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Uniqueness results for operators in the variational sequence

by W. M. MIkuLskI (Krakow)

Abstract. We prove that the most interesting operators in the Euler—Lagrange com-
plex from the variational bicomplex in infinite order jet spaces are determined up to
multiplicative constant by the naturality requirement, provided the fibres of fibred mani-
folds have sufficiently large dimension. This result clarifies several important phenomena
of the variational calculus on fibred manifolds.

0. Introduction. In the present note we study the Euler-Lagrange vari-
ational complex (called simply the variational sequence) in infinite order jet
spaces from the natural operator point of view. The notion (used in the
present note) of the variational sequence can be found in the handbook [8]
by R. Vitolo. The concept of natural operators can be found in the fun-
damental monograph [3| by I. Kolaf, P. Michor and J. Slovak. Variational
sequences have many applications (e.g. in the variational calculus and theo-
retical mechanics). That is why they have been studied by many authors, e.g.
D. Krupka [5], D. Krupka and J. Musilova [6], I. M. Anderson [1], etc. In [§],
one can find over a hundred references concerning variational sequences and
their applications.

Let 7 : E — M be a fibred manifold with n-dimensional bases and
m-dimensional fibres. In [8], the variational sequence (of interest to us) has
been introduced basically in two ways. The first is through the variational
bicomplex associated to m : E — M; this approach can be found e.g. in Sec-
tion 3 of [8]. The variational bicomplex is presented in the diagram (3.5) in 8]
(see Definition 3.1 there). The second way is through a spectral sequence;
this approach can be found e.g. in Section 4 of [8]. In the present note we
use the first approach only. Then the variational sequence (also called the
Euler-Lagrange complex)

O—>R—>E8’O —>E8’1 — . —>Eg’n_1 —>E8n

1 2 1
—>E1’n—>E1’n—>--~—>E110’n—>E{)+ .
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is the most important part of the variational bicomplex associated to 7 :
E — M (see Definition 3.2 in [8]).

Let us briefly present the main results of the present note. Given an in-
teger p > 1 we have the interior Euler operator I = I, : EI'™ — EB™ (see
Section 3.1 in [8]). By [8], E}"" = Ef" /ker(I,) and we have the quotient
monomorphism (representation) EY"™" — VP C EJ™ onto VP = im(I,,). Then
the operator EP™ — EP*M™ from the variational sequence is the compo-
sition of the so called Helmholtz operator H = Ip11 o dy|im(z,) : im(l) =

VP — EgH’" with the quotient projection EgH’" — E{)H’n, where dy :
EP — EPTI is the vertical differentiation (see [8]). The main result of the
present note can be formulated in the following two theorems.

THEOREM 1. Let m : E — M be a fibred manifold with n-dimensional
base and m-dimensional fibres. Let p > 1 be an integer. If m > p, then any
operator D : ES™ — EU™ of the interior Euler operator type (in the sense of
Definition 1 from Section 1 below) is of the form D = cI, ¢ € R.

THEOREM 2. Let m : E — M be a fibred manifold with n-dimensional
base and m-dimensional fibres. Let p > 1 be an integer. If m > p—+ 1 then
any operator F : Im(I) = VP — Eé’“’" of the Helmholtz operator type (in
the sense of Definition 2 from Section 3 below) is of the form F = cH, ¢ € R.

Roughly speaking, the above theorems give uniqueness results for the
arrows EP™ — EPTU™ in the Euler-Lagrange complex, provided the fibres
of m: E — M are of sufficiently high dimension.

We recall that the uniqueness result for the arrow Eg’n — E%’" was
proved by I. Kolaf in [2].

We observe that Theorem 1 with no assumption on D is false (the identity
map id : )™ — E§™ is a counterexample).

The proofs of Theorems 1 and 2 will occupy the rest of this note. We first
reformulate the theorems into finite jet versions. Then using a generalization
of the technique from [7] we prove the latter.

1. A reformulation of Theorem 1. Using the definition of E}" from [8].]]
one can easily see that E}™ is the injective limit of the sequence of inclusions

(1) - CCRy(JE,NPVI'EQ N\N'T*M)

C CRup(JTE, NV I EQ N"T*M) C -
given by the pull-back with respect to the jet projections 77! : J/HE —
J"E for all natural numbers r, where given two fibred manifolds Z; — N
and Zo — N over the same base N we denote the space of all base preserving

fibred manifold morphisms of Z; into Zy by CX(Z1, Z2). (Indeed, if we set
K" = CRp(JTE,NPV*J'E ® N'"T*M) and use the notations of [8] and
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local coordinate arguments, we have the inclusions K" C CP{20, | A f)ﬁ’?)
C K™*1)) Taking into account the definition of I one can easily see that:

1. For any natural number r we have
(2) (CF(JTE,NPVFITE@ \N"T*M))
C CHRp(JE,NT'VAIIEAVIE® N'"T*M)

for some integers s,q with s > ¢ > r.
2. For any natural number r the restriction

(3) I":CRp(J'E,NV*J'E® N'T*M)
— CHp(J*E,NTWVAIIEAVYE @ N'T*M)

of I is a regular wj-local FM,, y,-natural operator (see below for the defini-
tions).

DEFINITION 1. We say that an operator D : EJ™ — EJ™ is of the
interior Fuler operator type if the above properties 1 and 2 hold for D playing
the role of I.

Clearly, Theorem 1 is an immediate consequence of the following propo-
sition.

PrROPOSITION 1. Let m, n, r, s, q, p be natural numbers with m > p
and s > q > r. Then the vector space of all m;-local and F My, y,-natural
(regular) operators

D:CRg(JTE,NPVITE@ N'"T*M)
— Cp(JE,NT'VATIEAVEE @ N"T*M)
s of dimension < 1.

A general notion of natural operators can be found in [3]. In partic-
ular, M, ,, denotes the category of all fibred manifolds = : £ — M
with n-dimensional bases and m-dimensional fibres and their fibred embed-
dings. The naturality of an operator D (as in Proposition 1) means that D
transforms pairs of f-related morphisms into pairs of f-related morphisms
for any F M, m-map f between arbitrary F.M,, ,,-objects. The regularity
means that D transforms smoothly parametrized families into smoothly
parametrized families. The locality means that D()\), depends only on the
germ germ ., (A) for any u € J°E.

2. Proof of Proposition 1. From now on, R™" denotes the trivial
bundle R” x R™ — R”™ and «!,...,2", y',...,y™ are the usual coordinates
on R™™. Let D be an operator as in the statement. Since an F.M,, ,-map
(x,y—o(z)) sends j§(o) into © = j5(0) € J5(R™,R™) = J5(R™™), J¥(R™™)
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is the F M, y,-orbit of ©. Then D is uniquely determined by the evaluations
D()\)@(wl, cee s Wp—1, U) € /\nTan

for all A € CPgnm (J"(R™™), APV*J"(R™™) @ A"T*R"™), all v € ToR™
= V(QO)Rn’m and all wy, ... ,Wp—1 € Vﬂg(@)Jq(Rn’m>.

Then by the multi-linearity of the above evaluations with respect to
w1, ..., Wp—1,v, we see that D is uniquely determined by the evaluations

d , d . .

Do (| @) | @) 0) € AT
0 0
for all A € CRgnm(J (R™™), APV*J"(R™™) @ A"T*R™) and all maps
fiooo s fp—1 : R" — R and all uyq,...,up—1,w € R™. Using a density ar-
gument (since m > p) one can assume that wuy,...,u,—1,w are linearly in-
dependent and that f1(0),..., f,—1(0) are not equal to zero. Then using the
invariance of D with respect to FM,, ,,-maps of the form idr» x) with lin-
ear 1) we can assume uj = €i,...,Up_1 = €p_1,W = €p, Where e1,...,e,
is the usual basis in R”. Then using the invariance of D with respect to
F M, m-maps

1 1
1 n 1 p—1 ,p m
r,...,T, Ysoons Yy Yy
< fi(z) fp—1(2) )

preserving @, we see that D is uniquely determined by the evaluations
d d

W DWe( | Gl | @bl | ) € AT
dt], " dtfy 0T oyr |,

for all A € CRpn.m (JT(R™™), APV*J"(R™™) @ N"T*R").
Fix such a A. Using the invariance of D with respect to F.M,, ;,-maps

1 1
d}T: <x17--'axna7_1y17""7_7nyn)

for 77 # 0 we get the homogeneity condition

D((¢T)*)\)9 (Ccli O(tjg(el)), ey % 0<tjg(€p—1))v (';Zp 0)
=71...7PD(\)e (;lt O(tjg(el))a gt O(tjg(epfl))’ oyp 0)

for 7 = (r1,...,7™). By Corollary 19.8 in [3] of the non-linear Peetre theorem

we can assume that A is a polynomial (of arbitrary degree). The regularity
of D implies that
)

d

D(\ —

(Me ( pr

is smooth with respect to the coefficients of A\. Then by the homogeneous
function theorem (and the above type of homogeneity) we deduce that the

d

0
q
O(tj[)(el))v R dt

tidlep—1)), =—
0( jo(ep 1)) 8yp
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evaluations (4) are fully determined by the evaluations (4) for

(5) A = 2Pyl A Ndyh © da®

for all multi-indices 5, a,...,a, € (NU{0})"” with |ay| < 7,...,|ap| < 7,
where (2%, %) is the induced coordinate system on J*(R™™) and dz# =
dz' A --- A dz™. Moreover, if we denote by W the vector space spanned by

all X of the form (5), then (4) for A € W depends linearly on .
Then by the invariance of D" with respect to the F.M,, ,-maps

(et eyt ™)

for 70 # 0 we get

d .
(6) D(xﬁdyél/\---/\dygp®d:t“)9(dt (tid(er)), -,
0
d 0
—| (tjd(ep_1)), — =0
7|ttt )

if only 8 # a1 +--- 4+ o for all 8, a1,...,q;, as above.

Define @ = oy + -+ - + o, = (a?,...,a"). Suppose that o’ # 0 for some

t=1,...,n. The map
1/;:(xl,...,x”,yl,...,yp—i—xiyp,...,ym)*l

is an FM,, ,-map near 0. It preserves x! ... 2" O, %|O(tjg(el)),...,
%|O(tjg(ep,1)) and a%p‘o. It sends yb (for |o| < r) into

vy +@'Yp + Yg,
where the third summand does not occur if o' = 0. (Indeed, we have
yh o I (Gzyn) = Do (" + 217 (o)
= 011 (0) + 0,11 (20) + D1, (x0)
= (5 +2"yh +yb_1 ) (nen)
for jz,m € J'R™™ where 0, is the iterated partial derivative as indicated

multiplied by 1/o!). It preserves the other yé Thus it sends dy} into dyh +
ridyh + dyy_y. as dz’ = 0 on VR™™. Then using the invariance of D with
respect to 1, from (6) for # = a —1; we deduce that the evaluation (4) for A
as in (5) and B = « is a linear combination of evaluations (4) for A as in (5)
and 0 = a — 1; and « — 1; playing the role of a.

Continuing this process we deduce that the evaluations (4) for A as in (5)
for 8 = a are determined by the evaluation (4) for A as in (5) with g =
a = (0).

That is why the vector space of all D in question is 1-dimensional.
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3. A reformulation of Theorem 2. Using quite similar arguments to
the ones from Section 1 we see that:

1. For any natural number r we have
H(Im(I")) C CHx(JPE,NPV*JIEAV*E @ \"T*M)
for some integers 5,q with 5 > g > s, where
(7) " CRp(JTE,NPVFITE @ N'T*M)
— CRp(J*ENPWHIJIE AV E @ N'T*M)

is the restriction of the interior Euler operator (as in Section 1).

2. For any natural number r, the restriction
(8) H" :Im(I") - C35 5z (JPE,NPV*JIEANV*E @ N"T*M)
of H is a regular mw3-local FM,, ,-natural operator.

DEFINITION 2. We say that an operator F' : Im([) — Egﬂm is of the
Helmholtz operator type if the above properties 1 and 2 hold for F' playing
the role of H.

It is clear that Theorem 2 is an immediate consequence of the following
proposition.

PROPOSITION 2. Let n, m, p, r, S, q, 3, ¢ be natural numbers as above
with m > p+ 1. Then any w5-local and F M, m-natural (reqular) operator

F:Im(I") — CSep(J°E, NPV JIEAVE @ N'T*M)
1s of the form F'=cH", c € R.

REMARK 1. Proposition 2 for p = 1 and r = 1,2 was proved in [4], and
for p=1 and all r in [7].

Let F' be an operator as above. Considering the composition
FolI :CER(JTE,NVI'E@ N"T*M)
— C;ZE(JEE, NV*ITIEAV*E @ N'T*M)
we see that Proposition 2 is an immediate consequence of the following one.

ProrosiTION 3. Let n, m, p, v, s, q be arbitrary natural numbers with
s> q>1 and m > p+1. Then the vector space of all m;-local and F My -
natural (reqular) operators

D :CR(J E,\°'V*J'E @ \"T*M)
— C%p(PE, N\'V*JI'E AV*E @ \"T* M)

s of dimension < 1.
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4. Proof of Proposition 3. Let D be an operator as in the statement.
Then (by a similar argument to the proof of Proposition 1) D is uniquely
determined by the evaluations

d d
9 D(A — 1 (tjd ey — e N"TyR™
® oo (| it g ) en
for all X € CFRn(J"(R™™), APV*J"(R™™) @ N"T*R™), where © = j§(0)
e J°R™™,

Fix X\ as above. Using the invariance of D with respect to the F.M,, -

maps

0
-q
(t53(en)s g

1 1
1/]7': (xlv"‘axn77_lyl7""7_7nym>

for 77 # 0 we get the homogeneity condition

d d 0
D) Ne [ L1 (tjeen), ..., 2| (ti4(e,)), ——
(oo (| isten.—-. 5| wigten. g )
d d 0
=7l ptl = (tg8 | (¢4 -
=7t Do (] (e, G| e | )
for 7 = (71,...,7™). By Corollary 19.8 in [3] of the non-linear Peetre theorem

we can assume that X is a polynomial (of arbitrary degree). The regularity

of D implies that
d d
DNe| —| (tjd ey —
o 5| @itten | )

is smooth with respect to the coefficients of A\. Then by the homogeneous
function theorem (and the above type of homogeneity) we deduce that the
evaluations (9) are fully determined by the evaluations (9) for

, 0
(tig(ep)), W

(10) A= xﬁygiﬁ";l)dyggl) ARERW) dygff’) ® dxt
for all permutations o € Bpy1, all multi-indices 3, a1, ..., apy1 € (NU{0})"
with |a1| < 7,..., |aps1| < 7, where (27, %) is the induced coordinate system

on J"(R™™) and dx* = da' A --- A dz™. Moreover, if we denote by W the
vector space spanned by all A of the form (10), then (9) for A € W depends
linearly on A.

Then by the invariance of D with respect to (7'z!,... 7% y!, ..., y™)
for 70 # 0 we get

d
(1) DS A dyg? o dato 5

(tig(e1)), -,
0
0

d q
O(tjo(ep))» G asl

dt
provided 8 # aq + - + apyq for all B, a1,...,0p41,0 as above.

)
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Define a = a1 + - +ap1 = (al, ..., a™). Suppose that ' # 0 for some
1=1,...,n. The map

wz (_fL'l’.__’[BTL’y]"__.?yp'i_l+3:-yp+1 "'7ym)_1

is an FM,y, ,-map near 0. It preserves z!,... 2" O, dt| (tid(er)), -,

+1,(tid(ep)) and %‘0 and sends y5™' (for |o| < ) into

p+1 +zx yp+1 + yp—i—l

(see the proof of Proposition 1) and preserves the other y2 (and then sends
dypJrl into dypJrl + a:’dypJrl + dyerl as dz' = 0 on VR™™). Then using the
invariance of D with respect to w, from (11) for 8 = a — 1; we deduce that
the evaluation (9) for A as in (10) and § = « is a linear combination of
evaluations (9) for A as in (10) and 8 = a — 1; and « — 1; playing the role
of a.

Continuing this process we deduce that the evaluations (9) for A as in (10)
and 3 = « are determined by the evaluations (9) for all A as in (10) with
B =a=/(0).

The above considerations show that D is uniquely determined by the
evaluations (9) for all A as in (10) for 8 = o = (0) and all 0 € Bpyq.
Then using the invariance of D with respect to the permutations of first
p fibred coordinates (preserving @ and 5 =~ |O and sending %‘O(tjg(el)) A

A t‘o(tjo(ep)) to 5dt’ (tjo(el)) Ao A t’o(tjg(ep)) for e = +1 or —1),
we see that D is determined by the values (9) for A = Ay, Ay, where A\; =
yfggldy(lo) ARERW dyfo) ® dx* and \g = y(lo)dy(%) A dnygl ® dz*.

Using the invariance of D with respect to the (locally defined) F M, -
map

(;Ul’ ttt 7xn7y1 + ylyp+17y27 A ’ym)_l
preserving O, %h and | (tjd(e1)) A~ A ], (tid(ep)), from
_ d

1 1 .
D(dyggy A -+ A dy‘?o) Ady? @ dzt)e (dt O(tjg(el)), cee

0
— 74 - —

(a consequence of the invariance of D with respect to the fibre homotheties
(.. 2™yt tyPL L y™)), we deduce that the value (9) for A = \;
is plus or minus the value (9) for A = As.

Thus the vector space of all D in question is 1-dimensional. =

5. Uniqueness of the extended Helmholtz operator. We have the
extended Helmholtz operator H = I ody : EF" — EPTE™ where dy
E" — EgH’n is the vertical differential and I : Eg+1’n — Eg+1’n is the
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interior Euler operator. (The name is because H is really an extension of
the Helmholtz operator H : Im(l) — Eg+1’n, where I : EF" — EP™)
The operator H satisfies appropriate modifications of properties 1 and 2
from Definition 1. We say that an operator G : EP™ — EFT™ is of the
extended Helmholtz operator type if it has those modified properties. Then
Proposition 3 implies the following corollary.

COROLLARY 1. Let w: E — M be a fibred manifold with n-dimensional
basis and m-dimensional fibres. Let p > 1 be an integer. If m > p+ 1 then
any operator G : Ef'™ — E’gﬂ’n of the extended Helmholtz operator type is

oftheformG:cﬁ, ceR.

Of course, Corollary 1 for p = 0 is also true because of the result of [2].
We observe that Corollary 1 with no assumption on G is false (the vertical
differential dy : EX™ — EXT™ is a counterexample).
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