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New fixed point theorems for mappings satisfying
a generalized weakly contractive condition with weaker
control functions

by HEMANT KUMAR NASHINE (Raipur)

Abstract. The purpose of this paper is to derive new common fixed point theorems
for a pair of mappings satisfying a more general weakly contractive condition with weaker
control functions in a complete metric space. Applications to new fixed point results with
conditions of integral type are also given. We furnish an example to demonstrate that
these results improve the previously existing ones.

1. Introduction and preliminaries. The literature on fixed point
theory presents a lot of generalizations of the Banach contraction mapping
principle [4]. One of the most interesting is the result of Khan et al. [9].
They addressed a new category of fixed point problems for a single self-map
with the help of a control function. A function ¢ : [0,00) — [0, 00) is called
a distance altering function if ¢ is continuous, nondecreasing and ¢(0) = 0.

Khan et al. [9] gave the following result.

THEOREM 1.1. Let (X,d) be a complete metric space, let ¢ be a distance
altering function, and let T : X — X satisfy

(1.1) p(d(Tz,Ty)) < cp(d(z,y))
forall x,y € X and for some 0 < ¢ < 1. Then T has exactly one fized point.

In fact Khan et al. proved a more general theorem of which the above
result is a particular case. Another generalization of the contraction prin-
ciple was suggested by Alber and Guerre-Delabrieére [3] in Hilbert spaces by
introducing the concept of weakly contractive mappings.

A self-mapping 7 of a metric space X is called weakly contractive if for
each z,y € X,

2010 Mathematics Subject Classification: Primary 47H10; Secondary 54H25.
Key words and phrases: fixed point, complete metric space, distance altering function,
weakly contractive condition.

DOI: 10.4064/ap104-2-1 [109] © Instytut Matematyczny PAN, 2012



110 H. K. Nashine

where ¢ is a distance altering function.
Rhoades [12] showed that most of the results from [3] are still true for
any Banach space. He also proved the following very interesting fixed point

theorem which contains the contraction condition as a special case for ¢(t) =
(1 —k)t.

THEOREM 1.2. Let (X,d) be a complete metric space. If T : X — X is
a weakly contractive mapping, then T has exactly one fixed point.

Alber and Guerre-Delabriere [3] assumed additionally that lim; o ¢(t)
= 00. But Rhoades [I2] obtained the result of Theorem without using
this assumption. One of the main generalizations of the Banach principle is
the following theorem established by Boyd and Wong [5]. In their theorem
it is assumed that ¢ : [0,00) — [0,00) is upper semicontinuous from the
right (that is, r,, — 7 > 0 implies lim sup,,_, . ¥(rn) < ¥(r)).

THEOREM 1.3. Let (X,d) be a complete metric space and suppose that
T : X — X satisfies

(1.3) d(Tz, Ty) < Y(d(z,y)) for each z,y € X,

where 1 : [0,00) — [0,00) is upper semicontinuous from the right and satis-
fies 0 < p(t) <t fort > 0. Then T has a unique fized point x*, and {7T"(x)}
converges to x* for each x € X.

Similarly, Reich [I1] presented the following:

THEOREM 1.4. Let (X,d) be a complete metric space and suppose that
T : X — X satisfies

(1.4) ATz, Ty) < B(d(z,y))d(z,y)  for each x,y € X, x #y,

where 3 :[0,00) — [0,1) and limsup, .., B(t) <1 for all 0 < r < co. Then
T has a fixed point x*.

Weak contractions are also closely related to maps of Boyd and Wong [5]
and Reich [I1] type. Namely, if ¢ is a lower semicontinuous function from
the right then ¥ (t) =t — ¢(t) is upper semicontinuous from the right, and
moreover, turns into . Therefore the weak contraction is of Boyd
and Wong type. And if we define 3(t) =1 — ¢(t)/t for t > 0 and 3(0) = 0,
then (|1.2)) turns into . Therefore the weak contraction becomes a Reich
type one.

Recently, the following generalized result has been given by Dutta and
Choudhoury [8], combining Theorems and
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THEOREM 1.5. Let (X, d) be a complete metric space and let T : X — X
satisfy

(1.5) p(d(Tz,Ty)) < (d(z,y)) — ¢(d(z,y))
for all z,y € X, where ¢, ¢ : [0,00) — [0,00) are both continuous and

nondecreasing functions with ¢(t) = 0 = ¢(t) if and only if t = 0. Then T
has exactly one fized point.

Dori¢ [7] gave the following generalized version of Theorems and

THEOREM 1.6. Let (X,d) be a nonempty complete metric space and let
T :X — X be such that for each x,y € X,

(1.6) p(d(Tx, Ty)) < p(P(x,y)) — o(P(x,y)),

where

(i) @(x,y) = max{d(z,y),d(z, Tx),d(y, Ty), 5d(y, Tx) + d(z, Ty)]}.
(ii) ¢ : [0,00) — [0,00) is a continuous, nondecreasing function with
o(t) =0 if and only if t =0,
(iii) ¢ : [0,00) — [0,00) is a lower semicontinuous function with ¢(0)
=0 if and only if t = 0.

Then there exists a fized point z € X such that z =T z.

Abbas and Khan [I] also gave an extension of Theorem as fol-
lows:

THEOREM 1.7. Let (X,d) be a complete metric space and let T,S :
X — X satisfy

p(d(Tx, Ty)) < o(d(Sz,Sy)) — d(d(Sz, Sy)),

where ¢, : [0,00) — [0,00) are both continuous and decreasing functions
with ¢(t) = 0 = @(t) if and only if t = 0. Then T and S have ezxactly one
common fixed point.

Abbas and Dorié¢ [2] also extended Theorems and to pairs of
maps.

Recently, Popescu [10, Theorem 4] proved Theorem for some weaker
conditions on control functions.

In this article, an attempt has been made to generalize Theorem 4 of [10]
by taking into account two self-mappings instead of one. Our result also im-
proves Theorem by considering weaker conditions for control functions
@ and ¢. An example shows that these result improve those in the litera-
ture. At the end of the paper, an application to fixed point theorems with
conditions of integral type is also given.
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2. Main results

THEOREM 2.1. Let (X,d) be a complete metric space. Let T,S : X — X
be such that

(2.1) e(d(Tz,Ty)) < 0(O(z,y)) — 6(O(z,y))
for all x,y € X, where
(a)

(2.2)  O(z,y)
= max{d(Sz,Sy), d(Sz,Tz),d(Sy, Ty), 5[d(Sy, Tz) + d(Sz, Ty)|}.

(b) ¢ :1]0,00) — [0,00) is a nondecreasing function with ¢(t) = 0 if and
only if t = 0.
(¢) ¢:1]0,00) — [0,00) is a function with ¢(t) = 0 if and only if t =0,
and liminf,, o ¢(ay) > 0 if lim, o0 ay = @ > 0,
(d) ¢(a) > p(a) — p(a—) for any a > 0, where p(a—) is the left limit
of p at «.
If T(X) C S(X) and S(X) is closed, then T and S have a coincidence
point. Further, if T and & commute at their coincidence points then they
have exactly one common fized point.

Proof. Note that the left limit of ¢ at a exists by the monotonicity of .

Pick zg € X. If Txy = Sxp, then we have a coincidence point. Suppose
Txog # Sxg for g € X. Now since 7 (X) C S(X), we can choose x1 € X so
that S(z1) = 7 (x0). Again, from 7 (X) C S(X), we can find x2 € X so that
S(xz2) = T (z1). Continuing, we find a sequence {x, } in X such that

(2.3) Stpi1 =Tz, foraln>0.

If there exists ng € {1,2,...} such that O(xy,,Tn,—1) = 0 then it is clear
that S(xny—1) = T (Tn,) = Tpny—1 and so 7 and S have a coincidence at
T = Tn,—1; therefore the assertion is proved. Now we can suppose

(2.4) O(xp, Tp—1) >0

for all n > 1.
First we will prove that lim, o d(7 xp+1,7 z,) = 0. By , we have,
forn>1,
O(xn, xp—1) = max{d(Szy,Stpn-1),d(Szn, Txy),d(SxHn-1,7 Tp_1),
%[d(&vn,l,’fxn) + d(Sxn, Txp-1)]}
=max{d(Tzp—1,Txpn—2),d(Txpn_1,7Txy), %d(Txn_Q, Txn)}
< max{d(Txp-1,Txpn—2),d(Txn-1,7Txn)}.
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Now we claim that
(2.5) d(Trps1,Txy) <d(Txpn, Tan—1)
for all n > 1. Suppose this is not true, that is, there exists ng > 1 such that
AT (2ng+1), T (Tng)) > d(T (Tng), T (Tny-1))-
Substituting x = x,,4+1 and y = x5, into , we have
P(A(T g +1, T Tng)) < P(O(Tng+1, Tng)) — A(O(Tng+1, Tng))
< p(max{d(Tzny, T Tnyg—1), AT ny, T Tpg+1)})
_¢(8(xn0+17$n0))
= o(d(T g, Txny+1)) — G(O(Tng+1, Tng))-

This implies that ¢(O(xny+1,Tn,)) = 0. By (c), we have O(xny+1, Tn,) =0,
which contradicts (2.4). Therefore, is true and so the sequence
{d(T (zp+1),7 (x,))} is nonincreasing and bounded. Thus there exists p > 0
such that limy, e d(7 (#541), 7 (x5)) = p. Therefore by (2.2)),

lim d(7 (z,), 7 (xn_1))

n—oo

< lim (xnaxnfl)
n—o0

= lim max{d(Sz,,Sxn-1),d(Szp,Txy),d(STpn_1,7 THn_1),
Hd(Szp—1, Tan) + d(Sxp, Trn-1)]}
= lim max{d(Tzp—1,7xpn—2),d(Txp_1,7T zy), %d(Tﬂ?n_g, Txn)}.

n—oo
This implies p < limy, 00 O(Tp, Tn—1) < p and so lim,, . O(Tp, Tp_1) = p.
Now we claim that p = 0. By (2.1)), we have

P(d(Tn, Ten-1)) < 9(O(Tn, tn-1)) = ¢(O(2n, Tn-1))
and taking the limit as n — oo, we have
p(p+) < p(p+) = liminf ¢(O(zn, 1)),
which is contradictory unless p = 0. Hence
(2.6) p=0= nlirgo d(Txpy1, Tay).
Next we show that {7z} is Cauchy. Suppose it is not. Then there is an

e > 0 such that for an integer k there exist integers m(k) > n(k) > k such
that

(2.7) d(Tl‘n(k),T:Um(k)) > €.

For every integer k, let m(k) be the least positive integer exceeding n(k)
satisfying (2.7) and such that

(2.8) d(Tl'n(k)aTxm(k:)—l) <e.
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Now
€ < d(Trpmy, TTmm)) < AT Tppy, T Ty —1) + AT Tr)—1, 7 Ty )-

Then by and ([2.8)) it follows that
(2.9) lim d(7 k), 7 Tp(r)) =

k—o00

Also, by the triangle inequality, we have
(T 2 iy> T Tim(iy)—1) — AT Tiys T i) < AT T r)—15 T T (i) -
By using (2.9)) we get

(2.10) leIglod(Tl' (k),TLL' (k)— ): E.
Now by we get

ATy, TTr)-1) < OTn(k)s Tm(k)—1)

= max{d(STy k), STmk)—1)> ASTrr), T Tn)),
(ST (k)—1> T Tim(k)-1);
5[A(STy—1, T Tn(iy) + A( STy, T Ty —1)]}

< max{d(Txpk)y-1, T Tm(r)—2)s AT Tpgky—1, 7 Tn(k))
AT T (k)—2) T Trn(k)—1),
AT 2 ky—2, T o) + AT T )1, T Ty 1))}

< max{d(Txn(k)_l,Txm(k) 2), AT (1)1, T Ty ),
AT Zo)—2: T Ton(iy—1)» 51T Ton(iy—2, T Ty —1)
+d(7$n( k=1 T Tpy) + AT Trk)—1, T Ty —1)1

and letting £k — oo and using and -7 we have
€= klgg}@( n(k)s Tm(k)—1) < €

and so
Oy, k), Tm(r) 1) = €

If there is a subsequence {k(p)} of {k} with € < d(T 2y (k(p))> 7 Tm(k(p))) for
any p, then by (2.2)) we get

p(et) = 1ikm sup O(d(T Tp(kys T T(k)))
< 1ikm sup @(d(T Tn(kys T Tpk)+1) + AT Tngys T Ti(r)—1))
= limsup k — oogo(d(TJJn(k), T$m( k)— 1))
< lim sup[p(O (T (k) Tm(k)—1)) = P(O(Tn(k)s Tm(k)-1))]

k—o00

= ple+) — liminf ¢(O (2n(k), Tm(k)-1)),
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which is a contradiction. We repeat the procedure if there exists a sub-
sequence {k(p)} of {k} such that e < d(7Zp(p)) T Tm(k(p)+1)) for any p
or € < d(TZp(kp)+1)» T Tm(k(p))) for any p. Therefore, we can suppose that

AT Tn(p)) TEmik(p) = € AT L)1), Tomnp))) < € and d(T ey,
Txm(k(p)+1)) <e for any k > k‘l. Then 9($n(k)7$m(k)) = ¢ for k > k‘g =
max{ky, ka}, where ko is such that d(7xy, Txp41) < € for all k > ko. Sub-
stituting = @), T = Ty in (2.1)), we have
(AT Tr(ky+1, T Ty 1)) < @(e) — ¢(e)
for any k > ko. Obviously d(72y)41, 7 Tpk)+1) < €, otherwise we have
¢(e) = 0. Letting k — oo we obtain
p(e—) < p(e) — ¢(e),

which contradicts hypothesis (c). Thus {7 z,} is a Cauchy sequence. From
the completeness of X there exists z € X such that 7z, — z as n — oc.
Next, we show that z is a fixed point for both 7 and S.

By (2.3) we have {7 (zy,)} = {S(xn41)} C S(X), therefore by the closed-
ness of S(&X), there exists u € X such that Su = z. We claim that 7u = 2.

For each n, we can use the inequality (2.2)) for =, and u. Since

O(u, xy,) = max{d(Su,Szy,), d(Su,Tu),d(Sxn, T x,),
Ld(Szp, Tu) + d(Su, Tzy)]}
= max{d(z,Txn—1),d(z,Tu),d(Txpn_1,7T ),
Hd(Tap—1,Tu) + d(z, Tzn)]},
it follows that lim,, . ©(u,x,) = d(z,7u). Therefore,
(d(Tu, 2)—) = limsup p(d(Tu, Szns41)) = lim sup o(d(Tu, Tzy))

n—oo

< liisgp[w(@(u,xn)) — ¢(O(u, x,))]

< @(d(Tu,2)) — o(d(Tu, 2)).

which contradicts hypothesis (c) unless 7u = z. Therefore, Tu = Su = z.
Thus we have proved that 7 and S have a coincidence point. If 7 and S
commute, we have

(2.11) T(2)=T(S(u)) =8(T(u)) =S8(z).
Next we claim that 7z = z. From , we get
P(d(Tu, T2)) < (O(u, ) — (O, 2))
where
O(u, z) = max{d(Su,Sz),d(Su, Tu),d(Sz,7T z), 3[d(Su, T z) + d(Sz, Tu)]}
= max{d(z,82),d(z,2),d(Sz,Tz), 3/d(z,Tz) + d(Sz, 2)|}
=d(z,7z).
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Hence

p(d(z,T2)=) = p(d(Tu, T2)) < p(d(z,Tz)) — d(d(2,T2)),
which contradicts hypothesis (c¢) unless 7z = z and so z = 7z = Sz. Hence
z is a common fixed point of 7 and S.

Finally, we prove the uniqueness of the common fixed point of 7 and S.
Suppose there exists another common fixed point v € X such that Sv =

v =7v. Then by ,
p(d(z,v)) = o(d(T z,Sv))
< @(8(2, V)) - Qb(@(Z, V)) < W(d(z7 V)) - (b(d(Z, V))v
a contradiction unless d(z,v) =0, that is, z =v. =

An immediate consequence of Theorem [2.1]is as follows.

COROLLARY 2.2. Let (X,d) be a complete metric space. Let T,S :
X — X be such that
(2.12) e(d(Tz, Ty)) < o(d(Sz,Sy)) — ¢(d(Sz, Sy))
for all x,y € X, where
(a) ¢ :[0,00) — [0,00) is a nondecreasing function with ¢(t) = 0 if and
only if t =0,
(b) ¢ :[0,00) — [0,00) is a function with ¢(t) = 0 if and only if t = 0,
and liminf, o ¢(a,) > 0 if lim, oo @y = a > 0,
(c¢) ¢(a) > p(a) — p(a—) for any a > 0.
IfT(X) C S(X) and S(X) is closed, then T and S have a coincidence point.

Further, if T and S commute at their coincidence points then they have
a common fized point.

If S = I, an identity mapping, in Theorem then we obtain Theorem 4
of [10] as corollary:

COROLLARY 2.3. Let (X,d) be a complete metric space. Let T : X — X
be such that

(2.13) p(d(Te, Ty)) < p(O(x,y)) — (O(2,9))
for all x,y € X, where
(a) O(z,y) = max{d(z,y), d(z, Tx),d(y, Ty), 5ld(y, Tx) + d(z, Ty)]},
(b) ¢ :1]0,00) — [0,00) is a nondecreasing function with ¢(t) = 0 if and
only if t =0,
(¢) ¢:1]0,00) — [0,00) is a function with ¢(t) = 0 if and only if t =0,
and liminf, o ¢(ay) > 0 if lim, o0 ay = @ > 0,
(d) ¢(a) > p(a) — p(a—) for any a > 0.
Then T has a fized point.
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The following example shows that Theorem [2.1] can be used in the situ-
ations when Theorem [1.7] and [I0, Theorem 4] cannot.

EXAMPLE 2.4. Let X = [0, 1] be equipped with the standard metric and
consider the following mappings S, 7 : X — X" and functions ¢, ¢ : [0,00) —
[0, 00):

1, 0<z<1/2,
1/2, x=1/2, {1/2, 0<z<1/2,
Sz = =
1/10, 1/2 <z <2/3, 1, 1/2<ax<1,
0, 2/3<x <1,
[ (/50 0<t<1/2, B )
(t)_{(2—\/§)t+(\/§—1), 1/2 <t < oo, o(t) = (1/10)¢.

Then a careful computation shows that all the conditions of Theorem
are fulfilled. We just note the main points:

The only point of discontinuity of ¢ is 1/2 and ¢(1/2) = 0.025 > 1/2/2 —
0.7 =¢(1/2) — ¢(1/2—), hence condition (d) is satisfied.

Since ¢(t) < ¢(t) for all ¢t € [0, 1], the only nontrivial cases when the
contractive condition has to be checked are when z € [0,1/2), y €
(1/2,2/3] and = € [0,1/2), y € (2/3,1] (or vice versa). In the first case,
becomes ¢(1/2) < ¢(9/10) — ¢(9/10) and in the second, p(1/2) <
©(1) — ¢(1), and both of these inequalities are easily verified.

Thus, the mappings S and 7 have a unique common fixed point (which
is 1/2).

3. Application to integral type problems. We now present applica-
tions of the results of the previous section. We obtain a fixed point theorem
for a pair of mappings satisfying a general contractive condition of integral
type (Branciari [6]) in a complete metric space.

Let ¥ be a nonnegative Lebesgue integrable function (with finite integral)
on R such that {; ¥(t)dt > 0 for each € > 0.

THEOREM 3.1. Let S and T, as well as ¢, ¢, O(x,y) satisfy the condi-
tions of Theorem except that condition (2.1) is replaced by

o(d(Tz,Ty)) 0(O(z,y)) #(0(z,y))
(3.1) V' ewda<s | wwmdt- | w@)d
0 0 0

forall x,y € X. Then T and S have a common fized point.

Proof. Define A : Rt — R* by A(z) = {j¥(t) dt. Then A is continuous

and nondecreasing with A(0) = 0. Condition becomes
(3.2) Ap(d(Tz, Ty))) < A(p(O(2,y))) — A(6(O(2,y))),
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which can be further written as

p1(d(Tz,Ty)) < ¢1(O(z,y) — ¢1(O(z,y)),
where ¢1 = Ao ¢ and 1 = Ao . Clearly, ¢1, p1 are control functions with

#1(0) = 0 = 1(0). Hence by Theorem 7 and S have a common fixed
point. =

THEOREM 3.2. Let S and T, as well as ¢, ¢, O(x,y) satisfy the condi-
tions of Theorem except that condition (2.1) is replaced by

d(Tz,Ty) O(z.,y)
|\ w@dt<n | w)dt
0 0

for allx,y € X and h € [0,1). Then T and S have a common fized point.

Proof. Following the lines of Theorem we can define A4 : RT — RT
by A(x) = {j ¥ (t)dt and check the other properties. If we set ¢ = (1 — h)¢,
then by Theorem 7 and S have a common fixed point. m

REMARK 3.3. We can also establish similar integral results as applica-
tions of Corollaries 2.2] and 2.3]
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