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New results on global exponential stability of almost
periodic solutions for a delayed Nicholson blowflies model

by BINGWEN Liu (Changde)

Abstract. This paper is concerned with a class of Nicholson’s blowflies models with
multiple time-varying delays, which is defined on the nonnegative function space. Under
appropriate conditions, we establish some criteria to ensure that all solutions of this model
converge globally exponentially to a positive almost periodic solution. Moreover, we give
an example with numerical simulations to illustrate our main results.

1. Introduction. In a classic study of population dynamics, Nichol-
son [N] and Gurney et al. [GBN] proposed the following delay differential
equation model:

(1.1) 2/ (t) = —0z(t) + Px(t — 7)e” (=7,

where z(t) is the size of the population at time ¢, P is the maximum per
capita daily egg production, 1/a is the size at which the population repro-
duces at its maximum rate, § is the per capita daily adult death rate, and
T is the generation time.

In population dynamics of the real world, the selective forces on systems
in fluctuating environment and stable environment are distinct. Therefore,
the variation of the environment has great impact on the evolutionary the-
ory. This impact has attracted the attention of many researchers and vari-
ous achievements have been obtained; some of them are presented in [K| [Y].
Furthermore, much research has been done on the problem of existence of
positive periodic solutions for Nicholson’s blowflies equation. In particular,
Liu [L1], Saker et al. [S1], Li et al. [LD], Wang [W1], Chen et al. [CW], Hou
[HDH] and Chen [C] obtained the existence of positive periodic solutions of
Nicholson’s blowflies model (1.1) and of analogous equations.

On the other hand, as pointed out by Fink [F] and He [H], compared
with periodic effects, almost periodic effects are more frequent in many bi-
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ological and ecological dynamical systems. Recently, Alzabut [A], Chen et
al. [CL], Wang et al. [WWC], Long [L2] and Wang [W2] established some
criteria for the solutions of this model and its generalizations to converge lo-
cally exponentially to a positive almost periodic solution. Unfortunately, all
the above mentioned existence and stability results have only been demon-
strated in a bounded region. Moreover, Chen et al. [CL] pointed out that the
unique exponential stable almost periodic solution of Nicholson’s blowflies
equation in Alzabut [A] may be zero, and it is difficult to establish criteria to
ensure the global exponential stability of positive almost periodic solutions
for (1.1).

Motivated by the above discussion, we consider the existence, uniqueness
and global exponential stability of positive almost periodic solutions for the
following Nicholson blowflies model with multiple time-varying delays:

(12 20 = () + 3 By (O)alt - ry)e OO,
j=1

where a,8j,7; : R — (0,00) and 7; : R — [0,00) are almost periodic
functions, and 7 = 1,...,m. Here, the assumption of almost periodicity
of the coefficient functions and the delays in (1.2) is a way of incorporat-
ing the time-dependent variability of the environment, especially when the
various components of the environment are periodic with not necessarily
commensurate periods (e.g. seasonal effects of weather, food supplies, mat-
ing habits and harvesting). Obviously, (1.1) is a special case of (1.2) with
m = 1.

For convenience, we introduce some notation. Given a bounded contin-
uous function g defined on R, let

1.3 T = t ~ = inf g(t).
(1.3) g itel]gg(% g %éle()

It will be assumed that

(1.4) rzlrgr;agan, a,B; >0, 77 2>21, j=1,...,m

Throughout, let Ry denote the nonnegative reals, C' = C([—r,0],R) be
the continuous function space equipped with the usual supremum norm || -||,
and let Cy = C([—r,0],R). If z(¢) is continuous and defined on [—r+1tg, o)
with tp,0 € R, then we define z; € C by z4(0) = z(t + 0) for all 8 € [—r,0].

It is biologically reasonable to assume that only positive solutions of
model (1.2) are meaningful and therefore admissible. Much can be learnt by
considering admissible initial conditions

(1.5) T, =, weCi and ¢(0)>0.
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Define a continuous map f: R x Cy — R by setting
[t ) = —a(t)e(0) + i B(D)p(—;(t))e e 1),
j=1
In view of the inequality

1= (s+0(t — 5))
es+0(t—s)

|se™® —tet| = ’ |s — ¢

< |s—t| where s,t €[0,00),0<6<1,

we have

moa N+
I560) = el < [a"+ 30 (2) [ =l for a v, €
j=1

J

Thus f is a locally Lipschitz map with respect to ¢ € Cy, which ensures
the existence and uniqueness of the solution of (1.2) with admissible initial
conditions (1.5).

We denote by x(tg, ¢) (z(t;to, ¢)) an admissible solution of admissible
initial value problem (1.2), (1.5). Also, let [tg,n(¢)) be the maximal right
interval of existence of z(to, ).

DEFINITION 1.1 (see [E) [H]). A continuous function u : R — R is said
to be almost periodic on R if, for any € > 0, the set T'(u,e) = {6 : |u(t+9) —
u(t)| < e for all t € R} is relatively dense, i.e., for any € > 0, it is possible
to find a real number [ = I(¢) > 0 with the property that, for any interval
of length [(€), there exists a number § = d(€) in this interval such that
lu(t+9d) —u(t)| < eforall t € R.

From the theory of almost periodic functions in [F, HJ, it follows that for
any € > 0, it is possible to find a real number [ = [(¢) > 0 such that for any
interval of length [(e€), there exists a number § = J(¢) in this interval such
that

{|a(t+5)—a(t)| <€ Bt +6) = Bi(t)| <e,
(1.6)
7j(t +0) =7 (O)] <& [yt +0) —v(t)] <e,
forallte Rand j=1,...,m.

Since the function (1 — x)/e” is decreasing on [0, 1], it follows easily that

there exists a unique k € (0, 1) such that

11—« 1
(].7) e"f - ?
Obviously,
1—=z 1
1.8 = =
(1.8) Sup |~ =
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Moreover, since ze~” increases on [0, 1] and decreases on [1,00), let k be the
unique number in (1, 00) such that

(1.9) ke " =rke ".
2. Preliminary results. In this section, some lemmas will be pre-
sented, which are of importance in proving our main results in Section 3.

LEMMA 2.1. Suppose that there exists a positive constant M > k such
that

I CC R k) EU I (CRD v R B

+
max < rk/M.
1<J<m’7 /

Then, for p € CO = {p € C: p(0) € (k, M) for all 6 € [-r,0]},
n(e) =00, a(to,p) € CO  fort > t.
Proof. Let z(t) = z(t;to, ), where ¢ € CV. We first claim that
(2.2) xz(t) < M for all t € [to,n(p)).
Suppose, for contradiction, that there exists t; € (to,7(p)) such that
(2.3) x(t1) =M, x(t)<M foralltéel[to—rt1).

Calculating the derivative of z(t), and using the fact that sup,cp ze ™ = 1/e,
(1.2), (2.1) and (2.3), we find that

0§$/(t1)
_ ~ Bi(t) Ve (et — (1))
= a(tl)M+Z ———vi(t)x(ts — 7(t1))e™ v 7
j=1 Vj(tl)
1 o= B(t1)
< —a(t)M + 2 0,
< —a(ty) +e;%~(t1) <

which is a contradiction and implies that (2.2) holds.
We next show that

(2.4) z(t) >k for all ¢t € [to,n(p)).

Assume otherwise. Then there exists to € (to,7(p)) such that
(2.5) z(t2) =k and xz(t) >k forallt e [to—r,t2).
Then r < 7;j(t2)x(ta — 7j(t2)) < v(t2)M < K and hence

vi(ta)x(ty — 7j(t2))e 20 =T(2) > min{ke ™ Fe "} = ke ",
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for all j =1,...,m. It follows from (2.1) and (2.5) that

0> H?l(tg) _ —a(tg):‘Q + Z 6]( 2>’yj(t2).’13(t2 . Tj(tQ))ef’yj(tz)x(tgf‘rj(tz))
= ilt2)
o Bilte) . { - Bilt) - }
> —alte)k + ke > kinfl —a(t) + e >0,
R P EARCAP PPy
which is a contradiction and implies that (2.4) holds. This implies that

x(t) is bounded on [tg,n(¢)). From [HVL, Theorem 2.3.1], we easily obtain
n(p) = co. This ends the proof of Lemma 2.1.

LEMMA 2.2. Suppose (2.1) holds, and
- 1
(2.6) sup{—a(t) +)° ﬁj(t)Q} <0.
teR = €

Moreover, assume that x(t) = z(t; tg, @) is a solution of equation (1.2) with
initial condition ¢ € CY, and ¢’ is bounded continuous on [—r,0]. Then for
any € > 0, there exists | = l(€) > 0 such that every interval [, a+1] contains
at least one number § for which there exists N > 0 satisfying

(2.7) |z(t+06) —x(t)| <e forallt> N.

Proof. Define a continuous function I'(u) by setting

I'u) = sup{—[a(t) —u] + Zﬁj(t)elzew}, u € [0,1].
j=1

teR

Then

teR

S 1
'(0) = sup {—a(t) + Z; 5j(t)62} <0,
]:
which implies that there exist n > 0 and A € (0, 1] such that

(2.8) I'(\) = sup{—[a(t) - A+ Z,Bj(t)elze)”} < —n <0.
j=1

teR
For t € (—oo,tg — r], we define z(t) = x(tg — r). Set
(2.9)  €(6,t) = —la(t+0) — a(t)]x(t +6)

+ 3 [Bi(t +6) = Bi(®)]a(t + 6 — 7(t + §))eFIHHITTI ()
j=1

+ 3 B0 [a(t + 6 — 7t + §))e AT (+0)
j=1

—a(t —7j(t) + 5)e—w(t+5)w(t—fj(t)+5)]



196 B. W. Liu

+ Zﬁj t— 7_]( ) + 6)677j(t+5)m(t77—j(t)+5)

—x(t — 7;(t) + 5)6’”“”07”(’&)*6)], t e R.
By Lemma 2.1, the solution z(t) is bounded and
k<z(t)<M forallteR,

which implies that the right side of (1.2) is also bounded, and z'(t) is a
bounded function on [to—r, 00). Thus, in view of the fact that x(t) = z(to—r)
for t € (—o0,ty — r|, we see that x(t) is uniformly continuous on R. From
(1.6) and (2.9), for any e > 0, there exists [ = I(e) > 0 such that every
interval [, + 1], @ € R, contains a § for which

(2.10) e(0,t)| < 3me  for all t € R.
Let Ny > max{tg,to — d}. For t € R, denote
u(t) = x(t+6) — x(t).
Then, for all t > Ny, we get

du(t)

(2.11) == = —a(t)[e(t +6) — a(t)

+ Z B;(t) [zt — () + §)e M2 (t=5()+9)

—z(t — Tj(t))e—w(t)x(t—w(t))] + €(8,1).
From (2.11) and the inequality
'1—(s+9(t—s))

(2.12) |se™* —te”!| = |s — ¢

o5 +0(i—s)
< e—l2|8 —t|  where s,t € [k,00), 0 <0 <1,
we obtain
(213) D™ (efu(s))]s=
< AMu(t)] + e { —a()]a(t + 6) - 2 (1)

m

+ ‘Z B;() [zt — 75(t) + §)e M2 (t=7;(1)+9)

j=1
—a(t — 7i(t)e OO 4 ¢(51) ’}

S)\e)‘t|u(t)\+e)‘t{ t)|u(t y+Zﬁj 2]ut—7j())]+]6((5,t)\}
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= —[a(t) = AeMfu(t)] + *[e(8, 1)
i 1, .
+ Zﬁj(t)?e’\”(t)e)‘(t i) |u(t —75(t))]  for all £ > Np.

Let
(2.14) Ut)= sup {e|u(s)|}.

to—r<s<t

It is obvious that eM|u(t)| < U(t), and U(t) is nondecreasing.
Now, we distinguish two cases to finish the proof.

CASE 1. Suppose

(2.15) U(t) > eMlu(t)| for all t > Np.
We claim that
(2.16) U(t) = U(Np) is a constant for all ¢ > Ny.

Assume, for contradiction, that (2.16) does not hold. Then there exists
t1 > Np such that U(t1) > U(Np). Since

eMu(t)) < U(Ny)  for all t < Np.
There must exist § € (Np, ;) such that
elu(B)| = Uh) = U(B),

which contradicts (2.15). This contradiction implies that (2.16) holds. It
follows that there exists t5 > Ny such that

(2.17) lu(t)] < e MU(t) = e MU(Ny) < e for all t > to.

CASE 2. Suppose there is a tf > Ny such that U(t}) = eMo|u(t5)|. Then,
in view of (2.8) and (2.13), we get

0 < D™ (e™u(s)|)|s=tz
< —la(ty) — NeMo|u(ts))|

n % 1 T (t* L * * * *
D7 Bi(t5) WA T ED ults — 75(th)| + MO e(5, £5)

=1

< { +Zﬁj to } (t5) + ;nee

< —nU(t5) + neet
which yields
(2.18) Moju(ty)| = U(ty) < e and  |u(th)| < e
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For any t > t§, with the same approach as in deriving (2.18), we can
show that

(2.19) Mu(t)) < e and |u(t)] <,

if U(t) = eM|u(t)|.
On the other hand, if U(t) > e*|u(t)| and ¢ > ¢}, then we can choose
ty <tz <t such that

Ults) = e3|u(ts)] and U(s) > e |u(s)| for all s € (t3,1],
which, together with (2.19), yields
lu(ts)] < e.
With a similar argument to that in Case 1, we can show that
U(s) = U(ts) is a constant for all s € (t3,1],
which implies that
lu(t)] < e MU () = e MU(t3) = |u(ts)|e  8) < e

In summary, there must exist N > max{tj, No, t2} such that |u(t)] < e
for all ¢ > N. The proof of Lemma 2.2 is now complete.

3. Main results. In this section, we establish sufficient conditions for
the existence and exponential stability of positive almost periodic solutions
of (1.2).

THEOREM 3.1. Under the assumptions of Lemma 2.2, equation (1.2) has

a positive almost periodic solution.

Proof. Let v(t) = v(t; to, ) be a solution of (1.2) with initial conditions
satisfying the assumptions in Lemma 2.2. We also add the definition v(t) =
v(tg —r) for all t € (—oo,tg — 7). Set

(3.1)  elk,t) = —[a(t + tr) — a(t)]v(t + ty)

+ Y 185+ t) = Bi(0)]u(t + by — 7(t + ty,))e TR (H0)
j=1

+ Zﬂj(t) [0(t + ty — 7j(t + ty))e (tttp)v(t+te—T;(t+tr))
j=1

—v(t —Tj(t) + tk)e—w(t+tk)v(t—ﬁ-(t)+tk)]
+ 37 Bi(1) [t — 7(2) + t)e T O+8)
j=1

— ot — Tj(t) + ty,)e WOV OFI] Ly e R
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where {t;} is any sequence of real numbers. By Lemma 2.1, the solution
v(t) is bounded and

(3.2) k<uv(t)<M forallteR,

which implies that the right side of (1.2) is also bounded, and v'(t) is a
bounded function on [tg—r, 00). Thus, in view of the fact that v(t) = v(tg—r)
for t € (—oo, ty — r|, we find that v(t¢) is uniformly continuous on R. Then,
from the almost periodicity of a,7;,7; and §j, we can select a sequence
ti, — oo such that

la(t + tx) — a(t)| < 1/k, |75 (t + tr) — 75(8)] < 1/k,
(33) |8 (t + tr) — B;(£)] < 1/k, [ (¢ + te) — ;D) < 1/k,
le(k,t)| < 1/k, for all j, k, t.

Since {v(t + t)}32, is uniformly bounded and equicontinuous, by the
Arzela—Ascoli Lemma and diagonal selection principle, we can choose a
subsequence {tj,} such that v(t+t,) (for convenience, still denoted by
v(t + tx)) uniformly converges to a continuous function z*(¢) on any com-
pact subset of R, and

(3.4) k<az*(t) <M forallteR.

Now, we prove that z*(¢) is a solution of (1.2). In fact, for any ¢ > ¢y
and At € R, from (3.3), we have

(3.5) a*(t+ At) —2™(t) = kli_)rgo[v(t + At +tg) — vt + tg)]

t+ At
= lim | {G(M + te)v(p + tr)
t

k—00

+ DB+ tr)o(p + ty — 7i(n+ tk))e"”(““‘“)”(“”’“‘”(“*t’“”} dp
j=1

t+ At
= Jin § {-aGolue+ )

k—o0
t

+ 3 Byl + = e OO ()L
j=1
t+ At
= | {—a<u)w*(u)
t
t+At

I Z Bj(p)a* (1 — () e (N)x*(N—Tj(N))} dy + klim S e(k, p)dp
—00
J=1 t

t+ At

= {—a(u)w*(u) + > Bi(p)a* (= 7y (p) e T (“))} dp,
j=1

t
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where t + At > tg. Consequently, (3.5) implies that
d, . (2 (=
(36) {1} = )+ ZBJ *(t — 75 (t))e 1O (=T (D)

Therefore, 2*(t) is a solution of (1.2).

Secondly, we prove that z*(t) is an almost periodic solution of (1.2).
From Lemma 2.2, for any € > 0, there exists [ = () > 0 such that every
interval [, «+1] contains at least one number ¢ for which there exists N > 0
satisfying

(3.7) [v(t+0) —wv(t)|<e forallt> N.

Then, for any fixed s € R, we can find a sufficiently large positive integer
N7 > N such that for any k& > Ny,

(3.8) s+t >N, |u(s+tp+0)—v(s+tg)| <e.
Letting £k — oo, we obtain
(3.9) |z*(s +0) — x*(s)| < e,

which implies that z*(¢) is an almost periodic solution of (1.2). The proof
of Theorem 3.1 is now complete.

THEOREM 3.2. Suppose that all conditions in Theorem 3.1 are satisfied.
Let z*(t) be a positive almost periodic solution of (1.2). Then x*(t) is glob-
ally exponentially stable, i.e., the solution z(t;to, ) of (1.2) with admissible
initial conditions (1.5) converges exponentially to x*(t) as t — oco.

Proof. Since ¢ € Cy, by [S2, Theorem 5.2.1, p. 81], x¢(tg, p) € Cy for all
t € [to,n(¢)). Let x(t) = x(t;tg, ¢). In view of z(ty) = ¢(0) > 0, integrating
(1.2) from ¢y to t, we obtain

(3.10)  2(t) > e Vo M@ Py g

t m
+e SZO a(u) du S eStO a(v) dv Z Bj(s)x(s . Tj(S))eiw (s)z(s—T;(s)) ds

to
>0 for all t € [to,n(p)).
We next show that there exists ¢, € [to,n(¢)) such that

(3.11) k<xz(t) <M foralltelty,n(e)), nlp)=oc.
We first prove that there exists t4 € [to,n(¢)) such that

(3.12) 2(ty) < M.

Otherwise,

(3.13) z(t) > M for all t € [to,n(p)),
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which, together with (2.1), implies that

(314)  2/(t) = Z 51 s (8))e— 0T 0)
j= 1
= i
6
1

This implies that z(t) is bounded and decreasing on [tg,n(¢)). Again from
[HVL, Theorem 2.3.1], we easily obtain 7(¢) = co. Then (3.14) leads to

for all t € [to, n(¢)).

~+

(t) = a(to) + | 2/(s) ds

to
w(to)+sup{ lzmj () } t—to), Vit >to,

teR €= ;(t

and
tligloaz(t) -

which contradicts (3.10). Hence, (3.12) holds. We claim that
(3.15) x(t) < M forallt € [ts,n(p)), and n(p) = oco.
Suppose, for contradiction, that there exists t5 € (t4,7(¢)) such that
(3.16) z(ts) =M, x(t) <M forall t € [ty,ts).

Calculating the derivative of z(t), using (1.2), the fact that sup, g xe™*=1/e,
(2.1) and (3.16), we find that

5]

0<2'(ts) = —a(ts) M + Z v (ts)x(ts Tj(t5))e—%'(ts)w(ts—Tj(ts))

1m
< —a(ts) -
a5 +6;

which is a contradiction and implies that (3.15) holds.
Furthermore, we prove that there exists a positive constant ! such that

(3.17) htrgégfx(t) =1

)

%5 (

Otherwise, we assume that lim inf; , z(f) = 0. For each ¢t > ¢y, we define

m(t) = max{f &<t x(§) = t;ﬂgin a:(s)}

<s<t
Observe that m(t) — oo as t — oo and
(3.18) tlgrolo x(m(t)) = 0.

However, z(m(t)) = ming,<s<¢ z(s), and so z'(m(t)) <0 for all m(t) > to.
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According to (1.2), we have
0> o/(m(t) = — a(m(®))a(m(?))

N i B m(t))(m(t) — 73 (m())) e Oa(m)—rs(m(0),
and consequently )
(3.19)  a(m(t))z(m(t))

Bi(m(t))z(m(t) — m;(m(t))) e (mBelm®=r;(m(t))

NE

.

Il
A —

m(t))z (m(t) — Tj(m(t)))e—w(m(t))w(m( )= (m(1)))
where m(t) > to, j= 17 ...,m. This, together with (3.18), implies that
(3.20) tliglox(m(t) —7i(m(t)) =0, j=1,...,m

Since a(t) and B;(t) are continuous and bounded, we can select a sequence
{t,}5°; such that

tn
(3.21) le t, = 00, lim z(m(ty)) = 0, lim (m( ) —

n—00 n—00 a(m(tn)) J
forj=1,....,m
In view of (3.19), we get
m M) — i (m(tn)))e= ) 2(m(En) =73 (m(tn)))
Z 2(m(tn))
oy &) = 75 (m(t,)))e 0 m )
22 Bytmta) 2(t) — 75m{12)

(m(ty))e ™ Zmltn) =i (m(tn))

I
INgE
S

)

J
which leads to

o Bi(m(tn) o ta(mta) -y (m(ta)))
(3.22) 1> 7 @ (mitn "

]Z::l a(m(tn))
Letting n — oo in (3.20)—(3.22) implies that
(3.23) 1> lim Bi(m(tn)) | a(m(tn)=7;(m(tn)))

n—00 a(m(tn) n—00

= nl;rgoz M > lim mfz BJ

a(m(tn)) — im0



A delayed Nicholson blowflies model 203

From (2.1), we get

0 < inf {—a(t) £y 5j<t>e—~} < oy 3250
j=1 pt

teR 5 (t) 75(t)
< —a(t) + Zﬁj (t) forallteR,
j=1

and

10
1 f
< ;QR{Z a(t) |’
7=1
which contradicts (3.23). Hence, (3.17) holds.
To prove (3.11), it is sufficient to show [ > k. Assume that [ < k.

By the fluctuation lemma [SI, Lemma A.1], there exists a sequence
{tr}72, such that ¢, — oo and

(3'24) x(tk; to, 90) — la x/(tk; to, 90) = f(tka Tt,, (to, 90)) — 0,

as k — oo. Since {x, (to, p)}32; is bounded and equicontinuous, by the
Arzela—Ascoli theorem, for a subsequence, still denoted by {x, (to, ©)}32 4,
we have

Ty, (to, @) - QD* for some SD* € C([*T‘, O]’ (07 OO))
From (3.15), we get
(3.25) " (0)=1<¢"(s) <M forse[-r0].

By the boundedness of {7;(tx)}72,, there is a subsequence of {t;}72,
still denoted by {t;}32;, which converges to a point 77 € [7;", Tj+ |, for all
j=1,...,m. Similarly, we can also suppose that

lim a(ty) =a* € [a~,at],
k—o0

lim 8 = 7 € 87,811,

Jim v =97 €y, ] d=1m.
Hence,
(3.26) f(te,sze, (to, ) > A as k — oo,
with
m
(3.27) A=—a"g"(0) + > Bip"(—r)e 59 ),
j=1

According to (1.8), (1.9), (2.1) and the fact that
O<l§"€7 ZSV;SO*(_T]*)SVTMS%a j:1>"'7m’
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we obtain

=—a"l+ Z *’YJ )e %" (=)
> —a*l + Z i l[—a* + Z ’yiel]
>[|—a* —i-zj* > min —a ; t >0
Vi T tel0,1] t ’

which contradicts (3.24) and implies | > k.
Finally, we prove that x*(¢) is globally exponentially stable.
Set y(t) = z(t) — x*(t), where t € [tyg — r,00). Then

(3.28) ¢(t)= )+ Z Bi () [(t — 7;(t))e 1 De(E=7(®)

- m*(t —7j(t))e O =TI for all ¢ > tq.
We consider the Lyapunov functional

(3.29) V() = [y(t)]e

Calculating the upper left derivative of V' (¢) along the solution y(t) of (3.28),
we get

(3.30)  D™(V(1) < —a(t)ly(t)|e*

+ Z B;(t) ()™ (B)z(t—7;(¢))
— a(t — my(£))e O T My ()M
for all t > t3. We claim that
(3.31) V(1) = ly(t)|e* = |a(t) — a*(t)|e

< e)‘(ts"”)< max |z(t) —x*(t)| + 1) =K
teto—r,to+r]

for all t > t, + r. Indeed, otherwise there must exist ¢, > £, + r such that
(3.32) V(ta) =K, V()< K forallte][tg—rts).

Since z(t) > « and z*(t) > & for all ¢ > t,, combining (2.14), (3.30) and
(3.32), we obtain
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0 <D™ (V(t))

< —a(t)|y(t) e+ (k) [a(te — 7j(t))e 77T ()
j=1

. .’E*(t* . Tj(t*))ef’\/j(t*)w*(t*77']‘(15*))‘eAt* + )\|y(t*)\e)‘t*

= —[a(ty) — )x]]y(t*)|e)‘t* + Z 5;83 ’fyj(t*)x(t* — Tj(t*))e*“/j(t*)x(t**fj(t*))

— (t*):z:*(t* — 7 (t*))ef'yj(t*)x*(t*ij(t*)) ‘e/\t*

" 1 s .
< —fat) = Nly(t)leX + 37 8j(t) S5yt — 75(t)) | 7s0D A
j=1

IN

{—[CL(t*) — A+ Zﬁj(t*);e’\r}K.
j=1
Thus,

0 < —[a(ts) — A + Zﬁj(t*)(g%e”,
=1

which contradicts (2.8). Hence, (3.31) holds. It follows that |y(t)| < Ke™
for all t > t, + r. This completes the proof.

4. Example. In this section, we present an example to check the validity
of our results obtained in the previous sections.

ExAMPLE 4.1. Consider the following Nicholson blowflies model with a
nonlinear density-dependent mortality term:

100 3t i sin4
(4.1) 2'(t) = —0.4040326x(t) + ﬂx +_ 2651n4t)6—m(t—2e o)
100 + sin /7t
Obviously,
99 101
r=2e, a=0.4040326, f; = 01 5]+ =50 T =A = 1.

From (1.7)-(1.9), we obtain
Kk~ 0.7215355, kK ~ 1.342276.
Letting M = 1.203432, we get
aM = 0.4040326 x 1.203432 ~ 0.4862258,

+ 11
Bl _ 1011 3753113,
ne PNe
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Bl 99 99

—K

Tt = "R 101e—0-7215355 ~ 0.4763816,
T
1 101 1
JF
= -~ ~(.1380693
A e2 99 ¢2 ’

which implies that the Nicholson blowflies model (4.1) satisfies (2.1) and
(2.6). Hence, from Theorem 3.2, equation (4.1) has exactly one positive al-
most periodic solution z* (). Moreover, z*(t) is globally exponentially stable.
This fact is verified by the numerical simulation in Figure 1.

095

0921

091

09 1 1 1 I 1 1 1 1 I |
0 10 20 30 40 t S0 60 70 80 90 100

Fig. 1. Numerical solution z(¢) of equation (4.1) for the initial value ¢(s) = 0.95, s €
[72670}

REMARK 4.2. For all we know, there is no research on the global expo-
nential stability of positive almost periodic solutions of Nicholson’s blowflies
model with multiple time-varying delays. Thus, the results in [Cl [CW], [HDH]
LD, L1 [S1, W1] and [Al [CL, H, L2, W2, WWC] cannot be applicable to
prove that all solutions of (4.1) converge exponentially to the positive al-
most periodic solution. Moreover, in this present paper, we employ a novel
proof to establish some criteria to guarantee the global exponential stability
of almost periodic solutions for delayed Nicholson’s blowflies model.
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