the closed strata. The projection map is denoted by 7™in: 7min
— SMin This family is not empty since depth Sg > 0. The union of the as-
sociated tubes is denoted by D™, Tt is a compact K-invariant submanifold
satisfying

(17) depth S(p: K x Dmin_, pmin < depth qu.

The induced map V™i*: D™t x]0, 1[ — T™in - §™in j5 5 K-equivariant diffeo-
morphism with trivial action on the ]0, 1]-factor. The radius map g™ : 7™in
— [0, 1] is K-invariant.

The family {771(S — S™in) 7=1(T™i")} is a K-invariant open covering
of T. Choose a smooth map «a: [0,1[ - R with « =1 on [0,1/4] and a« =0
on [3/4,1[. Write f = aog™"or: T — R, which is K-invariant and therefore
F-basic. Since supp f C 77 H(T™") and supp(l — f) C 771(S — S™in), the
covering is basic. From 3.6 we get an exact Mayer—Vietoris sequence

0= Qo= (T =S/ F) = Q{71 (S = $™) [ F) @ 25~ (T™™)/ F)
— Q%(T/]:) — 0.

The Five Lemma gives
A(r~Y(min_gminy 7Y & A(r~HT™), F) & A(T7H(S—S™0), F)=A(T, F).
We now check the three premises.

(a) A(r~H(T™in— gmin) 7). The K-equivariant diffeomorphism V™ pro-
duces by pull-back the commutative diagram

—
mln

Tfl(Dmin) ]0 1[ T (Tmin _ Smin)

TXId]O,l[l TJ/

Dmin % ]07 1[ v Tmin o Smin
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—_~

where V™in js a K-diffeomorphism. So, we get

Hy(r~ (T — §™™)/F) = Hi (v~ (D™") x ]0,1[/F x I)
3

(10 &

1 ,
*0_—1 min
H 5(7’ (D™ /F),
which is finite from the induction hypothesis (see (17)).

(b) A(r~H(T™*), F): The idea is the following. We prove that the inclu-
sion 71(Smin) s 7=1(T™MIN) induces an isomorphism

(18) Hy(7~H(T™")/F)) = Hy(r~H(S™)/F)).
Now, since the depth of Sg. fy gmin_,gmin is 0, it suffices to apply the first
step.

The contraction H™": 7™ x [0, 1] — T™" is a K-invariant map with
HI = jormin and Hn = Id;—1(pminy, where ¢: Smin <, Tmin js the natural
inclusion. Notice that 7" o, = Id;-1(gminy. The map H min jg Jocally the
map H™: U x R™ x [0,1] — U x R™ defined by H™"(z,v,t) = (x, tv).

Consider the commutative diagram induced by pull-back,

T—l(Tmin) % [0’ 1] Hmin T—l(Tmin)

TXId[O,l]l TJ/

Tmin X [07 1] Hmin Tmin

=7ormn and Id = (H™in); = 7mino 7,

—_—~—

Let 7min and 7 be the pull-backs of 7™ and ¢ respectively. We have (ﬁl)l

The operator H™in is K-invariant and therefore is a foliated morphism:
(Hwin)* F = FxZ. It is locally of the form H™n: U x R™ x R™ x [0, 1] — U x
R™ x R™ with H™"(z, v, w,t) = (z,tv,w). Since the stratification induced
by Sris {U xR™ x S’ x [0,1] | §" € Sz,n }, the perversity condition and the
perverse degree are read on the R™-factor. So, the induced operator

(H™n)*: Q% (7= (T™0) /F) = Q5(7 1 (T™™) x [0,1]/F x T)

is well defined. Integration along the [0, 1]-factor does not involve R™. So,
the integration operator

K- Q%(T—l(Tmin)/f) _ .Q;_l(’r_l(Tmin)/f)

given by K(w) = Sé(ﬁ;&l)*w is well defined. On the other hand, it satisfies
the homotopy equality:

doK+ Kod= ((ﬁr\nil)l)* - ((ﬁr\n;l)o)* = ((ﬁr\nﬂl)l)* — Id.

This gives (7™")* 0 7* = Id. Since 7* o (7™in)* = Id, we get (18).
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(c) A(r~1(S — S™in), F): The idea is to construct a K-invariant tubular
neighborhood (FE,v, S,R"™) and a K-equivariant commutative diagram

(19) Vl Tl

s Y.g
satisfying:
(i) N': § — S'is the ot-blow-up of S relative to the action &: K xS — S
and depth S5 < depth S, where @ is the induced action of K on S.
(ii) The restrictions
M: M—l —1(S_Smin) —>T_1(S—Smin),
M: M~ 1 —l(Tmin _ Smin) _ T—l(Tmin . Smin)
are trivial 2-coverings. .
(iii) The invariant tubular neighborhood (M ~1r=1(T™in) » A/=1(Tmin),
R”) is K-equivariantly diffeomorphic to (771(D™"), 7 xId, (D™") x

J=1, 1, R™).

ALR
Conditions (11) and (iii) give
(

A(r71(S — §min) F) & A(MIr71(§ — gmin) £)
(20) Ql( 1(Tm1n Smin)’f) PN Ql(./\/l_lT_l(Tmin _ Smin)’g)’

A(rH (D), F) & WML (T, £),
where & is the foliation induced by the action of K on FE.

The family {M~1r=1(S — §min) Af~Lr=1(T™min)} is a K-invariant open
covering of E. Let a: [0, 1] — R be as before. Set f = aog™"oNov: E — R,
which is K-invariant and therefore £-basic, where £ is the foliation induced
by the action of K on E. Since supp f € M~ 17=1(T™") and supp(l — f) C
M~Lr=1(S — S™in) the covering is basic. From 3.6 we get an exact Mayer—
Vietoris sequence
0— Qi(/\/lfl fl(Tmin _ Smln)/g)

— Z(MTITTHS = S /E) @ (M T THT™ /E) — 2(E/E) — 0.
The Five Lemma and (20) give
AT (T =5, F) AT (D™™), F) LA, E) = A(r~ 1 (S—5™"), F).
We now check the three premises.

o A(r~H(Tmin — gmin) 7). This is condition (a).

e A(7~1(D™M), F): By induction hypothesis since we have (17).

e 2A(E,&): By induction hypothesis since we have (8) by (i).
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It remains to construct (19). Consider the manifold
S = (D™ x ]-LA) I ((S = §™7) x {~1,1})}/~,
where (z,t) ~ (V™2 (z, |t]),¢/|t|), and the map N': S — S defined by
N(w) = vz |¢]) %f v = (z,t.) € D™in x ].—1, 1]
z ifv=_(2,7) € (S—95"") x{-1,1}.
This is the ot-blow-up N : S — S induced by the action &: K x § — S.
Consider the manifold
E={(r"}(D™") x |-, 1) L (r~1(S = §™") x {~1,1})}/~,
where (z,1) ~ (Vmin(z, [¢]), ¢/[t]), the map M: E — T defined by

My = { TGl o= (1) € 7D x]-1,1],
: if 0 = (2,7) € 71(S — §™) x {-1,1},

and the map v: F — S defined by

o e
(1(2),5) ifv=1(27)€r1(S—8mn) x {-1,1}.

Since V™ and Vmin are K-equivariant embeddings, S and E are K-mani-
folds. The maps N and M are K-equivariant continuous maps. Since T is
K-equivariant, so is v. The diagram (19) is clearly commutative.

(E,v,S,R") is a tubular neighborhood since (r~1(§ — §min), 7, § — gmin_
R™) and (7~ 1(D™") x |—1,1[, 7 x Id)_1 1, D™™" x | -1, 1[,R™) are compatible
tubular neighborhoods. It remains to verify properties (i)—(iii).

(i) By construction.
(ii) By construction M~1r~1(§ —gmin) = 7=1(§ — gmin) 5 1 1} and
M is the projection on the first factor.
(iii) By construction N ~L(T™in) = pmin x |1 1], MLz~ }(Tmin) =
71 (D™") x ]-1,1] and v becomes T x Idj_q 1.
This ends the proof. =
The first main result of this section is the following

4.2.2. THEOREM. The BIC of the foliation determined by an isometric
action of an abelian Lie group on a compact manifold is finite-dimensional.

Proof. Given a conical foliated manifold (NN) we consider the state-
ment

A(N,N) = “The BIC H;(N/N) is finite-dimensional for any perversity p”.

Consider an isometric action @: G x M — M of an abelian Lie group
G on a compact manifold M. This is equivalent to saying that the action
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is tame. We denote by F the induced conical foliation. Suppose that G is
connected and dense in the (connected) tamer group K. We prove 24(M, F)
by induction on depth Sx.

FIRST STEP: depthSz = 0. The foliation F is a (regular) riemannian
foliation (cf. [12]) and the BIC is just the basic cohomology (cf. 3.4.1(a))
The result comes directly from [7].

INDUCTION STEP: The family {M — Spin, Tin} is @ K-invariant basic
open covering of M (cf. proof of Proposition 4.1). From 3.6 we get an exact
Mayer—Vietoris sequence

0 - Q*( min — mln/f) - Q*(M Smm/f) ® Q*( mln/f)
— Q%(M/F) — 0.
The Five Lemma gives
221(Tmin - Sminvf) & 9'[<Tmin7f) & Q[(]\4 - Sminajr) = Q((M, ~7:)
We now check the three premises.
(a) A(Tmin — Smin, F): Since V™in i a K-equivariant diffeomorphism we
have
A(Tinin — Smin, F) < A(D™™ x |—1,1[, F x ) £ q(pmin F),

which is true since depth(D™® F) < depthSz (cf. 2.5).

(b) A(Timin, F): If we prove A(R™, Fgn) for the slice of a tubular neigh-
borhood (T, S, 7,R™), then it suffices to apply Proposition 4.2.1. Recall that
Frn is defined by an orthogonal action ©: G N H x R — R" such that
©: GNH xS — S is a tame action without fixed points defin-

3.5.2
ing G and satisfying (R", Fgn) = (¢S"7 1, cGs). We have HZ(R"/Fpn) =
Hgﬁ @) (S"~1/Gg), the truncated cohomology, which is finite-dimensional

since depth Sg, < depth Sz implies 21(S" 1, Gg).

(c) A(M — Spmin, F): The family {£L71(M — Spin), L (Tiin)} is a K-
invariant open covering of M. Take a: [0,1[ — R as before. Set f = a o
Omin © L: M — R, which is K-invariant map and therefore F-basic. Since
supp f C L71( mm) and supp(1—f) C L71(M — Smin), the covering is basic.
From 3.6 we get an exact Mayer—Vietoris sequence

0— Q*(E ( mm_Smin)/ﬁ)
— 5(LTHM — Sin) /F) ® 25(L™H(Towin) | F) — 25(M/F) — 0.
Recall that, by 2.5, £: L7Y(M — Spin) — (M — Swmin) is a K-equivariant

S
smooth trivial 2-covering. So, (L (M — Swin), F) < A(M — Spin, F).
Now, the Five Lemma gives

—

ALY (Tomin — Smin), F) & AL N (Tin), F) & UM, F) = A(M — Suain, F).
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We now check the three premises.

° Ql(ﬁ_l(Tmin — Smin),]?): Since E_I(Tmin — Smin) is K-diffeomorphic
to two copies of Tiyin — Smin (cf. 2.4), we have

9'[<£_1(Tmin - Smin); ﬁ) <~ 91<Tmin - Smin; f)

Now we apply (a).
o ALY (Tin), F): From 2.4 we know that £ !(Ti,) is K-diffeomor-
phic to Dpin X |—1,1]. Now we proceed as in (a).

° Ql(]/W\, ]?) Because depth Sz < depthSg (cf. 2.4). =

4.3. Poincaré duality. In this section we prove that the BIC of a
conical foliation F defined on an oriented manifold M and determined by a
tame action satisfies the Poincaré duality:

(21) IHA(M/F) = I (M/F),

Here ¢ (or £)y) is the codimension of the foliation F. The two perversities p
and g are complementary, that is, p +q = t.

The proof follows the route of 4.2, but first we define a morphism Py,
giving (21); it depends on the notion of a tangent volume form.

4.3.1. Tangent volume form. For the definition of the pairing Py we
need a volume form tangent to the leaves of F.

Let @: G x M — M be a tame action defining . We can choose the
group G to be connected and the action @ effective; so, b = dim G = dim F.
We also fix a basis {ui,...,up} of the Lie algebra g of G. The associated
fundamental vector fields on M are denoted by {Vi,...,V,}.

A tangent volume form of (M, F) is a G-invariant differential form 7 €
IT% (M) satisfying

(22) D(Vi, Vi) = 1.
Notice that dn(Vi,...,Vp,—) = 0.

4.3.2. PROPOSITION. Let K be a tamer group of G. There exists a K-
invariant tangent volume form n of (M,F) with the following properties:

(a) For each w € Qf(M/}"), we have w A = w A1 for any tangent
volume form 1.

(b) For each w € Qf_l(M/]:) the product w A dn s 0.
(¢) For each w € QfC(M/F) the integral SR;“) A is finite.
(d) For each w € Qf;l(M/]:) the integral SRf d(wAn) is 0.
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Proof. We first prove the following statement by induction on depth Sz:

For each p € N there exists a K-invariant differential form
n € I (M x [0,1[P) satisfying

(23) n((V1,0),..., (V5, 0)) = 1.

The desired 7 is obtained by taking p = 0.

If depth Sz = 0 we define 79 on the orbits of @ by (23) and we extend it
to a differential form in £2°(M x [0,1[P). The differential form n = |, k*no
is K-invariant, lives in IT% (M x [0,1[") and satisfies (23) since each k is
a K-equivariant diffeomorphism.

Consider now the case depth Sz > 0. By induction hypothesis there ex-
ists a K-invariant differential form 7y € H}_(M x [0, 1[P) satisfying (23). As-
sociated to Molino’s blow-up we have the K-equivariant embedding S: M —
Smin — L7Y(M — Spin) defined by o(z) = (2,1). The differential form
n = (o x Idgp)*no belongs to 2°(RF x [0,1]). Tt is K-invariant and
satisfies (23) since o is a K-equivariant embedding. It remains to prove
that n € Ué’er(M x [0,1[F), which is a local property. So, we can as-
sume that M is a tubular neighborhood T of a singular stratum of Sz
and prove (V x Idgp)*n € % (D x [0, 1P*1) (cf. 3.1.1(e)). This is
the case since 0 o V: D x |0,1[ — D x |—1,1[ is just the inclusion and
mo € 11,1 (D x [0, 1),

(a) Let n’ be another tangent volume form associated to F through &
and {wq,...,up}. For degree reasons it suffices to prove iy, - - - iy, (w A ) =
iv, - iy, (w An'). Since w is a basic form, we have

ivy iy (@A) = (=D A (v, - iyn) = (D)% A (v - iyn)
= ’ivl . -ivb(w N 77/).

(b) For degree reasons it suffices to prove that iy, - - - iy, (w A dn) = 0.
Indeed, since w is a basic form, iy, - - - iy, (WAdD) = (—1)PwAiy, - - -iy,dn = 0.

(c¢) It suffices to prove that SRIX[O,l[p v < oo where y € ITF 2 (M x [0,1[7)
with compact support. We proceed by induction on depthSz. When the
foliation is regular the result is clear. In the general case we know that the
result is true for M — Spin X [0, 1[° and (Tinin — Smin) X [0, 1[P. It remains
to comnsider Tpnin x [0,1[P. From 3.4.1(d) we know that we can identify the
perverse forms on Ty, X [0, 1[° with the perverse forms on Dy, X [0, 1[ +1
through the map

Vinin % Idjg 12+ Dinin % [0, 1[ % [0, 1[" = Dyin x [0, 1P*" — Ty x [0, 1.

Since this map is a diffeomorphism between D, X ]0,1[ x [0,1[ and
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(Timin — Smin) X [0, 1[7, we have

I N C N TR CR B

Rpp  x[0,17 Ryp  x]01[x[0,1[P Rep  x[010x[0,1[ Rrp . xloap+!

The induction hypothesis shows that the last integral is finite.
(d) Since supp w is compact, it suffices to prove |, Ry d(wAn) = 0 where

(U,¢) is a conical chart of F and w € _Qf;l(U/}") with suppw C U. We
have ’

| dwnn) = | d(Piw A Pin)
UNRF R""*"*lXRg x]0,1]
(10)
= S d(we Any)
Rm—n—1x Rgx[0,1]
Stokes S Wo ATy 3.4.1(c) 0 =

Rm—n—1x Rgx{0}
4.3.3. The pairing. Let n be a tangent volume form. Consider the map
Py 25(M/F) x 2 5(M/F) =R, Py(e,8)= | aABAD.
Rr
Notice that Ry C M is an oriented manifold. By Proposition 4.3.2(c) the
integral is well defined. This map depends on the action @: G x M — M
and on the choice of the basis {u1,...,uy} of g (cf. Proposition 4.3.2(a)).
The pairing is the induced map
Py : H(M/F) x Hg *(M/F) — R
defined by
Py([a.[8]) = | anpnn.
Ry
This map is well defined (cf. Proposition 4.3.2(b) and (d)). The Poincaré
duality asserts that Pp; is a non-degenerate pairing, that is, the map
Py : HA(M/F) — Hom(IHS *(M/F),R)
defined by
Py([al)([8)) = | anBAn
Ry
is an isomorphism.

The first step to prove the Poincaré duality is

4.3.4. PROPOSITION. Consider a twisted product K xg R™ as in 2.2.
Suppose that the action @: G x (K xg R") — K xg R" is effective. Fiz a
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basis of € as in 3.8.3. The BIC of (K xpg R", Fiw) satisfies the Poincaré
duality whenever the BIC of its slice (R™, Frn) does.

Proof. Since the action @: G x (K xpg R") — K x g R"™ defining Fiy, is
effective, so is the action @: (G N H) x R" — R" defining Fr~. Hence the
proposition makes sense. We now proceed in two steps.

(a) Construction of the tangent volume form. Consider a tangent volume
form ny € (H}%Z(R”))H of the slice (R™, Fgn). We construct the tangent
volume form 7 of the twisted product in terms of 7.

Put n =V "1y A AvaAmo) = R*(11 A Ava A A (mp)). Tt belongs
to (Ri(K xpg R™)X (cf. 3.8.5). We now prove (22). Since R.X; = V; for
ie€{l,..., [}, we have
(Vi Vo) = (m A Ava A A (0)) (X1, -, Xp) = A'(no) (Xat, - - Xp)
= (770+ Z Yir A A A (i, "'Z’W,-lno)>(Xa+17---,Xb)

a+1<11 <<y <c
=AWy iWeg o = 1
from (22) for ny. We conclude that 7 is a tangent volume form of the twisted
product. Recall that the pairing Pj; can be defined using this form 7 (cf.
Proposition 4.3.2(a)).

(b) Poincaré duality. Consider now two complementary perversities p
and ¢ on K x g R"™. The induced perversities p and g on R” are also com-
plementary: for each stratum S € Sx,,., we have

P(S) +a(S) =p(K xu §) +q(K xu §) = t(K xu S)

=dim K XHRn —dim K X H S_dimGKxHS -2

=dimR" —dim S — dim (GN H)g — 2 = {(S).
By hypothesis the pairing Pgn: H5(R"/Fgn) x ]Hé%*;f*(R”/fRn) — R is
non-degenerate. Since 7 is H-invariant, the pairing Pgn: (IH5(R"/ Frn))H x
(ngg:_*(R”/fRn))H — R is also non-degenerate. On the other hand, it
is clear that the pairing P: A" (Yet1,--.,7f) X /\f_c_*(’}/c+1,...,"}/f) - R
defined by
Pyiy Ao Ay Vs A AN Yjp ) = S Vir N AN Yy AV AN AN Vjp o

K/H
is non-degenerate. Notice the equality {x « ,rn = f+a+n—c—b = lrn+f—c.
We prove that the pairing
f X n —k
Prosrn: HA(K xg R™) x Hy 7 (K xg R") — R

is non-degenerate. We know, from Proposition 3.8.4, that this is the case if
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the following diagram commutes (up to sign):

(N Gt - 177) ® (EHH(R" [ Frn ) Poren
X (N7 (etse o) © (HE" (R Fien)) )

V**XV**l IdJ{

V4 x n—% P X n
HA(K > R?) x HOH (K x g RY) St

Let us see that. For each [o] € (HL(ER"/Fgn))? and each [3] €
(]Hgo_i(R"/fRn))H, we have, for degree reasons,

R

Prsyrn (VX V) (i A Ay, @ [0, 50 A Ao, @ [8])

= | RO A AY N A A A ABATLA - AYa ATio)
KXHR”

= S *yil/\-~-/\’yiu/\a/\’yj1/\-~-A’yjf7C7uAﬁA*ylA~--/\’ya/\no/\’ya+1/\--~/\'yc
K xR»

= A A A A A A A A A B A
K R™

= P(Wh N N iy Vi AN /\l)/jffcfu) : PR"([Q]’ [ﬁ])

= (P® Prn)(in A= A yi @[]y A= A, @ [B))

up to sign. m

We now study the Poincaré duality of the tubular neighborhoods of
the strata of Sz (cf. 2.3). Consider a K-invariant tubular neighborhood
(T, 7,S,R™) of a singular stratum S, where K is a tamer group of G with
K = G. Let (R™, Fgn) be the slice of the tubular neighborhood. The foliation
Frn is defined by an effective tame action ©: (Gg)g x R” — R"™. We fix a
basis {u1,...,up} of g and suppose that {ug11,...,up} is a basis of the Lie
algebra of Gg.

4.3.5. PROPOSITION. Under the above conditions, if the BIC of the slice
(R™, Frn) satisfies the Poincaré duality then so does the BIC of the tube
(T, F).

Proof. The proof is the same of that of Proposition 4.2.1 with
T, F) = “The pairing Pr: Hy(T/F) — Hg_*(T/}") is non-degenerate
for any two complementary perversities p and q”.

We consider the orbit type stratification of S induced by the action
dg: K xS — S of &. We proceed by induction on the depth of this stratifi-
cation. By using the Mayer—Vietoris technics of 3.6 and 3.7 we can suppose
that @g defines a fiber bundle 7: S — S/K whose fiber is K/H. Considering
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a good covering of S/ K, the Mayer—Vietoris procedure leads us to the case
S/K = point, that is, to the case where T is the twisted product K x g R™.
Here, we apply Proposition 4.3.4. =

The second main result of this section is the following

4.3.6. THEOREM. The BIC of the foliation determined by an isometric
action of an abelian Lie group on an oriented compact manifold satisfies the
Poincaré duality.

Proof. In fact, we prove the result for a foliation F determined by a tame
action @: G x M — M on an oriented manifold, not necessarily compact.
We can suppose that G is connected and that the action @ is effective. We
fix a tamer group K in which G is dense.

The proof is the same as that of Theorem 4.2.2 with
(M, F) = “The pairing Pr: H5(M/F) —>]Hé_*(M/.7:) is non-degenerate

for any two complementary perversities p and q”.

By using the Mayer—Vietoris technics of 3.6, 3.7 and Proposition 4.3.5 we
reduce the problem to proving 2A(R", Frn), where (R™, Fgn) = (¢S" 1, cGs)
is a slice of a tubular neighborhood of a singular stratum S of S. In other
words, we need to prove that the pairing

Po: HE(R™/Frn) x HE ™ (R"/Fan) — R

q?c
is non-degenerate.
From Propositions 3.5.1, 3.5.2, 3.7.1 and 3.7.2 we have

LSt ifi <p
(24) HAR Far) = H(S"/Gs) if i <P(9),
0 if i > (V) + 1,

and

0 if § > fn — g({0}) — 1,

lpn —1 n
ﬁnfc (R /FR") = Lon—i1 _1 L _
HE NS Gg) i < e — g({0)) — 2.

Since p and g are complementary perversities on R”, we have
p({9}) +7({v}) =t({¥}) =n — dim Fgn —2=n — dimGs — 2
=lgn-1 — 1 = Llgn — 2.
These formulee give
0 if i > p(
7 gs) i <

{0} + 1,
{0}).

Now, an inductive argument on depth S yields A(R"™, Fgn) from these three
facts:

(25)  HET(R"/Fan) =
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(i) A(S" 1, Gs).

(ii) The pairing Prn becomes the pairing Pg.—1 through the isomorphism
induced by (24) and (25).

Indeed, the operator Nas: IH;‘—)(S”_l/gS) — H%(CSR_I/Cgs) defining (24)
is Roz([a]) = [al; the operator Roy: HH(S" "1 /Gg) — H (¢S"1/Gg) defin-
ing (25) is o4 ([B]) = [gdt A B]. Since the action of O lives on S"~1, we can
take a common tangent volume form 7 for Fgn and Gg (cf. proof of Propo-
;ition 4.3.2). Now, for [o] € ZHZ—,(S"_l/QS) and [3] € Hng_I_Z(S”_l/QS) we

ave

Prn(Ngs[a], Ros[8]) = | aNg ANdtAB AT
]R"XR}-S”_l x]0,1]

1
=( § ansan)(fgdt) = Pss(al,[8).
R]:S"nfl 0
(iii) The perversities p and g are complementary on S™~1.
Indeed, for any stratum S € Sg,

p(S) +a(S) =p(S x]0,1[) +g(S x ]0,1[) = (S x ]0, 1)
= codimgn Frn — codimgyjo 1((Fs X I) — 2
= codimgn—1 Gg — codimg Fg — 2 = t(.9).

Hau amaia da. =

References

[1] M. Bauer, Feuilletage singulier défini par une distribution presque réguliére, Collect.
Math. 37 (1986), 189-209.

[2] H. Boualem et P. Molino, Modéles locauz saturés de feuilletages riemanniens sin-
guliers, C. R. Acad. Sci. Paris 316 (1993), 913-916.

[3] G. E. Bredon, Introduction to Compact Transformation Groups, Pure Appl. Math.
46, Academic Press, 1972.

[4] —, Topology and Geometry, Grad. Texts in Math. 139, Springer, 1993.

[5] J. L. Brylinsky, Equivariant intersection cohomology, in: Contemp. Math. 132,
Amer. Math. Soc., 1992, 5-32.

[6] A. El Kacimi et G. Hector, Décomposition de Hodge basique pour un feuilletage
riemannien, Ann. Inst. Fourier (Grenoble) 36 (1988), 207-227.

[7] A. El Kacimi, V. Sergiescu et G. Hector, La cohomologie basique d’un feuilletage
riemannien est de dimension finie, Math. Z. 188 (1985), 593-599.

[8] M. Goresky and R. MacPherson, Intersection homology theory, Topology 19 (1980),
135-162.

[9] S. Kobayashi, Transformation Groups in Differential Geometry, Springer, 1995.

[10] I. Kolaf, P. W. Michor and J. Slovak, Natural Operations in Differential Geometry,

Springer, 1993.



246 M. Saralegi-Aranguren and R. Wolak

[11] J. Kubarski, About Stefan’s definition of a foliation with singularities: a reduction
of azioms, Bull. Soc. Math. France 118 (1990), 391-394.

[12] P. Molino, Riemannian Foliations, Progr. Math. 73, Birkhduser, 1988.

[13] J. I. Royo Prieto, Estudio cohomoldgico de flujos riemannianos, PhD thesis, Uni-
versidad del Pais Vasco, Euskal herriko Unibertsitatea,
http://xtsunxet.usc.es/royoprieto/pdf/tesis.pdf.

[14] M. Saralegi, Homological properties of stratified spaces, Illinois J. Math. 38 (1994),
47-70.

[15] M. Saralegi and R. Wolak, The BIC of a conical fibration, Math. Notes 77 (2005),
213-231.

[16] P. Stefan, Accessible sets, orbits, and foliations with singularities, Proc. London
Math. Soc. 29 (1974), 699-713.

[17] H. J. Sussmann, Orbits of families of vector fields and integrability of distributions,
Trans. Amer. Math. Soc. 180 (1973), 171-188.

[18] 1. Vaisman, Lectures on the Geometry of Poisson Manifolds, Progr. Math. 118,
Birkhéauser, 1994.

[19] A. Verona, Le théoréme de de Rham pour les préstratifications abstraites, C. R.
Acad. Sci. Paris 273 (1971), 886-889.

[20] V. P. Viflyantsev, Frobenius theorem for differential systems with singularities, Vest-
nik Moskov. Univ. 39 (1980), no. 3, 11-14 (in Russian).

[21] R. Wolak, Basic cohomology for singular riemannian foliations, Monatsh. Math.
128 (1999), 159-163.

Laboratoire de Mathématiques de Lens EA 2462 Institute of Mathematics
Fédération CNRS Nord-Pas-de-Calais FR 2956 Jagiellonian University
Faculté des Sciences Jean Perrin Reymonta 4
Université d’Artois 30-059 Krakéw, Poland
Rue Jean Souvraz S.P. 18 E-mail: robert.wolak@im.uj.edu.pl

62 307 Lens Cedex, France
E-mail: saralegi@euler.univ-artois.fr

Received 25.5.2005
and in final form 6.6.2006 (1590)



