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On the solvability of the Lyapunov equation for
nonselfadjoint differential operators of order 2m
with nonlocal boundary conditions

by ARIis TERSENOV (Heraklion)

Abstract. This paper is devoted to the solvability of the Lyapunov equation A*U +
UA = I, where A is a given nonselfadjoint differential operator of order 2m with nonlocal
boundary conditions, A* is its adjoint, I is the identity operator and U is the selfadjoint
operator to be found. We assume that the spectra of A* and —A are disjoint. Under this
restriction we prove the existence and uniqueness of the solution of the Lyapunov equation
in the class of bounded operators.

1. Introduction. Consider the Cauchy problem in a Hilbert space H:

d
(1.1) d—z = Au(t), t>0; u(0)=u,

where A is a closed linear operator with domain D(A) dense in H. It is as-
sumed that this problem is abstract parabolic, i.e. for any initial data ug € H
there is a continuous function u(t), which is defined for ¢ > 0, takes values
in D(A) and satisfies (1.1). Many initial boundary value problems for evo-
lution equations reduce to problem (1.1). Assume that A is a nonselfadjoint
differential operator of order 2m, satisfying the following condition, which
ensures the abstract parabolicity of problem (1.1) (see [10]):

1° For some real § and 6 (7/2 < 6 < w), the resolvent R(A,\) =
(A — X)~! of A exists and the quantity |AR(A, )| is uniformly bounded
with respect to A in the sector |arg(A — 3)| < 6.

Suppose that the operator A has a discrete spectrum. It is known that
the stability of solutions of problem (1.1) depends on the location of the
spectrum of A. The sum of the algebraic multiplicities of the eigenvalues
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of A in the half-plane R(A) > 0 minus the number of linearly independent
eigenelements corresponding to the imaginary eigenvalues is called the insta-
bility index of A. A direct computation of the spectrum is a laborious work,
therefore for applications it is important to find effective criteria for counting
instability indices. This problem is completely solved for selfadjoint ordinary
differential equations. Using the methods of variational calculus Morse [11],
[12] reduced the problem of counting the instability indices to the problem of
calculating the number of conjugate points of some boundary value problem.
Similar results were obtained by Krein [6], who used a different approach.
The theory of instability indices started in the works of Morse and Krein
and was completed by Zelenyak [4] and Belov [5].

Extending these results to nonselfadjoint operators is complicated due to
difficulties in the use of the methods of variational calculus. A constructive
approach to solving this problem for matrices was suggested by Lyapunov,
who reduced the problem of investigating the stability of a nonselfadjoint
matrix A to the problem of investigating the stability of some selfadjoint
matrix U. To construct such a U one has to solve an equation of the following

type:
(1.2) AU+ UA =V,

where A is the given matrix, A* is its adjoint, V = V*, V > 0, U is
the selfadjoint matrix to be found. Lyapunov showed that if A is stable,
then so is U and vice versa. Krein [6] generalized these results to bounded
operators in infinite-dimensional spaces. Belonosov [1] extended them to the
case of unbounded operators. He proved that if A satisfies 1° as well as the
conditions:

2° The spectra of A* and —A are disjoint,
3° The operator V in (1.2) is bounded,

then (1.2) has no more than one solution in the class of bounded operators
and the instability indices of A and U coincide.

The question of the properties of the solution of the Lyapunov equa-
tion (1.2) when A is a nonselfadjoint differential operator of order 2m with
local boundary conditions in spaces of vector-valued functions with one inde-
pendent variable was investigated in [1]-[3]. The present work is concerned
with equation (1.2) when A is a nonselfadjoint operator of order 2m with
nonlocal boundary conditions in spaces of vector-valued functions with one
independent variable. We assume that conditions 1°-3° are satisfied. As V
we take the identity operator in Ly. We look for a solution of (1.2) in integral
form. The kernel of this integral satisfies certain conditions which will be
explained in what follows. After substitution of this integral operator into
(1.2) we obtain an elliptic boundary value problem in a square domain with
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respect to the kernel of the integral operator. This kernel also satisfies an
additional condition: the normal derivative of the kernel has a discontinu-
ity on the diagonal of the square. We construct a solution of the boundary
value problem mentioned above. As a final result we prove the existence
and uniqueness of the solution of the Lyapunov equation in the class of
bounded operators. The results of this work can be used in the investigation
of instability indices of nonselfadjoint operators of order 2m with nonlocal
boundary conditions.

2. Boundary value problem. Denote by C the set of complex num-
bers and by C,, the n-dimensional complex space. A vector u € C,, is re-
garded as a column with components !, ..., u". The set of complex matrices
B=(Y),1<i<n,1<j<m,isdenoted by Cpxm, and B* € Cp,xy is
the matrix adjoint to B. We use the standard spaces Lo(£2,G), Wk(2,Q),
C*(£2,G) of functions defined on 2 or 2 and taking values in G, where
2 C Ry, and G is either C,, or C,,«,. Notice that Ly(£2,C,,) is a Hilbert
space with inner product

(w,0) = | v* (z)u(z) da.
Q
Consider the nonselfadjoint operator A on the interval w = {0 < z < 1},
generated by the differential expression
I(u) = u® (2) + P (2)u®™ VD (x) + ... 4+ Py (x)u(x)
and the regular boundary conditions [13]

ki—1 ki—1
Blu*)(0) + > BLuY(0) + BIu*) (1) + Y BEuY) (1) =0,
§=0 §=0

izl,...,Qm, 0§k2m§§/€1§2m—1, /ﬁi+2<k‘i,

where at least one of the matrices B}, B? is not zero. The coefficients Py (x)
belong to C?™~*+£(]0,1],C,,xn), where 0 < ¢ < 1. The domain D(A) con-
sists of the functions u € W2™(w,C,,) which satisfy the given boundary
conditions. It is known [13] that A acts in La(w,C,,), is closed, has a dis-
crete spectrum and satisfies 1°. We assume that A satisfies 2° and, without
loss of generality, that for any |A| the following estimate holds:
IA =D < s A= B <0,

The resolvent of A is an integral operator with continuous kernel, acting in
Ly(w,C,,). The adjoint operator A* is generated by the differential expres-
sion [13]

m(v) = v (@) + (=1)*" (P (2)o(e) P 4L+ Pyu(a)
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and the regular boundary conditions of the same type, but with other coef-
ficients:
N kim1 N ki—1
Blo®(0)+ > BlwY(0) + B (1) + > BEoW(1) =0.
§=0 §=0

The operator A* also acts in Ls(w,C,) and its resolvent is an integral
operator with continuous kernel. We say that the boundary condition is of
order k; if it does not involve u(*) (p), p=10,1, when v > k; and at least one
of the matrices B}, B? is not zero.

Consider equation (1.2) with coefficients A and A*. Let V =1, where I
is the identity operator. We look for a solution of equation (1.2) in integral
form:

1

(2.1) Uu(z) = | U(z,y)uly) dy,
0

where the kernel U(z,y) is defined in the domain 2 = {(z,y) : 0 <z <1,
0 <y < 1}, takes values in C,,x,, and satisfies the following conditions:
LU e W™ 10, Chxn).
2. Uy € W™ (023, Cpxy) for any § > 0, where

Qi:{(x,y) eN:y<z,x—y<l—6 6<(z+y)/2<1-7},
O ={(r,y)eR:x<y, y—ax<1-6§ < (x+y)/2<1-75},
and Uy (z,y) and U_(x,y) are the restrictions of U(z,y) to 29 and £2°.
3. Suppose that D’;DZU = U®D coincides with D’;DéUi in 29 respec-
tively. It is required that

1 ) 11 )
<§|U(k’l)|d$) dy+S(S|U(k’l)|dy) dr < oo
0 00

for all £ and [ such that k 4+ = 2m.

O ey

When studying the Lyapunov equation for operators with local bound-
ary conditions, Belonosov [1], [2] looked for a solution of (1.2) in the form
(2.1) with a kernel which satisfies conditions 1-3. In [3] he obtained a num-
ber of properties of the function U(z,y) which can be extended to the
present case. In particular, he proved that the traces of the derivatives D’;D;
of order k +1 = 2m — 1 on the line v = {& = y : (z,y) € 2} belong to
Lo(,Chxpn) and

DI LDy — D2 RIDA
= (=)D U, |ye — D2 U _|yms], 0< k< 2m—1.
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For all @ € w and k +1 = 2m — 1 the traces of the derivatives D’;DQU on
the lines x = a belong to La(w, C,,x,) with respect to the variable y. The
mapping « — D’;DQU(a, y), defined on w and taking values in Lo (w, Cyxp),
is uniformly continuous. In an analogous way we find that U is a solution
of (1.2) if:

I. Uy(z,y) and U_(z,y) are solutions of
(2.2) A’ (2, Dy)U (z,y) + [A%(y, DU (2,)]" =0

in the domains 029 and 2°.
II. U(z,y) satisfies the boundary conditions

B, (DI)U(Q?, y) + BQ(DI)U(I‘, y) =0,
Cil(Dy)U(xvy) + CiQ(Dy)U(xvy) =0,

where

Bi1(D,)U(z,y) = BIUS(0,9) + Y BLUD(0,y),
j=0

Bio(D,)U(x,y) = BIUSF) (Ly) + > BLUY (1,y).
j=0

Cir (DU (z,y) = U (2,0)BF* + Y UP (2,0)B};,
7=0

Cio(D)U(2,y) = U (2, )BF* + YUY (2, 1)BY,  i=1,...,2m.
j=0

1. D2 U, |y—y — D27 U_| =, = E, where E is the identity matrix
in C,xn-

Thus we have obtained the boundary value problem I-III with respect to
U(x,y). Henceforth we omit the tilde sign over the coefficients in boundary
conditions.

This boundary value problem can be modified by getting rid of condition
III. It is not difficult to construct T'(x,y) which belongs to C?™+¢(£29) N
C?m=2+2(() Cpxn) and satisfies IIT on the diagonal x = y. So H(x,y) =
U(z,y) —T(z,y) satisfies 1-3, belongs to W3™ in the domain 25 = {(z,y) €
Q:ijz—yl<1-9¢, d<(r+y)/2<1-46, § >0} and is a solution of the
boundary value problem

(2.3) A H(z,y) + [AoH (z,9)]" = F(z,y), (2,y) € 2,
(2.4) Bi1(D,)H(x,y) + B2 (D,) H (z, j
(25)  Cj(Dy)H(z,y) + Cj2(Dy)H (z,
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where A; = A*(z, D), Ay = A*(y, D) and F(z,9), »i(y), 1;(z) are obvi-
ously determined by T'(z,y) and belong to C¢({2, (Can) C?mkite(w, C,),
C?m=kite(w,C,), 0 < & < 1, respectively.

3. Compatibility conditions. To solve the boundary value problem
(2.3)—(2.5), we first construct Q(z,y) which satisfies the boundary conditions
(2.4)—(2.5). Then the difference H — @ satisfies the boundary value problem
with homogeneous boundary conditions. Assume that Q@ € C*(£2,C,xn).
Then Q(x,y) satisfies the following equalities:

[Bi1(Dz) + Bi2(D2)][Cj1(Dy) + Cj2(Dy)|Q(z,y)
= [le(Dy) + CJQ(Dy)Hle(Da:) + Bz2(Da:)]Q(l‘ay)’ ,7=1,...,2m,

where we insert Q(z,y) only in the equalities in which the total order of the
boundary conditions on the left and right sides of (3.1) does not exceed k.
Hence for the right sides of (2.4), (2.5) we have

(3.1) [Bi1(Dz) + Bia(D2)|¢ () = [Cj1(Dy) + Cj2(Dy)]epi ()
Henceforth we call (3.1) the compatibility conditions of order k. Notice that
pi(y) = —[Bi1(Dz) + Bia(Dy)] T (, y),
¥i(x) = —[Cj1(Dy) + Cja(Dy)|T (2, y).

We have T € CQm*ZJFE((_Z, Cpxn) and the derivatives of order 2m — 1 have
a discontinuity on the diagonal. Therefore ¢;(y) and v;(x) satisfy the com-
patibility conditions of order at most 2m — 2. Let us modify the boundary
value problem (2.3)—(2.5) in such a way that ¢;(y) and v;(z) satisfy the
compatibility conditions of order 2m — 1.

We construct a solution of the following boundary value problem with
local boundary conditions in the quadrant:

v @y) + o y) =0, @ >0,y >0,

vgy’)(a:, O)BJI.* + (_1)kjv§’;j)(x’ O)Bf-* _ (27”_9—]%_1)!$2m—kj_1’

(32) vs, (@ 0)B]" + (~1)}uy? (2,00 B} = ﬁm
B (0,) + (—1)k B2l (0,y) = myzm%fl?

B9 (0,) + (=1)% B2o{E) (0, ) = %yzmwﬂ7

1,5 =1,...,2m,

where 0;, 07, | = 1,...,4m, are arbitrary elements of C,,x,, and vs(z,y),
s=1,...,4, take values in C,, «,.
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Passing to polar coordinates and using the method of separation of vari-
ables one can show [9] that (3.2) has a particular solution of the form

(3.3) vs(ry9) = 21 3 ()i (p)

where x4 € C*[0, 27].
Write vg in Cartesian coordinates and apply the following transforma-
tions:
’lv)l(l‘,y):l}l(ﬂf,y)7 62($ay):v2(1_l‘ay)a
’lng(lli',y):lig(l—.f,l—y), 1}4(1’,3}):@4(1‘,1—3/).
Further, multiply vs(z,y), s = 1,...,4, by cut-off functions hs which have
the following properties:

1. hy = 1 in the e1-neighborhood of (0,0), hy = 1 in the £1-neighborhood
of (1,0), hg = 1 in the 1-neighborhood of (1,1), h4y =1 in the ¢;-neighbor-
hood of (0,1),

2. hs = 0 outside the es-neighborhood of the corresponding angular
points, where €5 > .

Notice that after these transformations each of the functions h 0 satis-
fies (hsﬁs);zm) + (hsﬁs)z(,zm) = 0 in the g1-neighborhood of the corresponding
angular point.

Set

THEOREM 1. Let
@z(l/) = (Pi(y) - (B (DCE) + BiQ(DI))U<m7 y)? i=1,...,2m,
V(@) = ¥;(x) — (Cjn(Dy) + Cja(Dy))v(z,y), j=1,...,2m.
Then one can select 0, and oy, L =1,...,4m, (from (3.2)) so that the func-
tions ¢i(x,y) and ;(x,y) satisfy the compatibility conditions (3.1).
Consider the boundary value problem (2.3)—(2.5) for H(x,y) — v(z,y).
Then the compatibility conditions (3.1) will appear in the following way:
(34)  [Cj1(Dy) + Cj2(Dy)]ei(y)
— [Cj1(Dy) + Cj2(Dy)][Bi1(Dz) + Biz(Dg)v(x, y)
= [Bi1(Dz) + Biz(D2 )]t (x)
— [Bi1(D2) + Bia(D2)][Cj1(Dy) + Cja(Dy)]v (2, y).
The function v(x,y) belongs to W2™ (£, C, «,) and vanishes together

with the derivatives DiDly“v, k+1<2m — 2, at the angular points. Taking
into account that ¢;(y) and v,(x) satisfy the compatibility conditions of
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order 2m — 2, we conclude that (3.4) can be represented in the following
way:

(35)  0iBj" +0iram B} — Bi6; — Bi0; 10,
= [Bi1(Dz) + Bia(D2)]9; ()
—[Cj1(Dy) + Cja(Dy)]pi(y), ki +k; =2m —1,

where 6;, oy, | = 1,...,4m, are functions with values in C,,«,. From the
regularity of the boundary conditions (2.4), (2.5) it follows that the matrix
(B} B?) has maximal rank and therefore (3.5) is solvable with respect to 6,
o, L =1,...,4m. Calculating 6;, 0;, we satisfy the compatibility conditions
(3.1). The theorem is proved.

Consider the difference H(z,y) — v(z,y) = Hi(z,y). Replacing H in
—(2.5) by Hi(z,y) + v(z,y) we obtain

3)

6) AlHl(l‘ay) + [AQHf(xvy)]T = ﬁ(xvy)v

7) BZI(DI)H1+B12(DI)H1 :Sb’t(y)v i = 1772m7
) le(Dy)Hl + CjQ(Dy)Hl = KZJj(CE), 7=1,....2m.

The right sides in (3.7), (3.8) satisfy the compatibility conditions (3.1) dis-
tinct from those satisfied by the right sides in (2.4), (2.5). By the special

choice of v(z,y), in the neighborhood of all angular points we have Ug(fm) +

o™ (2,y) = 0, therefore F € W5(2), ¢ € W3 "7V (0, Cp),
’IZ)J c W;mfk‘jfl/2+5(w’cnxn)7 e < 1/2

4. Transformation of the nonhomogeneous boundary value
problem to the homogeneous one. We proceed to construct V &
W2 (02, Cpixn) which satisfies (3.7), (3.8). First we construct a function
V(z,y) = Vi(z,y) + Va(z,y) in the case when the right sides in (3.7), (3.8)
satisfy

o P00y =g (1)=0, p=0,....2m—k;—1, i=1,...,2m,
41
PP0) =9 (1) =0, p=0,....2m—k;—1, j=1,...,2m,

where Vi (z,y) satisfies the boundary conditions of the type

ki—1
42) BV 0,9+ > BLVP (0,1)
p=0
ki—1

+ BV (Ly) + Y BRIV (Ly) = ¢uly),  i=1,....2m,
p=0
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kj—1

(42) k) 0)B1 + Z V) (2,0) B

[cont.]
kj—1
+ V) (2, 1) B2 + Z Vil (z,1)B% =0, j=1,...,2m,

and Va(z,y) satisfies the boundary conditions of the type

ki—1
BV, (0,y) +ZB V2 (0

ki—1
+ BV (Ly) + Y BRVP(Ly) =0, i=1,....2m,
p=0
(4.3) -
Vau') (2, 0)BY + Z VaP) (a,0)BL
p=0
k;j—1
+Var (2, 1) B2 + Z VaP (2,1)B2: = 4(z),  j=1,...,2m.

Let ¢;(y) = 0 when y € (—o0,0) U (1,00), 1;(z) = 0 when z € (—o0,0) U
(1,00), 4,5 = 1,...,2m. By the regularity of the boundary conditions, (4.2)
is solvable with respect to Vl(:j)(x,O), Vl(:j)(x, 1), Vl(fi)(O,y), Vl(fi)(l,y),
i,7=1,...,2m. So one can deduce that Vi(z,y) takes the following values
on the boundary of {2:

l l l
Vi (@, 0) = Vi@ 1) =0, ViP(0,9) = (y),
Vi (Ly) =M (y),  1=0,....2m— 1,
where ©!(y), ¢! T2 (y), I = 0,...,2m — 1, are linear combinations of ¢;(y),
i = 1,...,2m. If the boundary condition of order k is absent then, for
simplicity, we assume * = @372 = (.

We consider a model problem. We have to find u; € W™+ (2Y), where
2N ={(z,y) : 0 <2 < N, 0 <y < N}, which takes given values on the
boundary of 2; = {(z,y) : 2 >0, y > 0}:

(4.4) uglg =0, ugg o'(y), 1=0,...,2m—1.
Let
17 (y—¢
Uy (T,y) = - S W<T><P(§) dg,

0

where w € C§°(R4) and S wdx = 1. Let us prove the following
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LEMMA 1. If ¢ € Wzm 1/2- k+€(R+) then x*u, (z,y) € W2mte(N),
E=0,...,2m — 1, for any N > 0 where oV(0) =0,1=0,...,2m —1 — k.

Proof. First we show that

H 0™ (aMu(p) (2, y))

< Cllgllyyzm-1/2-+

oy?m La(21) R4)’
where ¢ € C§°(R4). In fact
O™ (au(p) (2,y))
(4.5) o
Yy La(21)
o2m X o
= —(x S w(t)p(y — xt) dt
dy? ( 5 ) La(21)
ot ( i (y—§>
_ — (2m—1—k)
=77 le w{— ¢ (€) dé)
DyFt1 §) 7 La(21)
_ 1t [ w0 () Cm=1=R) (g — ) dt
o Ly (f21)

Let us add and subtract ¢(®*™~1=)(y) in the last integral. Then one can
represent (4.5) in the following way:

S w(k—i—l) S0(2'rn—1—k:)(y _ LL’t) _ (p(2m—1—k) (y)] dt
0

+ w(kJrl)(t)SO(melfk) <y) dt

]|
SR

Lo($21)

)

Lo($21)

S w(k—i—l) (p(Qm—l—k)(y _ LL’t) _ <p(2m—1—k) (y)] dt
0

since

1 © o (2m—1—k) y ©
~ S w(k+1)(t)g0(2m 1-k) (y)dt = % S d(w(k) (t))dt =0,
0 0

due to the fact that w € C§°(R). Without loss of generality we assume
that w € C§°[0,1]. Let 7 = at. Then

(4.6)

l S (k+1) (2m717k)(y _ ."L‘t) _ SO(melfk)(y)] dt
x
0

Loy ($21)
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2 1/2
dx dy)

2>1/2

8

I
VR

OL”AS

wF D ()[R (y — 2t) — MR (y)] dt

IN
Q

INA
Q
A/~

dr

To

1 g§ oy — 1) — PR (y)
—\7
0

ct—m @ oY o3
U U
< <
Ot”ag Ot”ag O e
U
8

where o < 1. Since

1
e

= €T y
20+ 1

after changing the limits of integration in the last two integrals in (4.6) one
can obtain

(4.7) C(?dyos:dx <i49§; 2 dr

@m—1-k)(,, _ -\ _ - (2m—1—k) 2 1/2
Xslso (y—7)—¢ (v)| dT>>

|7-|2a

7P

dTSl‘

T

e

0
<<>Sodyo§om2a_3 d:nQSc pCm=1=R) (y — 1) — pBm=1=k) (1)) |2 d7'> v
0o 0 0
V)
0

2m—1—k)(, _ ~\ _  ~(2m—1—k) 2 o 1/2
| (y—1)—¢ ()] 203 dz)

000 (m—1—k)(, _ -\ _  (2m—1—k) 2 1/2

y—7 Y

SC2<S S | ( |T)’2 ¥ (y)| dydT)
00

< Coll P2 -

From (4.7) it follows that

M (z () (z,y))
4. LA
(48) H oy?m

< CH(,OH 2m—1/2—k .
La(21) Wy R+)

Consider the derivative of order 2m with respect to . From the formulas
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for differentiation of the product and of the composite function we have

92m (:Euw)xy k kophpa
(49) Lami) sy {apb o

p=0qg=0 r=0

> |: S w(kfpqu'rﬁ»l) (t)thfpquTgD(melfk) (y - [Et) dt
0

—(@m —p =g —7) Jwlbpm e gEmop A Cnodo) ) gy }
0

o0

[ 2m — k) S w(t)t?m IR Em=1=k) () 2t) dt
0

+ S () 2k p@m=1=k) () o) dt} ,
0
where the constants a,, by, ¢, can be easily calculated. Taking into account

that the singularity with respect to x in (4.9) is the same as in (4.5) and
that

oo
2m—p—q—r) S wk=p=a=r) (4)g2m—1-p=a=r gy
0
+ | wlmpmam =D gyPmormar gy = 0
0

for all admissible &, p, ¢, r, we obtain

O (zFuy)(z,y))

4.1
( 0) a$2m

< CH(,OH 2m—1/2—k .
La(21) W R4)

It is clear that all the derivatives of order less than 2m of the function xkuw

belong to Lo(§2{Y). Here we write 2§ instead of 2; because the functions
Dng(mkuw), p + q < 2m, have singularities at infinity. From (4.8), (4.10)
it follows [14] that

2wy (2, y) lwzm o) < Cnllellyzn-rr2—kg., -

Now if ¢ € W;m_l/z_k(]RJr), then we assume that

1
(1) ePO =0, p=0....1-2 [tV %<oo
0
where [ = 2m — k. From (4.11) it follows that ¢(§) can be approximated by

functions ¢; € Cg°(R),
(412) HQD - C1HW22m—1/2—k(R+) — 0, | — oo.
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From (4.12) and the considerations above it follows that
k
4 0 Dllwzcagy < Onllpllyznmsias e,
Analogously one can obtain the estimate
k
@1 (2, )zt gy < O lllamsnra s .

where ¢ € WQmH/ - k(R+) and the necessary compatibility conditions
when £ = 0 are satisfied. Using the results of Grisvard concerning inter-
polation spaces ([8], Theorems 7.3 and 7.6) we obtain

H:Uku(w)(x,y)szzmﬁ(Q{v) S CNHL,Ongzm—1/2—k+e(R+),
where o (0) =0,1=0,...,2m — 1 — k. The lemma is proved.
Let

2m—1
(4.13) u(2,y) = uo) (T, y) Z zk ugk) (T, Y),
where
5 1 (9’“ i zlu
(414) on = E Sok - 7 Z 81:]590) 7y) .
1=1
From the previous section and the definition of ©°,@*, k=1,...,2m—1,

it follows that ¢ € W2m 1/2+€(R+), o* € W;m_1/2_k+E(R+). From Lem-
ma 1 we find that u; € W;™+¢(£2{). Furthermore ugz) (,0)=0,k=0,...
.,2m — 1, since lim, ow®™ ((y — €)/z) =0, k = 0,...,2m — 1. It is not
difficult to verify that
o .
axl(x ugry (T, y)) =0, [l=1,...,k—1.

z=0

Therefore

olu (" u( s
l
(415)  u(0.) = =510 +Z aﬂ;“ 0,).

From the formulas for differentiation of the product one can obtain
o l

@(1’ uen(0,y) = &' (y).

Consequently, from (4.14) and (4.15) it follows that

u(0,9) = ¢'(y).

So we have shown that u; represented by (4.13) belongs to W3 () for
any N > 0 and takes the given values (4.4).
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Define
25 ={(z,y):x <1, y > 0},
Q5 ={(z,y):x <1, y <1},
Q2 ={(z,y): x>0, y <1},
QY ={(z,y): =N <z <1, 0<y< N},
2 ={(z,y): -N<z <1, —-N<y<1,},

QY ={(z,y):0<2z <N, -N<y<1}

and let u,, s = 2,3,4, be functions which belong to W™ +¢(2N) and take
the following values on the boundary of {2, s = 2, 3, 4, respectively:

l l m
usy(2,0) =0, uy)(Ly) =" (y),
l l m
ugy(2,1) =0, w5 (1y) = 92" (y),
uflly)(m,l):O, uiZ(O,y):gol(y), [=0,...,2m — 1.
It is not difficult to obtain us(x,y) from (4.13) by a suitable change of
variables.
Consider an open covering of the boundary of {2 by discs with centers

at the vertices of the square and with radii 1/2 < ¢ < V2 /2 and take a
partition of unity subordinate to this covering,

(416) 1 :ng(l‘ay)'

Note that it is sufficient to require the fulfillment of (4.16) only on the
boundary of £2. It is clear that the function

4
Vl(x')y) = Z§S<x7 y>u5<x7 y)

is the required extension. Similarly one can construct Va(z,y).
Due to the special selection of V; and V5 the function 1% belongs to
W2 (02, Cpxn) and satisfies the boundary conditions (3.7), (3.8), where
the right sides satisfy (4.1).
We return to the original boundary problem (3.6)—(3.8) and formulate

the following

THEOREM 2. If the boundary conditions (3.7), (3.8) are such that for
any ki, kj we have k; + k; > 2m, then V(x,y) always exists. Otherwise for
the existence of V(x,y) it is necessary and sufficient that the compatibility
conditions (3.1) hold.

Proof. The necessity was shown in §2. To prove the sufficiency, consider
(3.7), (3.8):
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ki—1
V(k)Oy—i—ZBlV(p)( Y)
p=0
k;—1
+BVEI(Ly) + > BLVP (1) = ¢iy), i=1,...,2m,
p=0
kj—1
V*) (2,0)B)* + > VP (z,0)B);
p=0
kj—1
+ V) (@, 1)By + > VP (x,)Br = 4(x), j=1,...,2m.
p=0

Introduce the following notations:

ViR0,y) = fl(y), Vi (2,0) = gi(a),

(4.17)
Va:(k)(lay):fli(y)a Vy(k)(l',l):g;i(l’), k=1,...,2m—1.

Since we require that V' € W2""¢(£2,Cpx»), the embedding theorems yield
V € C?71(0,Cpxp). Therefore the values of f2(y), fi(y), g(z), gi(z)
at the vertices of the square must satisfy certain conditions, which can be
written in the following way:

™) = 700, @™ = Y0,

(4.18)
a0 =10, 9" =1Y0, kti<om-1

Let us successively differentiate every boundary condition in (3.7), (3.8)
and add the results to the originals until the order of the boundary condition
reaches 2m — 1. Then we successively put z =0,z =1, y =0, y = 1 in the
resulting extended system of boundary conditions. In this way, we obtain
the following system of equalities:

ki—1

le lel) + Z B fU(l)

ki—1
+ B2 (0) + ZB ,00) = ¢ (0),

(4.19) -

0(k> 0)B!" + Z "% (0)BY:

k-1
k * * v (k
+: P (0)BF + > i ®(0)BZ = ¢{P(0),

p=0
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ki—1

29 + Z BL f00(1)

—|—B2 1(1) _|_ Z B fl(k) Sbl(l)(l)’

k-1

419 0(k * *

W19 gt )Bl 1+ 3 20 (1) B
p=0

kj—1
+gl(k) BQ*+ Z 91(k) B2* J);k)(l).

ki+l§2m—1, kj+k<2m—1.

If the system (4.18), (4.19) is solvable with respect to f and g, then one can
construct P(x,y) = Z;l=1 hs(x,y)Ps(x,y), where Py(x,y) are polynomials
of order 2m — 1, and hs(z,y) are cut-off functions mentioned above [1],
which take the corresponding given values together with their derivatives at
the angular points. Consequently, for H; — P we obtain a boundary value
problem in which the right sides of the boundary conditions satisfy (4.1).

First we prove the solvability of (4.18), (4.19) when the boundary con-
ditions are without low order terms. Let us express g in terms of f using
(4.18) and substitute it into (4.19):

<°Wk>ﬁ“kv(%j:(}wmy
{00 ) )\ B P (1)
0(1) O(Z) (1)

(4.20)
(1 .
1(1) 1(1) (1 ) 20) (1)),

Set

1>k
(anB; (B! B?)-B,

j
=T, (P0) ¢P1)) =P

Then we can represent (4.20) as

(4.21) L. X,'B} =W, 2. BiX} =Py

The compatibility conditions (3.1) appear in the following form:
(4.22) By, = b, Bi, ki +k; <2m— 1.

It can be easily seen that (4.21) decomposes into subsystems with respect
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to some X/. Each of these subsystems can consist of one, two, three or
four matrix equations depending on which boundary conditions are present
in (3.7), (3.8). Note that these subsystems may consist of no more than
two matrix equations of type 1 and no more than two matrix equations of
type 2. Otherwise conditions (4.18) would connect the values of the functions
;(l)(y), k=0,....2m—1,1=0,...,2m—1—k, i = 0,1 at the points y = 0,
y = 1, which is impossible.
Let us now show that these subsystems are solvable in all cases mentioned
above. Suppose we have one matrix equation with respect to X, for example
of type 2. Then

By Xy = ®yp.
This equation is always solvable, because the rank of B, is n, due to the

fact that the boundary conditions are regular.
Suppose we have two matrix equations of type 2 with respect to X/,

B, d
X' = ar .
(BqH) I <@Q+1ﬂ“>

This system is again solvable, because det ( qug i 1) is not zero due to the fact

that the boundary conditions (3.7), (3.8) are regular. Let us again consider
system (4.21). Let k = k;, | = k;. Then (4.21) is transformed into

(4.23) (a) Xi B =W, (b) BiX}, = ®y.
If (4.23) consists of four matrix equations, then again from the regularity of
the boundary conditions we obtain

B;

—1
—— . * pBr )= i
(4.24) Xk = (l*p] w]1k+1 )<Bj BjJrl) - (Bi+1> <¢i+1,l )

It follows directly that
(4.25) B = ®uBj, Bit1¥j11k = Pit1.B8] 1,

and k = k;, | = kj, so (4.25) is one of the compatibility conditions (4.22).
They are assumed to hold, so (4.23) has a solution, which is given by one of
the formulas in (4.24).

Let (4.23) consist of one matrix equation of each type (the case when
(4.23) consists of two matrix equations of one type and one matrix equation
of another type is treated similarly). The rank of B; is n, so we can solve the
second equation in (4.23) with respect to X! and write it in the following
form:

X, = Bif &,

where Bf is some right-inverse operator to B;, i.e., B,;Bi+ = F, not uniquely
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defined. Represent it in the following way:
(4.26) B, = Ci®; + Y,

where C; is a linear operator which solves the corresponding nonhomoge-
neous problem and Y; is a solution of the homogeneous one. Select B; in
such a way that X}, defined from the second matrix equation in (4.23), is
also a solution of the first one. Then

(4.27) X, B; = Bf & B} = Wy..

Since the compatibility conditions B;¥j, = @ilB; hold, for solvability of
(4.27) we must select B, in such a way that

(4.28) CiBiW +Y:B] = Vjy.

Notice that B; acts in Co,xy,. Decompose Cay,x,, into the direct sum of

the defective subspace and its orthogonal complement. Represent ¥;;, in the
form

ij = wjlk + ]2k7
where Biﬂjzk = 0 and ijlk belongs to the orthogonal complement. Let F,

s=1,...,n, be a basis in the orthogonal complement and G4, s=1,...,n,
be a basis in the defective subspace. Let
(4.29) CiBiE,=E,, s=1,...,n, Y;Bj =3,

From the regularity of the boundary conditions (3.7), (3.8) it follows that
(4.29) is solvable with respect to C; and Y;. The theory of linear algebraic
systems [7] shows that among all solutions of (4.29) we can select Y; that
can be represented in the following form:

Y =05y},

where Y;! is a matrix of appropriate dimension. Notice that B;Y; = 0. It is

not difficult to verify that defined in such a way, the operator B;r satisfies
(4.28). We can show that B;rfﬁil is a solution of BZ'X/{€ =&,
Represent @;; in the following form:

Py = (Z apQp Zﬂp@p >7
p=1 p=1
where Q, = B;E,, p=1,...,n. Consequently, by (4.29),

Bf &, =Ci®y+Y; = Ci(zapr Zﬁpr) +Y;
p=1 p=1

= (iapEi iﬂpEi) +Y;.
p=1 p=1
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Finally we obtain

BB} ®; = B;
BZ(Z%CQP ZﬂpCQp)+BY
(iapE Zﬂp )-i—BY
:< 3 pQp Zﬁp@p> = Py,

p=1 p=1

= B;

since B;Y; = 0.

Suppose now that low order terms of the boundary conditions are present.
In that case the compatibility conditions appear in the following form:

k}j*l ki—1
D, B} + Z i, B, = BiWik; + Z Bi¥ip, ki+kj <2m —1.

After replacing g by f the systems (a) and (b) take the form

XOBr+ Y X{Bl, =W, k+k <2m-—1,

ki—1
p=0
Consider (b) for each I =0,...,2m — k; — 1 to obtain X}, X!, .. . We

can do this as the boundary condltlons are regular and (b) has a d1ag0nal
form for each I. Let us prove that a suitable solution of (b) is also a solution
of (a). Let k; and k; take values in |19, 71], where 0 < 79,7 < 2m — 1. Then
0<kI<1m=2m—1—79. If 9g+7 < 2m—1 then 75 > 7 and the unknown
terms X', k > 7, k4 p < 2m — 1, are obtained directly from (a). Note
that if the boundary condition of order k,, where 7y < k, < 71, is absent
in (3.7) then we obtain X' for p+k, < 2m — 1 again directly from (a),
substitute them in (b) and obtain the corresponding X} for k;+1 < 2m—1
from system (b). If 79 + 71 > 2m — 1 then 71 > 7. In that case X}’ for
i+ k <2m —1 and for y > 7 are obtained directly from (a). Moreover if
the boundary condition of order k, is absent in (3.7) then we use the same
considerations as in the case 7o + 7 < 2m — 1. When k, > 75 we choose X ,‘:V

for k, + p < 2m — 1 arbitrarily. Substitute X} , k; +1 < 2m — 1, from (b)
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into (a), regarding that
ki—1

(4.30) XL =y, (gzsil -3 BipX;,) + Vi,
p=0

where B;Yy,; =0,1=0,...,7. Using the corresponding compatibility con-
ditions we see that X ,l%, ki +1<2m —1, from (b) solve system (a) if and
only if

k;

Cr, Bk, + Y, Bf + > YigBly = Wik, ki +kj <2m—1.

q=0
We have already constructed such operators when proving the theorem in
the case when the boundary conditions do not contain low order terms.

Note that if k;+k; > 2m —1 for all ¢, j then every equation of system (a)
contains terms which cannot be obtained from (b) and therefore it is possible
to solve system (a)—(b) without compatibility conditions.

Finally, the values of the traces of V(x,y) and their derivatives at the
vertices of the square satisfy the conditions (4.18), (4.19) if and only if the
compatibility conditions (3.1) hold. Moreover, if k; + k; > 2m — 1 for all
i, J, then ki, ks < ki, k; and the system (4.18), (4.19) is solvable without
the compatibility conditions (which are not required in this case). Therefore
V(z,y) = V(z,y)+ P(z,y) satisfies the boundary conditions (3.7), (3.8) and
has the required smoothness. The theorem is proved.

Thus Z(z,y) = Hi(xz,y) — V(z,y) is a solution of the boundary value
problem

A Z(z,y) + [AZT (2, y)]" = F*(z,y),  (2,y) € 2,
(4.31) ZlZ(m,y) +BixZ(z,y) =0, i=1,...,2m,
Cj1Z(x,y) +CjoZ(x,y) =0, j=1,...,2m,

where F* x y) (l’,y) - (A1V<1',y> + [AQVT(mvy)]T)'

5. Solution of the homogeneous boundary value problem. Con-
sider problem (4.31). Let Z(x,y) and F*(x,y) be functions with values in
C,2. Then problem (4.31) can be represented in the following way:

A Z(x,y) + Ay Z(x,y) = F(x,y),

(5.1) (BloDZt0,9)+ 3 (BL )20 (0,y)
p=0
ki—1

+(B oD ZM(1L,y)+ > (BL oD ZP(1,y) =0, i=1,...,2m,
p=0
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kj—1

5.1 = . _
G ae BNz @0+ Y 1 Bl)Z0.0
p=0
k-1
+(I® E?)Z?Skj)(x, 1)+ Z I® E?p)zgsp)(% 1)=0, j=1,...,2m,
p=0
where

AL Z(x,y) = Z3™ (2,y) + (1" (PF @ E)Z(x,y)) PV

+ (D)2 (P @ B)Z(2,9)) " 4+ (P, @ B)Z (2, ),
AyZ(z,y) = Z3™ (@,y) + (1P H(E @ Pl Z(xz,y))*" !

+ (1) ((E® Py)Z(x,y) + ...+ (E® Py,) Z(x,y),
and the symbol ® means direct product. For simplicity we omit the star

on F(z,y). Let us prove that the solution of (5.1) is given by the contour
integral (see [8])

(5.2) Z(z,y) = —5— (Ax = AD 7' (A, + M) T FdA.

r

2mi

Here
1

(Ap = ND)T'F = G(x, &, M F(&,m) d,

0
where G(x,&, \) is the Green function of the operator A, — AI, and
1

(Ay +AD)'F = | J(y,m, N F(&n) dn,
0

where J(y,n, A) is the Green function of A, + L. Moreover, I" is a composite
contour, which consists of contours Iy, I'1, I'; to be defined below (see [1]).
From 1°-2° it follows that the spectrum of A, lies in the sector |arg(A —
71)| < 61 and the spectrum of —A, lies in the sector |arg(A — 72)| < 6o,
where 71,72 > 0, 7/2 < 0; < 7, 0 < 3 < w/2. We encircle the part of the
spectrum of A, in the right half-plane by some contour I'; so that the points
of the spectrum of —A,, lie outside the contour. We proceed similarly with
the part of the spectrum of —A, in the left half-plane, using a contour I%.
It is obvious that these contours may be constructed, because the spectra of
A, and —A, are disjoint. For Iy we take the imaginary axis, which does not
intersect the two spectra. The integral over I is understood as a principal
value. The convergence of (5.2) and its derivatives over I'} and I is easily
determined.

Below we are interested in the behavior of the contour integral (5.2)
and its derivatives in Ly(£2,C,2). It is clear that the convergence of (5.2) is
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determined by the convergence of the integral over Iy. Moreover, it is not
difficult to show from the properties of the direct product that A,, A, and
their resolvents commute.

Denote by o that value of *{/X which has the smallest positive real part.
Write the asymptotic expansions of the Green function as |A| — oo [13]:

(53) G(:Ca 3 )‘) = exp Q(.’E - 5)1 + O(Q2m)’ xr <&,

Q2m—1

(5.4) G(sc,s,wzng_l expo(é — D)L +0(®™), €<,

where O(0?™) means a vector of the type D(z,&,\)/0?™, where D(xz,&,\)
is a function with values in C,,2 whose entries all satisfy

’DZ(IL’, 57 )‘)‘ < 07
where C'is some constant. We can have a similar representation for J(y,n, A).
Recall that, without loss of generality, we can suppose that for all ||,
C C

1+ A 14+ Al

First, let us prove that differentiation and integration commute. Consider
the integral
(5.5) V(A + A1) AL (A, — AT) ' Fd)

r

I(Ae —AD) 7| <

I(Ay + D)7 <

and let us investigate its convergence in Ly(§2,C,2).

LEMMA 2. Suppose that F € W5(§2,C,2). Then the integral (5.5) con-
verges in Lo(£2,C,2).

Proof. Consider the identity
(5.6) A (A, — M) 'F=F+ \NA, - \I)'F.
Substitute (5.6) into (5.5) to get
5.7 Ay + M)A (A — AT FdA

r

= [(A, + \D)T'Fdx+ [ (A + A1) TN (A, — AD) TR
r r
Using Lemma 1 from [1], identity (5.6) and the Minkowski inequality we
have

(5.8) H J(A, + DAL (A, —AD'F d)\H
r

< H A, +AD"MA, - AD) ' F dAH +C|F|,
r
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where || - [| = || - [ o(2,c,,)- It remains to show that the norm of the inte-
gral on the right side of (5.8) is finite. It is clear that the difficulties may
arise only when estimating the main term in the asymptotic formulas (5.3),
(5.4). Denote it by Go(x, &, \) and substitute it into the integral in question.
Then add and subtract F(z,n) in the resulting integral. By assumption,
F € W5(£2,C,2). With the help of integral representations of W5 (§2,C,,2)
functions [14] one can show that F' € W3 (z,C,,2) for almost all y and anal-
ogously F' € W5 (y,C,2) for almost all z. Therefore

(- 217

for almost all . Taking into account that A, satisfies 1°, applying the Holder
inequality and again using Lemma 1 from [1], we obtain

S Lg((o, 1) X (0, 1),Cn2)

(5.9) H fa, + )\I)_l)\iGo(x,f, NF(€,n) dé d)\H
r

0
1 x
<CIFI+§ o (S{ | lexploe ~]l I —af"" e
I 0
x F —F 2 1/2
0

1 roo

) o \Q\zm 1 (S [S lexp[20(z — &)]| - |z — &>+ de¢

1 2 1/2

€ — g2t

xT

Calculating the integrals in square brackets one obtains

(5.10) || §ea, + )\I)_l)\iGo(:ﬁ,g, NP(E,n) dg d)
r 0

C
= ;W A [P llws 2.c,)-

Obviously the integral on the right side of (5.10) absolutely converges when
e > 0. From (5.8) and (5.10) it follows that (5.5) converges in Lo(§2,C,2).
Analogously one can show that the integral

VAL (A, + D)7 (A, — AI) 7' Fdx
r
converges in Ly(§2,C,2) when F € W5(§2,C,.2). The lemma is proved.
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Let us now show that the operator of differentiation can be inserted
under the integral sign.

LEMMA 3. If the resolvents R(Ay, \), R(Ay, \) satisfy 1° with appropri-
ate 0 and ~y, then
A V(A + D)7 (A - AD) T 'Fdd = [(Ay + A" AL (A, — )T Fd
r r
Proof. Let
R(z,y,\) = R(Ay, \)R(A;, N\ F(z,y).
We have to prove that
A, | R(z,y, \) dh = | A R(z,y,\) dX.
r r
The validity of this equality for the integrals over I'; and I follows from
their boundedness and the properties of the resolvents R(A;, \), R(Ay, A).

Consider a sequence of bounded contours I}’ such that lim, .., I} = I5.
Using the considerations from the beginning of the section, for all n we have

A, | R(z,y,N)dh= | AR(z,y,)) dX.
I Iy
Using Lemma 2 and the fact that A, is a closed operator we obtain
A, | R(z,y, M) dx = | A R(z,y,\) d).
I Io
Analogously one can prove that
Ay | R(z,y, N dx = | A R(z,y,)) dA.
I, Io
The lemma is proved.
Let us show that (5.2) gives a solution of (5.1).
LEMMA 4. Suppose that F € W5(£2,C,2). Then (5.2) gives a solution
of (5.1).
Substituting (5.2) into (5.1), using Lemma 1 from [1] and the identities
A (A, —N) PP =F+ \NA, - \I)'F,
A (A, +ND)'F=F - XA, + )" 'F,
we obtain
AsZ(z,y) + AyZ(,y) = F(2,y).
The lemma is proved.

Consequently, if F' € W5(£2,C,2) then (5.2) gives the solution of (5.1),
where Z € W2(£2,C,,2). From the previous section one can see that F(z,y)
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on the right side of the equation in (5.1) is in W5 (§2,C,2). Therefore the
kernel U(z,y) of the integral operator U is represented as the sum

Uz, y) =T (x,y) +v(z,y) + V(z,y) + Z(z,y),

where all terms on the right side are regarded as functions with values in
C’ﬂx’ﬂ'
Let us formulate the final result. We have proved the following

THEOREM 3. Suppose that the spectra of A* and —A are disjoint and
the resolvents R(A*, \), R(—A, \) satisfy condition 1°. Then there erists a
solution of the problem I-111 and the kernel U(x,y) of the integral operator

1

(5.11) Uu(z) = | Uz, y)u(y) dy
0
satisfies conditions 1-3.

So we have shown that (5.11) gives the unique solution of the Lyapunov
equation
AU+ UA=1

in the class of bounded operators.

References

[1] V.S. Belonosov, Instability indices of unbounded operators. I, in: Some Applications
of Functional Analysis to Problems of Mathematical Physics, Proc. Sem. Sobolev.,
1984, Part 2, Inst. Mat. Sibirsk. Otdel. Akad. Nauk SSSR, Novosibirsk, 1984, 25-51
(in Russian).

[2] —, Instability indices of unbounded operators. II, in: Some Applications of Func-
tional Analysis to Problems of Mathematical Physics, Proc. Sem. Sobolev., Inst.
Mat. Sibirsk. Otdel. Akad. Nauk SSSR, Novosibirsk, 1985, 5-33 (in Russian).

[38] —, Instability indices of differential operators, Math. USSR-Sb. 57 (1987), 507-525.

[4] V. S. Belonosov, M. P. Vishnevskii, T. I. Zelenyak and M. M. Lavrent’ev, Jr., On
qualitative properties of solutions of parabolic equations, preprint No. 466, Compu-
tation Center, Siberian Branch Acad. Sci. USSR, Novosibirsk, 1983 (in Russian);
Ref. Zh. Mat. 1984, 2585.

[5] V. Ya. Belov, On a formula of Morse in the critical case, Dokl. Akad. Nauk SSSR
274 (1984), 269-272 (in Russian); English transl. in Soviet Math. Dokl. 29 (1984).

[6] Yu. L. Daletskii and M. G. Krein, Stability of Solutions of Differential Equations in
Banach Spaces, Nauka, Moscow, 1970 (in Russian); English transl., Amer. Math.
Soc., Providence, RI, 1974.

[7] F.R. Gantmakher, Theory of Matrices, Nauka, Moscow, 1967 (in Russian).

[8] P. Grisvard, Equatz’ons différentielles abstraites, Ann. Sci. Ecole Norm. Sup. 2
(1969), 311-395.

[9] V. A. Kondrat’ev, Boundary value problems for elliptic equations in domains with
conical points, Trudy Moskov. Mat. Obshch. 16 (1967), 209-292 (in Russian); En-
glish transl. in Trans. Moscow Math. Soc. 16 (1967).



104

[10]
[11]
[12]
[13]

[14]

A. Tersenov

S. G. Krein, Linear Differential Operators in Banach Space, Nauka, Moscow, 1969
(in Russian).

M. Morse, A generalization of Sturm separation and comparison theorems in n-
space, Math. Ann. 103 (1930), 52-69.

—, Variational Analysis: Critical Extremals and Sturmian Eztensions, Wiley, New
York, 1973.

M. A. Naimark, Linear Differential Operators, 2nd ed., Nauka, Moscow, 1969 (in
Russian); English transl. of 1st ed., Parts I, II, Ungar, New York, 1967, 1968.

S. M. Nikol’skii, Approzimation of Functions of Several Variables and Imbedding
Theorems, Nauka, Moscow, 1977 (in Russian).

Institute of Applied and Computing Mathematics
FO.R.T.H. Heraklion, Crete 71110, Greece
E-mail: tersenov@sonar.iacm.forth.gr

Rec¢u par la Rédaction le 15.1.2001 (1236)



