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The Bergman projection in spaces of entire functions

by JOCELYN GONESSA (Bangui) and EL HASsAN Youssrl (Marseille)

Abstract. We establish LP-estimates for the weighted Bergman projection on a non-
singular cone. We apply these results to the weighted Fock space with respect to the
minimal norm in C™.

1. Introduction and main results. Let n > 2 and consider the non-
singular cone

Hi={zeC":2{+ - 4+22,,=0,2#0}

This is the orbit of the vector (1,4,0,...,0) under the SO(n + 1, C)-action
on C"*1. It is well-known that H can be identified with the cotangent bundle
of the unit sphere S” in the n-dimensional sphere in R™*! minus its zero
section. It was proved in [OPY] that there is a unique (up to a multiplicative
constant) SO (n+ 1, C)-invariant holomorphic form « on H. The restriction
of this form to H N (C\ {0})"*! is given by

o (—1)it —
a(z) = E ————dz A ANdzy A ANdzpg.
.
=1 7

For any ¢t > 0 we consider the Gaussian volume form w; defined on H by

Qtn_l
Wt (Z) = (

meiﬂzpa(Z) A d(2)7 S H,

where
myi=2n-1) | a(z)ra(2).
{z€H: |z|<1}

For each s > 0 and 1 < p < o0, let LP(H, w;s) denote the Banach space of
all functions on H which are LP-integrable with respect to the volume form
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ws equipped with the norm
1/p

1oy = (§1FPws2) " f € IP(H,w,).
H

The weighted Bergman space A%(H) is the closed subspace of LP(H,w;)
consisting of holomorphic functions. When p = 2, the orthogonal projection
P; from L?(H,ws) onto A%(H) is called the weighted Bergman projection.
It is well-known that Py is the integral operator on L?(H,w;) given by the
formula
Puf(2) = | Kol ) fluw)n(w).
H
where K,(-,-) is the reproducing kernel on A2(H). This is the weighted

Bergman kernel. In the following we denote by T, the integral operator
defined by

Tof(z) = | 1Ko(z, w) (1) ()
H
Next, let Fp (H) denote the linear span of the functions

1.2
fra(2) = zil_ﬁle " keN, a>0,

equipped with the norm || - || zo (g w,)-
Our first main result in this paper is the following:

THEOREM A. Suppose that t,s > 0 and p > 1. Then the following
conditions are equivalent:

(a) T} is bounded on LP(H,ws).
(b) P, is bounded on LP(H, wy).
(c) P is bounded on Fp (H).
(d) pt = 2s.

To give some applications, we recall that the minimal norm in C™ is

given by
No(z) = VP [z 04,

where zew = zywy +- -+ zpw, for z = (21,...,2,), w = (wy,...,wy,) € C™
This norm was shown to be of interest in the study of several problems
related to proper holomorphic mappings and the Bergman kernel; see [HP],
[OY], [OPY], [MY] and [M].

For each s > 0, let dV; denote the measure on C™ with density e~
with respect to the Lebesgue measure. Precisely,

dVs(z) :== efs(|zl2+|z'z|)dV(z)

where dV(z) denotes the Lebesgue measure on C" normalized so that the
volume of the unit ball is equal to one. For any 1 < p < oo, the Fock

sN?2
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space AE(C™) with respect to the minimal norm in C™ consists of all entire
functions f with the following property:

(1.1) If15s = { £ (2)P|z 0 2|P~2/2 Vi (2) < oo
(Cn

We let LE(C™) denote the space of all measurable functions f in C" sat-
isfying . Using the technique developed in the proof of part (1) of
Lemma 4.1 in [MY], it can be seen that the Fock space A%(C") is a closed
subspace of LE(C™). In addition, the arguments used in the proof of part (2)
of the latter lemma show that the linear operator Uy defined from L%(C")
into LP(H,ws) by

Uo(f)(2) == znt1f(21,- -y 2n)s (2155 2n41) € H,

is an isometry. More precisely, we have

2.n—1
[ 1Uof ()Pn(a) = S | P w22 (2),
i (n—2)Im, Cn
In addition, the image &Y (H) of AL(C™) under Uy is a closed proper sub-
space of A%(H), and (%)UPUO is a unitary operator from A%(C")
onto EY(H). In particular, A%(C™) is a Banach space.

When p = 2, the natural inner product turns A?(C") into a Hilbert space
which has a reproducing kernel K s(z,w). We denote by ]35 the corresponding
Bergman projection. We also let T, be the integral operator on L% (C™)
associated to the kernel | K (z, w)].

We also consider the vector space .7?1%5 (C™) spanned by the functions
fka(z) = (ze z)ke_“(lz‘QHZ'Z'), keN,a>0,

and equipped with the norm || - ||, .
Our second main result is the following:

THEOREM B. Suppose that t,s > 0 and p > 1. Then the following are
equivalent:

(a) T is bounded on LE(C™).

(b) P; is bounded on LE(C™).

(c) Py is bounded on F, (C™).

(d) pt =2s.
In that case the operators P; and 1575 have the same norm given by

1B, = |1 Pll, = 2" ' /2e(n — 1)!(n — 1) when pt = 2s.

2. Preparatory results. The orthogonal group O(n 4 1,R) acts tran-
sitively on the boundary X of the unit ball in H. Thus there is a unique
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O(n + 1,R)-invariant probability measure p on X. This measure is induced
by the Haar probability measure of O(n + 1,R). We will need the following
lemma which was established in [MY], Lemma 2.1, p. 506].

LEMMA 2.1. For any C*°-function f on H, we have

o0

| F(2)a(z) Aalz) =mn | 7273\ F(r€) du(€) dr

H 0 X

provided that the integrals make sense.
We also need the following proposition.

PROPOSITION 2.2. The Bergman kernel of the weighted Bergman space
A2(H) is given by the formula

n —

Ks(z,w) = <1+

S —) Szew
zew |e
1
for all z and w in H.

Proof. We only need to prove that the operator Ps induced by K repro-
duces the functions of A%(H). Let f € A2(H). Then it follows from the proof
of Theorem 3.2 in [MY] that any function f € A2?(H) can be written in the
form f = >}, pr where pi is a member of the space Py of homogeneous
polynomials of degree k on H. If we denote by (-, ) the scalar product of
LP(H, ws) then by binomial series expansion and Lemma it follows that,
for all z € H,

| _
Pyt Nn—-1)
= > agls) | PFHEE e dr [ pr(€) (2 0 €)' dpa(€)

k,l=0 0 X

where
2(2l +n — 1)sltn—1
ap(s) = ( )
N(n—2)(n—-1)
On the other hand, by (2.5) in [MY] we see that
k'(n —1)!

[ or()(z 0 ' dpu() = { T n — 22k 4 n P HE=F
’ 0 else.
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Finally, an easy computation shows that

0 28k+n—1pk(z) oo )
<f7 Ks(‘, Z)>H = . S Tg(k+n_2)e_5r rdr
kzo (k+n—2)! (S)

_Z k—i—n—? S ktn=2, "du_Zpk = f(z). =

k=0
LEMMA 2.3. Suppose that B > 0. Then
(n+1)/2 _
a(z)/\d(z):mnﬂ- _F(ﬂ—f—n Nrp+1)
269510 (B + (n+1)/2)

S |21 |Be A
H

for all v > 0.
Proof. We observe by Lemma [2.1] that

(o)
_ 2 _ a2
Vlznir[Pe 1 a(z) Aa(z) = my | 720127377 dr | |6 [P0 dp(€)
H 0 X

I -1
= mn%}&g\sm” dp(§)-

Let 0 = o, denote the rotation invariant measure on S™. For each € S™,
there exists a rotation U € O(n + 1,R) such that U(n) = (0,...,0,1).
Therefore,

§nt1=1(0,...,0,1) e & =E 0 U(n),
so that by the O(n + 1)-invariance on X, we obtain

V16na11? duu(€) = V1€ e Um)[*P dp(&) = [ [UT1(&) ol dpu(€)
X X X

= V1€ o0l dp(6).
X
Integrating over S™ with respect to the variable n and the measure o yields

Vg PP dpe) = | { 1€ e n* du(€) do(n) = | | 1€ @ n*? do(n) du(€)

X Sn X X S
=277\ (21 +mp)P do(n),
STL

where the last equality holds due to the rotation invariance of o because
each ¢ € X has a unique decomposition & = x + iy with =,y € R,
rexr=yey=1/2and z ey =0. It is also clear that if § is a nonnegative
integer, then
2t D2 (3 + 1)
r+(n+1)/2)°

V(npy + 027 do(n) =
Sn



166 J. Gonessa and E. H. Youssfi

The latter formula holds for all 5 > 0 due to the uniqueness theorem for
bounded analytic functions on the half-plane Re § > 0. Therefore,

- (G 4+ 1)
;Sg‘gm_l‘w du(§) =2 ﬂSSn(n?erl +77n) do(n) = 2617 (B+ (n+1)/2)

Finally

My V20(B+n — 1)D(B + 1)

| [zn1PPe M a(z) nalz) = 2084106 4 (n+1)/2)

H
for all real numbers > 0. n

Now, we study necessary conditions for the boundedness of P; and T} on
LP(H, ws). We first observe that P; is the integral operator

Ptf(z) = S Ht,s(zv‘f)f(g)ws(f)

H
where Hy 4(2,&) is the hermitian kernel given by

Hya(2,6) = (8/s)" e K (2, ).
The operator T is also an integral operator with kernel |H, (2, &)|.

LEMMA 2.4. Assume that p > 1. If P, is bounded on LP(H,ws), then
pt < 2s.

Proof. Let a > 0 be a real number and k be a positive integer. Consider

the function ,
fra(z) = zi{ﬁle_ald , ze€H.

Then Lemma 2.3 implies that

Snfl
[ fea(2)Pwa(z) = Ciyp e
) (ap + s)kptr/2+
where
oMt 2 P (kp +p/2+n— 1B+ 1
2.2) Copim (kp+p/ (B ).

205020 — )T+ (n+1)/2)
Hence fj o € LP(H, ws). By the reproducing formula we see that

1 t
Pifra(z) = Grapt S Kitaq (t—l—az’w) w4 a(€)
H

2k+n
_ 3 2k+1
 \t+a Fntl

It follows again from Lemma [2.3] that

1 ¢ 2kp+pn
p _ I
I§H\Ptfk,a(z) ws(2) = Crp i (t T a) '
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Now, the assumption that P; is bounded on LP(H,ws) implies that there
exists a positive constant C, not depending on a or k, such that

V1P fra) (2)Pws(2) < C V| fral2)Pws(2).

H H

" p(2k+n) s kp+p/2+n—1
() =olm)
t+a s+ ap

from which it follows that

¢ 2p+np/k 1k s p+p/2k+(n—1)/k
< _ .
<t + a> ¢ (S + ap)

This leads to

Taking the limit as k — oo we see that

t 2 S
< )
t+a T S+ap

which in turn implies that pt? < 2st + sa. Letting a — 0 yields pt < 2s. =

In the following we need explicit formulas for the adjoint operators of P;
and T; with respect to the integral pairing

<fag>s = S f(z)@ws(z)
H

Throughout the rest of this section, if 1 < p < oo we let ¢ = p/(p — 1) with
the understanding that ¢ = co when p =1 and ¢ = 1 when p = co. Indeed,
we have the following.

LEMMA 2.5. Suppose Ty is bounded on LP(H,ws). Then the adjoint op-
erators of Py and Ty with respect to the pairing (-,-)s are given by

n—1
PpG) = (1) e e w) (ot

H
n—1
1f) = (1) e IR o)l e o)
H

Furthermore, both T} and P} are bounded on LY(H, ws), where 1/p+1/q = 1.

The proof of the above lemma follows from classical functional analysis
arguments (see [HS]).

LEMMA 2.6. Suppose 1 < p < oo and P; is bounded on LP(H,ws). Then
pt > s.
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Proof. Suppose that p > 1 and P, is bounded on LP(H,ws). Then P} is
bounded on L(H, ws) where ¢ = p/(p — 1). Note that the constant function
f = zn+t1 belongs to L1(H, w;), and

Py f(2) = (t/s)"e ™ 20
is in LY(H, ws). By Lemma [2.1] it easily follows that
q(s —t) < s.
Thus pt > s. =

LEMMA 2.7. Suppose that 1 < p < 2 and P, is bounded on LP(H,ws).
Then pt = 2s.

Proof. Once again, consider the function
_ 2k+1 _—alz|?
fk,a(z) = Zn4+1 € alz 5 z € H,

where a > 0 and k is a positive integer. Then from Lemma and the
reproducing formula it follows that

t 2k+n ,
Pt*fk,a(z)=< ) elstI=” 2k 41

s+a
On other hand, by Lemma and ([2.2)), we have seen that
S Sn—l
’fka(zﬂqu(z) :qu ka+q/2
) ) + —1
o (aq + s)kata/2+n
and

gn—1 ¢\ 42k+n)
P* q s = :
éﬂ’ t fra(2)]1ws(2) Ck,q(s — q(s — t))ka+a/2+n—1 (S + a)

If P, is bounded on LP(H, ws), then P; is bounded on L4(H,ws). So, there
exists a positive constant C', not depending on a and k, such that

S |Pt*fk,a(z)|qws(z) < CS ‘fk,a(z)|qws(z)'

H H
It follows that
q(2k+n) _ _ kq+q/24+n—1
() =)
s+a s+ aq

Now arguing as in the proof of Lemma [2.4] and in the proof of Lemma 9
in [DZ], we see that Lemma [2.7] follows. =

LEMMA 2.8. Suppose that 2 < p < oo and P; is bounded on LP(H, wy).
Then pt = 2s.
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Proof. From Lemma [2.6)we have s—g(s—t) > 0. For each f € LI(H, w;),
let

F(2) = g(z)etsEF

with g € LY(H,w,_ as— t)) By assumption, there exists a positive constant
C such that

S|F)t>k ( )| Ws—q(s— t)( ) S|g( )| ws—q(s—t)(z)
H H

for all g € LI(H, ws_q(s—¢))- Since 1 < ¢ < 2, Lemmayields
qt = 2(5 - Q(S - t))v
showing that pt = 2s. u

LEMMA 2.9. Suppose s > 0. Then there exist three positive constants C,
C’ and C" such that

5]2?/4
e~ C 1 sl2I2 /4
Cl‘i‘S’Z‘Q C SHSH|KS(Zaw)|ws(w) SC e
for all z € H.
Proof. Let
2

S < .1I}> eSZOU_) ws(w)’

H

= e o

A little computing shows that
00 k 9
zZoW S B
T(2) = [ les = Puy(w) = || 3 sz 0 w)t] wa(w)
H il =0 = "
0 2k+n 1oo2k2 X ) .
Z (2Fk!)2 S anmSemer drs 2 0 &% dpu(€)
k=0 0 p
1 i
=52 ek + =20 1z 8P dute)
k:o X

(n—1)! 1 5|z|? esl=l*/4
2 Zk'%—i—n—l)( 4 ) 1+ s]z2
More precisely, by easy estimates we have

(n—1)1 e/ 1 . esl2?/4
——(n=2le" ' < J <2 -
2(n+1) 1+ s|z|? 2(n e S u(z) < 2eln 1+ )22




170 J. Gonessa and E. H. Youssfi

On the other hand,

(2k‘ +n— 1)282k+n71
(2F1)?

k=0

« S 7n2k—|—2n—3€—sr2 d,rs |Z ° g|2k d,Uz(f)
0 X

(2k -1 _
- n_122 *;,Zk,) (k+n—2)! {12 0 62 du(e)
X

B 1 2k+n—1<ﬂ42

k
522
T2 1) Kl 1 ) = (L slz)es
k=0 ’

.AISO7 it is clear that
1 SZ 4 822 4

Now by Holder’s inequality and the above estimates we see that

V1K (2, w) ws(w) < VI(2)Jo(2) < v/2e(n = 1)1(n — 1)/,

H
Let E:={w e H: |1+ -2z ew| > 1}. It is clear that

S | Ks(z,w)|ws(w) < %(n —2)le" L,
H\E
Thus

V1 (2, w)ws (w) = [ [ Ks(z,w)|ws(w) = Js(z) = | [Ks(z,w)|ws(w)
H E H\E

> Ju(2) - %(n — 9)1en-!

(o A1

Zom 1) 14 522 T

We set

Fo(2) = | | Kz, w)|ws(w).
H

LEMMA 2.10. If P; is bounded on L'(H,ws), then t = 2s.
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Proof. The hypothesis of the lemma implies that P/ is bounded on
L*>®(H, ws). Fix wy € H and consider the function

fun(2) = i)

_ tdmwo) oy
| Kt (2, wo)

Then

" t
P/ fuy(wo) = <> 6(s_t)|w0‘2Fs <w0) and || fug oo = 1.
s s
By Lemma and the boundedness of P on L*°(H,ws), there exists a

positive constant C' such that
(t/s)"tels=Dlwol® gl {wol* < ¢
for all wg € H. The above inequality is possible only if
2
s—t+ — <0,
+ 1s =
which is equivalent to (2s —t)? < 0 and hence t = 25. u

To study the boundedness of the operator T; on LP(H, ws), 1 < p < oo,
we need the following well-known Schur lemma.

LEMMA 2.11. Suppose H(z,w) is a positive kernel and
Tf(z) = | H(z,w)f(w)dv(w)
2

is the associated integral operator. Let 1 < p < oo with 1/p+1/q = 1. If
there exists a positive function h(z) and positive constants C1 and Co such
that

| H(zow)(h(w))? dv(w) < CL(h(z))7, 2 € 2,
(0]

| Hz w)(h(2)) dv(z) < Co(h(w)), we 2
(9}
then the operator T is bounded on LP(§2, dv). Moreover, the norm of T on
LP(£2, dv) does not exceed Cll/qC;/p.
Proof. See [R], for example. m
LEMMA 2.12. Suppose 1 < p < oco. If pt = 2s, then T} is bounded on
LP(H, ws).
Proof. Consider the positive function
h(z) = M zem,
where A is a constant to be specified later. To evaluate
V1K (2, w) [ (w)ws (w),
H
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write
Tif(2) = | H(z,w) f(w)ws(w)
H
where
H(z,w) = (t/s)”*l\Kt(z,w)e(sft)‘w‘2|.
If
(2.3) t—g\ >0,
then

| H i) = _’qu)anm (52)

H
So, it follows from Lemma [2.9] that

¢ n—1 2 |z|2

(2.4) S H(z,w)h!(w)ws(w) < C edt=an "l
i t— g\
If we choose A such that
£2
2.5 —— =gA
then
¢ n—1
(2.6) | H(z,w)h? (w)ws(w) < c( > hi(z).
i t— g

On the other hand, if
(2.7) s —pA >0,
write

| G e o) = (- )n_le“—”“ﬂ_m(s_tpw)-

o s — pA
Then from Lemma we have

t n—1 t2 2
| H(z,w)h?(2)ws(2) < C< ) el ae=m vl

o 5 —pA
Once again, if we choose A so that
2
2. — — =
(2.8) s t+4(s—p)\) DA,
then
t n—1

(2.9) | H(z, w)h(2)ws(2) < c( > P (w).

H s — pA

The conclusion now follows from Lemma P11l



Bergman projection 173

3. Sharpness of the norm and proof of the results. In this section
we compute the operator norm and prove Theorems A and B. We consider
the operator Uy defined in the introduction and let U := CUj be the operator
defined on functions f on C™ by

Uf(z) :==Czpy1f(z1,..,2n)

for z = (z1,..., 2n, 2n+1) € H, where

o (n —2)lm, 1/p
4(n+1)2sn1 '
The operator U will play a key role in our proof. Indeed, we need the fol-

lowing:

LEMMA 3.1. For eachp > 1 and s > 0, the linear operator U is a unitary
isometry from Fp, s(C") onto Fp, s(H). Moreover, UPs = P,U on F, s(H).

Proof. From Lemma 4.1 in [MY], we only need to prove that U is onto.
To this end, it suffices to observe that

U(fra) = C(—1)Ffra forall k and a. =
As a consequence of the above result we have the following.

LEMMA 3.2. Suppose that t,s > 0 and p > 1. Then P; is bounded on
Fp.s(H) if only if P, is bounded on Fp, s(C™).

LEMMA 3.3. Suppose 1 < p < o0 and pt = 2s. Then the linear operators
P, : LP(H,ws) — AL(H) and P, : LE(C") — AE(C™) have the same norm

1Py = [Pl = 2" y/2e(n = Di(n — 1).

Proof. From the proof of Lemma|2.9|combined with an appropriate choice
of \, the constants in (2.6) and (2.9) both reduce to 2"~*/2e(n — 1)!{(n — 1).
Therefore, by Lemma [2.11
1Py < 27~1y/2e(n — Di(n — 1)

as long as 1 < p < oo. The case p = 1 follows from Fubini’s theorem and
Lemma [2:9] Conversely, from the inequality

1P fo.otlp.s
[ fo.etllp,s
where x is a large enough positive constant, we deduce by Lemma [2.3] that

Pyl > 2"t /2e(n — 1)!(n — 1).

< | Plp

By the estimates
1P foetlp,s

<|Pellp < 1Pellps
| fo,zt

p?s
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arising from the isometry U, we also have
1B, =2"""2e(n—1)!(n—1). w

Proof of Theorem A. Suppose p = 1. That (a) implies (b) and (b) implies
(c) is obvious. That (c) implies (d) follows from Lemma and that (d)
implies (a) can be seen from Fubini’s theorem and Lemmal[2.9] Now consider
1 < p < o0. That (a) implies (b) and (b) implies (c) is still obvious. That (c)
implies (d) follows from Lemma and that (d) implies (a) follows from
Lemma [2.12] To complete the proof we appeal to Lemma =

Proof of Theorem B. This follows from Theorem A and Lemmas
and
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