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Analytic solutions of a second-order iterative
functional differential equation near resonance

by HoOuYu ZHAO and JIANGUO SI (Jinan)

Abstract. We study existence of analytic solutions of a second-order iterative func-
tional differential equation

=33 Cii(2)EY(2) + G(2)

j=0t=1
in the complex field C. By constructing an invertible analytic solution y(z) of an auxiliary
equation of the form

k

oy (az)y () = oy (az)y" (2) [ZZa,j(y@))(y(a%))t +G(y(2)]

Jj=

invertible analytic solutions of the form y(ay~'(z)) for the original equatlon are obtained.
Besides the hyperbolic case 0 < |a| < 1, we focus on « on the unit circle %, i.e., |a| = 1.
We discuss not only those « at resonance, i.e. at a root of unity, but also near resonance
under the Brjuno condition.

1. Introduction. Delay differential equations or more generally func-
tional differential equations have been studied rather extensively in the past
forty years and are used as models to describe many physical and biological
systems. For example, delay differential equations of the form

(1.1) a’(2) = f(z,2(2),2(2 — 11(2)), .., 2(2 — w(2)))

have been extensively studied in [6], [1]. However, equations where the de-
lay functions 7j(z) (j = 0,1,...,k) depend not only on the argument of the
unknown function but also on the state, 7j(z) = 7;(2, 2(2)), have been inves-
tigated not so much. In 1965, Petahov [9] studied the existence of solutions
of the second-order equation

7"(2) = ax(z(2)).
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For the study of analytic solutions to this class of second-order equations,
we refer to [10]-[14].

In this paper, we will discuss the existence of invertible analytic solutions
to a functional differential equation of the form

o0

(1.2) = ZCM (@(2)" + G(2)

]: 0t=1

in the complex field, where zU!(z) denotes the jth iterate of z(z). The above
equation is a special case of (1.1), with

Fzn,yr) = tho z+Zth] (2)yj + G(z)

=1 t=1

and 7;(z) = z — 2V~ 1(2). A distinctive feature of (1.2) is to include the sum
of infinitely many terms in contrast to the previously considered equations
[10]-[14].

Throughout this paper, we will assume that

(H) the functions Cy;(2) (t € N, j = 0,1,...,k) and G(z) are all an-
alytic in |z| < o (o > 0), and for each j = 0,1,...,k, the series
221 Cti(21)24 converges for every pair (21, 22) of nonzero complex
numbers with |z1| < o.

We need the convergence of the series in (H) so that (1.2) is meaningful.

As in our previous works [10]-[14], by means of z(2) = y(ay~'(2)), some-
times called the Schréder transformation, we reduce (1.2) to the auxiliary
equation

(1.3)  o®y"(a2)y'(2)

By constructing a convergent power series solution y(z) of (1.3), invertible
analytic solutions of the form y(ay~!(z)) for (1.2) are obtained. As we have
discussed in [10]-[14], the existence of analytic solutions for such equations
is closely related to the location of « in the complex plane. In this paper,
we will replace the Diophantine condition by a weaker condition, the Brjuno
condition, in the case where « is on the unit circle and is not a root of unity.
More precisely, we distinguish three different cases for a:

(Cl) 0<|al <1
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(C2) a=e*? 9 cR\Q and 6 is a Brjuno number ([2], [8]):

B(Q)ZZ%<OO’

n=0 n

where {p,/q,} denotes the sequence of partial fractions of the
continued fraction expansion of 6;

(C3) a = e*™4/P for some integer p € N with p > 2 and ¢ € Z\ {0}, and
a# eV forall 1 <v<p—1and€cZ)\ {0}

We observe that « is inside the unit circle S! in case (C1) but on St in the
remaining cases. More difficulties are encountered for o on S' because of the
small divisor " — 1 in (2.5). Under the Diophantine condition: “a@ = >
where § € R\ Q and there exist constants ¢ > 0 and § > 0 such that
la® — 1| > ¢"'n=% for all n > 1,” the number a € S' is “far” from all roots
of unity and was considered in different settings [10]-[14]. Since then, we
have been striving to give a result of analytic solutions for those a “near”
a root of the unity, i.e., neither being roots of the unity nor satisfying the
Diophantine condition. The Brjuno condition in (C2) provides such a chance
for us. Moreover, we also discuss the so-called resonance case, i.e. (C3).

REMARK 1.1. Let f be a germ of a holomorphic diffeomorphism of
(C,O). One of the main questions in the study of local holomorphic dynam-
ics is whether there exists a local holomorphic change of coordinates such
that f is conjugate to its linear part. The answer depends on the eigenvalue
of the linearized f at its fixed point O. The three cases mentioned above
correspond to the hyperbolic, parabolic and elliptic cases of holomorphic dy-
namics. For more information on this and other aspects of local dynamics,
see the monographs by Lennart Carleson and Theodore W. Gamelin [3] and
S. Marmi [7]. In particular, S. Marmi [7] gives a discussion of the parabolic
and the elliptic case which is very close to the one given here.

2. The auxiliary equation in cases (C1) and (C2). In this sec-
tion, we discuss locally invertible analytic solutions of (1.3) with the initial
condition

(2.1) y(0)=0, ' (0)=7#0, ~yeC.

In order to study the existence of analytic solutions of (1.3) under the
Brjuno condition, we first briefly recall the definition of Brjuno numbers and
some basic facts. For a real number 6, we let [0] denote its integer part and
{6} = 0 — [0] its fractional part. Every irrational 6 has a unique expression
as a Gauss continued fraction

0 =do+ 0= do +

pRY =
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denoted simply by 8 = [do, d1, ..., dp,...], where d;’s and 6;’s are calculated
by the algorithm: (a) dy =[], 8y = {0}, and (b) d,, = [ﬁ], 0 97}71}
for all n > 1. Define the sequences (pn)nen and (¢n)nen as follows:

q—2 = 17 q-1 = 07 qn = ann—l + Gn—2,

p—2 =0, p-1=1, Pn = dpPn—1+ Ppn—2.
It is easy to show that p,/q, = [do,d1,...,dy]. For every 6§ € R\ Q the
series ). <q loggi:fl converges and defines an arithmetical function B(6).
We say that 6 is a Brjuno number or that it satisfies the Brjuno condition if
B(0) < co. The Brjuno condition is weaker than the Diophantine condition.
For example, if dy 1 < ce for all n > 0, where ¢ > 0 is a constant, then
0 = [do,d1,...,dn,...]is a Brjuno number but is not a Diophantine number.
So, case (C2) contains both a Diophantine condition and a condition which
expresses that « is near resonance.

Let # € R\ Q and (gn)nen be the sequence of partial denominators of

the Gauss continued fraction for 6. As in [4], let

Ap={n=0][n8] <1/Ba)}, Ej=max(qk, qr+1/4); M = a/Ek.
Let A} be the set of integers j > 0 such that either j € Ay or for some j;
and jo in Ay with jo — j1 < Fj, one has j; < j < jo and g divides j — ji.
For any integer n > 0, define

n 1
o) = w14 00) 2 =2, () 1),
dk qk
where m,, = max{j | 0 < j < n,j € A;}. We then define a function
hi : N — R, as follows:
Mp+NEn ; *
N
lp(n) if mp +qr ¢ Aj.
Let gi(n) := max(hg(n),[n/qx]), and define k(n) by the condition gj(,) <
n < Qi(n)+1- Clearly, k(n) is non-decreasing. The following result is known.

LEMMA 2.1 (Davie’s lemma [5]). Let

k(n)
K(n) =nlog2+ Z gr(n) log(2qs+1)-

k=0

Then
(a) there is a universal constant p > 0 (independent of n and 6) such
that k()
1

n) < n(Z gt )
(b) K(n1) + K(n K(ny + n2) for all ny and na,

2) <
(c) —logla™ —1| < K(n) — K(n —1).
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Now, we consider the existence of analytic solutions of equation (1.3) in
case (C1) or (C2) holds.

THEOREM 2.1. If (C1) or (C2) holds, then equation (1.3) has an ana-
lytic solution of the form

(2.2) y(z) = a1z +a2® + - a2 +---, a1 =1,
in a neighborhood of the origin.
Proof. Let

x
n
= E bn2",  Cyj(z E Ctjn?"s
n=0

fort € Nand j = 0,1,...,k. To find a power series solution of the form
(2.2), we rewrite (1.3) as

a?y"(az)y'(z) — ay/(a2)y" ()
(v'(2))”

> Cy()(e?2) + Gy ()]

] =

= y/(3)|

j=0 t=1
or
y c- :
(e ) 53 D@ + G
y j=0 t=1
Since y/(z) = 0, (1.3) reduces to the integro-differential equation
(23)  ¥(a )

o0

)1+ S (izcm (a9 + Gly(o))) s
=0

7=0 t=1
By substituting the expansion of G(z), C; j(z) and (2.2) into (2.3), we get

[e.e]

Z (n+ Dap o™ 2"

n=0
o n
Z (n+ 1Daps12" + Z [Z (u+ 1)au+1an_u+1b0] s

= n=0 wu=0

w+ 1 n—u .
+ Z [Z n—uL2 Ayt 1 2(14- 1)ait1
i=0
t
X Z Z 14,0 H aﬂ’"alm] 22
m=1

lm)EA; i—u+1
1<t<n—i—u+1
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© . n n—u s

u+1 .
+ Z Z — Q1 Z(Z + a1 Z bs alm} 22
L n—u-+2 ;
n=0 u=0 1=0 (lm)eA;7i7u+1 m=1
1<s<n—i—u+1
o0 r n u + 1 n—un—u—1
+Z Z T u+3 u+1zz (i +1Dait
n=0 -u=0 =0 h=0
k t T
Y Mera. X ap [
Jj=0 (lm)G(A)Z_i_h_uH m=1 (Im)EAT m=1
1<t<n—i—h—u+1 1<7<h+1

where A% := {(n1,...,n) € N* : ny 4+ --- + ny = n}. Equating coefficients,
we obtain

2
atbg
2.4 = - 170
(2.4) M =ama,  ar =g T
1 n—1 n—2 uw+1
(2.5)  ap+1 = (n+ 1) (a1 — ) [Z(U + 1)ays1an—ubo + Z _ uaqul
u=0 u=0
n—u—2 t '
TSI M SRR |
)E‘A'tn i—u—1 m=1
1§t<n i—u—1
n—2 w41 n—u—2 s
+ Z — Qy+1 Z (2 + 1)a,~+1 Z bs H ag,,
u=0 =0 (lm)eAn w1 m=1

1<s<n—i1—u—1

n—u—3n—u—i—3

Zu+1au+1 Z Z (1 + 1Dajt1

u=0
k T
S H w5 age | nz2
J=0 (ln)eAL ., 4 s (Im)E€A} 4 m=1
1<t<n—i—h—u—2 1<7<h+1

We can choose a; =y # 0, and the sequence {a,}72, is successively deter-
mined by (2.4) and (2.5) in a unique manner.

In what follows we prove the convergence of the series (2.2) in a neigh-

borhood of the origin. By (H), for any given r € (0, min{|z1|,|22|}), there
exists a positive number M such that

M

A+ Ryt vteN,ne NU{0},j=0,1,...,k.

M
|bn| < e |ctjn] <
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By (2.5), we have

M n—1 n—2 n—u—2
(2.6) |aps1] < ot —a [Z |ayt1] |an—u| + 22 |Gt 1] Z iy
u=0 u=0 =0

1 s

DS | N
(lm)e'An i—u—1 m=1
1<s<n—i—u—1

n—u—3n—u—i—3

+Z\au+1! Z Z @it Z H\alm

(lm)e'An i—h—u—2
1<t<n—i—h—u—2

,
DR | P
m=1

(lm)EAL, |
1<r7<h+1

First of all, in case (C1), we have

1
a"tl — o

1

lim —
" o

n—oo

Thus, there exists a positive number L such that

1

antl — o < L.

In order to construct a governing series of (2.2), we consider the following
implicit function equation for H(z):

) =i+ ()

where L = L if (C1) holds and L = 1 as (C2) holds. Define

2
~ ~ w
2.7 e iy, L, M,r) = — LM
2) (o L M) = bl =+ a2 )
for (z,w) in a neighborhood of (0,0). Then the function H(z) satisfies
(2.8) O(z, H(z);7v, L, M,7) = 0.

Since Q(0,0;V,E,M,r) =0 and 9;(0,0;7,E,M, r) = —1 # 0, by the im-
plicit function theorem there exists a unique function &(z), analytic in a
neighborhood of zero, such that

©.(0,0;7, L, M, 1)
OL,(0,0;7, L, M. r)
and O(z,9(z);v, L, M,r) = 0. According to (2.8), we have H(z) = &(z).

P(0) =0, &(0)=—

= |l
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Let H(z) =Y o2, Cp2" be the power series expansion of H(z). Substituting
the series in (2.8) we have

o o0 n
S s e+ LM{Z (3 CuraCrma )22
n=0 n=0 wu=0

S

SO DIO BN S SRS | A R

(lm)eAn i—u+1
1<s<n—i—u-+1

n—un—u—i t
+z(zcu+lz Scan Y [l
n=0 =0 h=0 (1 )eAil i—h—udgl m=1

1<t<n—i—h—u+1

1 T
§ : n+4
X ptt+T H Clm> o :| ’
(lm)€Ah+1 m=1
1<r<h+1

Equating coefficients, we obtain Cy = || and

(2.9) Cpt
n—u—2 d
= LM[ZCu-i-lCn uwt 2z:cu-i-l Z Cit1 Z lS H
u=0 u=0 i=0 (Im)EA, ;1 m=1

1<s<n—i—u—1
n—u—3n—u—i—3

4—25:(7u+1 j{: ji: Cit ji: II C,,

(lm)e‘An i—h—u—2
1<t<n—i—h—u—2

D D | (A

(Im)€A], m=1
1<7<h+1

In the case of (C1), from (2.6) we have, for n > 2,

n—1

il < 23| 3 o o
u=0
n—2 n—u—2 1 s
+22 lawnl 2 ol 3o 5 ] el
u=0 =0 ( )EAfL t—u—1 m=1

1<s<n—i—u—1
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n—u—3n—u—i—3

+z\au+1rz SRTHIEDS ﬁlalm\

(lm)eAn i—h—u—2
1<t<n—i—h—u—2

1 T
< > ‘“lm|]-
(Im)eA}, m=1
1<7<h+1
Then by immediate induction we obtain |a,| < C), for all n. This implies
that (2.2) converges in a neighborhood of the origin.
In the case of (C2), we will deduce that |a,| < CnheX™D for n > 1,
where K : N — R is defined in Lemma 2.1.
In fact, |a1| = |y| = Cy. For a proof by induction we assume that |agq, | <
queK(‘“*l), ¢q1 < n and from Lemma 2.1 we know

n—1

M
|lant1] < Jan —1] [Z |Gus1] |an—u|
u=0
n—2 n—u—2 1 S
+221au+1| Z @it Z o H |a,,|
u=0 1=0 (lm)eAn i—u—1 m=

1<s<n—1—u—1
n—u—3n—u—i—3

+Z\au+1! Z Z |@it1] Z H’alm

(lm)EAn i—h—u— 2
1<t<n—i—h—u—2

1 T
< % e o
(Im)€A} 4 m=1
1<7<h+1

K(n—u—1
_ 1| [Zcu—i-le Ch—ue ( )

u=0 =0 { )GAZ i1 m=

1<s<n—i—u—1

n—u—3n—

+ZCu+1€ ) Z Z Cz+1e
1=0
R S | Ly @ﬁqmewmn].
m=1

(lm)eAn i—h—u—2 m=1 (lm)EA‘;—L+1
1<t<n—i—h—u—2 1<r7<h+1
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Note that
Ku)+Kn—u—-1) < K(n—-1),
K+ )+ [K(h— 1)+t K (I, — 1)
<K@)+Ku)+Kn—i—u—s—1)
<Kn-s—1)<K(n-1)

and

K(i)—irK() [K(lh—1)+- -+ K- )]+ [K(lh—-1)4+--+K(l,—1)]
Ki)+Ku)+Kn—i—-h—u—-t—2)+KMh+1-71)

Kn—t—7—-1) < K(n-1).

Therefore

M - n—1
lant1| < m K1) [Z Cyut1Cn—y
=0

n—u—2 s

+2zcu+1 Z Cit1 Z ls H

(7”)6"41@ i—u—1
1<s<n—i—u—1

n—u—3n—u—i—3

+ZC’U+1 Z Z Cit
<Y o X lal

(lm)EAf’L—'L—h—u—2 m=1 (lm)EA;;+1 m=1
1<t<n—i—h—u—2 1<r<h+1

< Cn-l—l’an _ 1‘716K(n)+log|a"fl| < Cn_HeK(n)

as required. Since Y 2, Cpz" is convergent in a neighborhood of the origin,
there exists a constant A > 0 such that

C,<A", n>1.

Moreover, from Lemma 2.1, we know that K(n) < n(B(#) + p) for some
universal constant p > 0. Thus
|an| < CpeK=1) < pren=1BO)+r)

that is,
lim sup |an|1/” < limsup (A”e("_l)(B(9)+p))1/” = AeBO+p
n—oo B n—oo

This implies that the convergence radius of (2.2) is at least (AeP®)+r)~1 g
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3. The auxiliary equation in case (C3). This section is devoted to
case (C3). In this case neither the Diophantine condition nor the Brjuno
condition are satisfied.

We need to define a sequence {a,}22, by a; = || and
n—u—2
(31) EinJrl FM|:Z aqulan w+ 2 Z Qy+1 Z aerl

S

1 7 -~
x > s 11 %
(lm) €A, m=1

n—i—u—1

1<s<n—i—u—1
n—u—3n—u—i—3

+Zau+1 Zzg Z i1 Z Halm

(lm)EAn i—h—u— 2
1<t<n—i—h—u—2

T

<« ¥ anla ezt

(Im)EA}, 4 m=1
1<7<h+1
where
1 1 1
3.2 I:=max{1, , ,
(3:2) ““‘{ a1 a2~ 1] |ap1—1|}

p is given by (C3), and M is defined in Theorem 2.1.

THEOREM 3.1. Assume that (C3) holds. Let {a,} be determined by
=1, az = Vb /(2(a? — @)) and

(3.3) (@ —a)(n+ Dans1 =¥ (n,a), n=273,...,
where
n—1
U(n,a) = Z(u + 1ay+1an—ubo
u=0
u+1 n—u—2 t '
+ Z - Gut Z (i + Dai Z > ago [ era,
u= O 7=0 (lm)eAn PR m=1
1<t<n—i—u—1
n—2 w41 n—u—2 s
-+ Z — Ay+1 Z (Z + 1)ai+1 Z bs H ag,,
u=0 =0 (Im)EAs .1 m=1

1<s<n—i1—u—1
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n—3 n—u—3n—u—i—
u+1
+ E Qg1 g (i 4+ 1)aij+1
n—u .
u=0 =0 h=0
-
X E E H a]lmal g Ctjr H a,,, n>2.
'] 0 lm)eAn i—h—u—2 m=1 (lm)eAsz+1 m=1
1<t<n—i—h—u—2 1<7<h+1

If U(lp,a) =0 foralll e N={1,2,...}, then (1.3) has an analytic solution
of the form

2
y(z) =z + 2(0721?04) 2+ Z fp+12" + Z anz"
n=Ip+1,1EN n#£lp+1,1€N
in a neighborhood of the origin, where all ppi1's are arbitrary constants
satisfying the inequality |pps1| < apy1 and the sequence {an}o2, is defined
n (3.1). Otherwise, if ¥(lp,a) # 0 for some l =1,2,..., then (1.3) has no
analytic solutions in any neighborhood of the origin.

Proof. Analogously to the proof of Theorem 2.1, let (2.2) be the ex-
pansion of a formal solution y(z) of (1.3). We also have (2.5) or (3.3). If
Y (lp, ) # 0 for some natural number [, then (3.3) does not hold for n = Ip
since a!P*! — a = 0. In that case, (1.3) has no formal solutions.

If ¥(lp, ) = 0 for all natural numbers [, then there are infinitely many
choices of corresponding aj,11 in (2.5), and the formal solutions (2.2) form a
family of functions of infinitely many parameters. We can arbitrarily choose
Aip+1 = Mip+1 such that |ppi1| < @per, [ = 1,2,.... In what follows we
prove that the formal solution (2.2) converges in a neighborhood of the
origin. First of all, note that

la" =17t < T
It follows from (2.5) that

n—1 n—2 n—u—2

B4) Japial < 0| Clawisl lonal 423l 3
u=0 u=0 =0
1 S
DD |
( )GAfL i—u—1 m=1

1<s<n—i—u—1
n—u—3n—u—i—3

+Z|au+1| Z Z |ai+1] Z H la,, |

lm)EAn i—h—u—2
1<t<n—i—h—u—2

1 T
< 3 e
m=1

(Im)eAT
1<7<h+1
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for all n # Ip, I = 1,2,.... Further, we can prove that
(3.5) lan| < an, n=1,2,....
In fact, for a proof by induction we assume that |a;,| < @;, forall 1 < iy <n.
When n = Ip, we have |ap+1| = |ptint1| < @pt1. On the other hand, when
n # lp, from (3.4) we get

n—u—2

s
’an—i—l’ < FM[ZQU—HG% u T QZau—i—l Z az—‘rl Z i H Eilm
m=1

(Lm)eA?

n—i—u—1

1<s<n—i1—u—1
n—u—3n—u—i—3

t
+ Z Ayt1 Z Z a1+1 Z H alm

(lm)eAzL—i—h—u—Q m=1
1<t<n—i—h—u—2
1 T
< X e | =
(Im)EA] 4 m=1
1<r<h+1

implying (3.5). Set

(3.6) F(z2) =) an2"
n=1

It is easy to check that (3.6) satisfies
(3.7) O(z, F(2);v, I, M,r) =0,

where the function © is defined in (2.7). Moreover, similarly to the proof of
Theorem 2.1, we can prove that (3.7) has a unique analytic solution F'(z)
in a neighborhood of the origin such that F'(0) = 0 and F’(0) = |y| # 0.
Thus (3.6) converges in a neighborhood of the origin. By the convergence
of (3.6) and inequality (3.5), the series (2.2) converges in a neighborhood of
the origin. This completes the proof. m

4. Analytic solutions of equation (1.2). In this section, we give
a theorem on existence of analytic solutions for equation (1.2).

THEOREM 4.1. Suppose that the conditions of either Theorem 2.1 or
Theorem 3.1 are satisfied. Then equation (1.2) has an invertible analytic

solution of the form
z(2) = ylay™'(2))

in a neighborhood of the origin, where y(z) is an analytic solution of (1.3)
satisfying the initial conditions (2.1).

Proof. In view of Theorems 2.1 and 3.1, we can find an analytic solution
y(z) of the auxiliary equation (1.3) in the form (2.2) such that y(0) = 0
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and y'(0) = v # 0. Clearly the inverse y~!(2) exists and is analytic in a
neighborhood of y(0) = 0. Define

(4.1) z(2) = y(ay™' (2)).

Then x(z) is analytic and invertible in a neighborhood of the origin. From
(4.1) and (1.3), it is easy to see

2(0) = y(ay~'(0)) = y(0) =0,
/ —1 /
(0) = /(o O) (1 (0) = 2 (g (0) _ av(0) _

and

&\
IS
N
~—
I
N
tﬁ\
—~
Q
<
—
—~
N
~—
S~—
td\
—
<
—
—~
I
S~—
S~—
<
—
Q
<
—
—~
N
~—
S~—
<
—~
< |
—
—~
~—
~—

that is, the function z(z) defined in (4.1) satisfies equation (1.2). =

The following two examples show how to construct an analytic solution
of (1.2) for a concrete equation.

ExaMPLE 4.1. Consider the equation

(4.2) ZZCM )+ G(z), VzeC,
7=0 t=1
where
C’tl(z):;.:z J z" teN,j=0,1,2
»J 3t*1(3—z) —~ 3t+n ) ’ y Ly 4y
and

1, &2
=53 =2 o
n=0

Clearly the functions Cy;(z) (t € N, j =0,1,2) and G(z) are analytic for
|z| < 3, and for each j = 0,1, 2, the series

ZCIZJ 2’1 é Z 5_3ij21' z9

—2:1 3—22
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converges for a pair of nonzero complex z1,zo with |21] < 3 and |z3| < 3.
Take o = 1/2. By Theorem 2.1, the auxiliary equation

(4.3) y'G z>

:y’(z)[l+2§y/ <Zzgt rp—e )( (2_js))t+;ey(s)> ds]

§=0 t=1
has a solution of the form (2.2) where a; = v # 0 is given arbitrarily and
az,as, ... are determined by (2.4) and (2.5) recursively, i.e. az = —2, and

1 1 I
(4.4)  apy1 = (2 (n+1) <2n - 1>> [2 uzo(u + 1)ayt10n—u
2 2
u+1 — 1
+Zn_uau+1 Z l+1 al+122j(n i—u—1)
u=0 i=0 7=0
.t
J
<> gl
(m)E‘An i—u—1 m=1
1<t<n—i—u—1
n—2 w41 n—u—2 1 s
+> o, Gutl Z (i + ait > o I .
u=0 =0 (Im)eAs _. .4 m=1

1<s<n—i—u—1

n—3 w41 n—u—3n—u—i—3 2 1
e 2 D i+ Dan) ey
u=0 =0 h=0 7=0

T

t .
< Y Mo X Ila) 2
m=1

(lm)eAn i—h—u—2 (lm)eA;—H-l m=1
1<t<n—i—h—u—2 1<7<h+1

In particular, from (4.4) we have
() _ %
3! 27 '
Since y(0) = 0,7'(0) = v # 0, and the inverse y~!(z) is analytic near the
origin, we can calculate

az =

gy 1 _1
(y ) (0) ( (0)) y/(o - ,Y’

ey - YOO 'O (©) 2
R ) o ) ER
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(=1Y"(0) _ ) (0))? + " (v 0) (D) (01 (v~ 1(0)))?

(- 1(0))"
L YO (Y 0) 2/ (7 (0)y (™ (O) (6™ (0)
()"
WO ) )W)~y O 2/ (0)y(0) !
- W)
56
-
Furthermore, we get
20 = 5570)) =0 =0
20 = (3710 - 3670 = 3060 - 4,
20) = 30" (5570 )i YOP + 5 (5570 60 = 5
210) = 53" (5570 )l YO + 50 (5570 ) YOO
1 (5570) o YO0+ 5 (557060
= YOI OF + 5y OO Y0) + 5y 0™ 0)
)
.

x(z) = §z—|—12 —|—%z3+
ExAMPLE 4.2. Consider the equation
(4.5) 2"(z) = z2(2) —az?, VzeC,

where k > 2 is an integer and « is a primitive root of unity of order k — 1.
We can get the auxiliary equation

z

(1) (02 =) 1+ L YOk - ar(s)ds)

0

If we substitute y(z) = > -7, apz" in (4.6), where a; = a, we obtain
as = az =0 and

(4.7) (@ —a)(n+ a1 = F(n,a), n=234,...,
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where

U(n,«q)

n—3n—u—3n—i—u—2

u+1
—Z Z Z p— (i +1)(a” — @)ar@it1Gu+1an—u—i—h-1, n > 3.

u=0 =0 =

It is easy to ﬁnd
U(n,a) =0, n=3,4,....

Obviously, for all [ = 1,2,..., we have ¥(l(k — 1),a) = 0 and ag = a3 =
- = 0. This implies that (4.6) has an analytic solution

y(z) = az.
Thus, (4.5) has an analytic solution

2(2) = yloy ™ (2)) = y(a@ )) — y(2) = .

Notice in the first example that if the functions G(z) = Y 7, bp2" and
Crj(z) = D02 perjmz" for t € N, j =0,1,...,k, are all given near 0 by
convergent series with real coefficients then by Theorem 4.1 equation (1.2)
has an invertible analytic real solution. Clearly by (2.4) and (2.5) we can
define a real sequence {a,}°°; and obtain a solution y(z) of the form (2.2)
with real coefficients. The restriction of the function y(z) to the reals is
real-valued. Hence the function x(z) = y(ay~!(z)) is also a real function,
and Theorem 4.1 implies that it is analytic and invertible.
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