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Existence and uniqueness of periodic solutions for odd-order
ordinary differential equations

by YONGXIANG LI and HE YANG (Lanzhou)

Abstract. The paper deals with the existence and uniqueness of 2r-periodic solutions
for the odd-order ordinary differential equation

’u’(2n+l> = f(t7 u? ul? e 7u(2n))’

where f : R x R"*! — R is continuous and 27-periodic with respect to t. Some new con-
ditions on the nonlinearity f(¢,zo,z1,...,%2,) to guarantee the existence and uniqueness
are presented. These conditions extend and improve the ones presented by Cong [Appl.
Math. Lett. 17 (2004), 727-732].

1. Introduction and main results. In this paper, we extend the ex-
istence and uniqueness results of [4] for periodic solutions of the odd-order
ordinary differential equation

(1.1) uPr () = f(tut) ' (1), uP (),
where n > 1 is an integer, and f : R x R>?*! — R is continuous and
2m-periodic with respect to t.

The existence and uniqueness of periodic solutions is an important topic
in the qualitative theory of ordinary differential equations. For first and
second order differential equations, the problem has been widely and deeply
investigated. In recent years, there has been increasing interest in the case
of higher order equations (see [1-5, 7-10] for more details). However, odd-
order equations are studied relatively rarely. In [5], Cong, Huang and Shi
considered the special odd-order differential equation

(1.2) ur D () + Zc uPD (1) = g(t, u(t)),
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Under the condition that
m < |g.(t,x)| <M, V(t,z) e RxR

(where m and M are positive constants) and other assumptions they ob-
tained the existence and uniqueness of periodic solutions for (1.2). In [4],
Cong extended this work to the more general odd-order differential equa-
tion (1.1).

We recall some notations of [4]. Let a;,7 = 0,1,...,2n, be positive con-
stants. Let D; be the subset of Rit! defined by

D; = {(:L‘o,]:l,...,xi) S R . \xj\ < aj, j= 0,1,...,1}

fori=0,1,...,2n. Define

fir1(t, ig1, ..., 020) = sup  [f(t, w0, 71, .., Tan)]
(z0ye..,x; )ED;

fori =0,1,...,2n — 1. In [4], under the following assumptions:
(H1) there exist positive constants b, c;,i = 0,1,...,2n, such that for

|z;| > a; and (@41, ..., 72,) € RV
(13) |fz/:L‘Z‘ §cl-, izl,...,2n,

and for |zg| > ag and (z1,...,x2,) € R?",
(1.4) bo < flxo <co  or —co < f/xg < —bo;

(H2)  the constants by and ¢; satisfy the inequality

2n
CO : ]
(1.5) <1 + b0> g 2'¢; < 1,
Cong obtained the following result on existence of periodic solutions:

THEOREM A. If conditions (H1) and (H2) above are satisfied, then equa-
tion (1.1) has a 2w-periodic solution.

Furthermore, replacing (H1) by the Lipschitz-type condition

(H3)  there exist positive constants cg, c1, ..., c2, such that

2n
|f(t,£U0,£171,. . '71:271) - f(t7y07y17' . 'a?JQn)’ S ch|xl - yl’
=0

for any (t, 20,21, ..., Z2n), (£, %0, Y1, - -, Y2n) € R x R?"*1 and there
exists a positive constant by < ¢y such that by < |fz,| < ¢o on
R % R2n+1’

Cong obtained the following existence theorem:

THEOREM B. Assume that f satisfies condition (H3) and the constants
by and c; satisfy condition (H2). Then equation (1.1) has a 2mw-periodic so-
lution.
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The purpose of this paper is to improve Theorems A and B above. We
shall substantially weaken conditions (H1) and (H2) in the two theorems and
show that the periodic solution in Theorem B is unique. We shall replace
(H1) by the following growth condition:

(F1) There exist constants a # 0, 8 € (0,|«a|) and c1,...,c2,, M such

that
2n
(1.6) |f(t, 20, 21, - wan) — o] < Blao| + Y cila| + M
i=1
for any (t,z,x1,...,2o,) € R x R+,

Condition (F1) is weaker than (H1). In fact, if (H1) holds, then setting
) (bo+co)/2 if f satisfies the first inequality of (1.4),

| —(bo+co)/2 if f satisfies the second inequality of (1.4),

B = (co—bo)/2 and M = sup{[f(t,x0,21,...,220)| : t € [0,27]; || < a,
i =0,1,...,2n} + 1 (then 0 < 8 < |a|), from (1.3) and (1.4), we can

easily deduce (1.6). Moreover, we shall weaken (H2) to the following simple
condition:

(F2)  the constants «, 5 and ¢1, ..., cay, satisfy the inequality
(1.7) Bflal +c1+ -4 cop < 1.

In fact, under conditions (H1) and (H2), defining v and 3 as above, we have

(1.8) (Cl+"'+02n):1<1+CO>(01+"‘+C2n)

1
1—3/|a 2 bo

< <1+CO> (c1+---+c2m)
bo

2n
< <1+ ZO> Y ol < 1.
0 X
=1

This implies that the inequality (1.7) holds. Therefore condition (F2) is
much weaker than (H2). Under condition (H1) or (H3), condition (F2) is
equivalent to

(H2)*  the constants by and cg, ¢y, .. ., ca, satisfy the inequality
1 c
S+ 2 ) (4 Fem) < L
2 bo

The main results of this paper are as follows:

THEOREM 1. If conditions (F1) and (F2) hold, then equation (1.1) has
a 2m-periodic solution.
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Clearly, Theorem 1 is an extension of Theorem A. Likewise, Theorem B
is improved by the following result.

THEOREM 2. If the partial derivative fy, of f(t,zo,x1,...,To,) with
respect to xq exists and conditions (H3) and (H2)* hold, then equation (1.1)
has a unique 2m-periodic solution.

If the partial derivatives fu,, fz,,-- -, fz,, exist, then from Theorem 2
and the differential mean value theorem, we have

COROLLARY 1. Suppose the partial derivatives fzq, fz,s- -, fay, exvist. If
there exist positive constants by, cg, 1, ..., Con such that

bOS‘fxg’SQ)v |fx1|§CZ fOTi:l,...,Qn,

and the constants bo,co,c1, ..., con satisfy condition (H2)*, then equation
(1.1) has a unique 2m-periodic solution.

In Theorem 1, if condition (F1) is modified as

(F1)*  there exist constants o # 0, 8 € (0,|a|) and cy,...,con, M such
that

2n
|f(t,xo, 21, ..., T2n) — axo| < ﬁ2$3+ c?a:?-i—M
=1

for any (t,xq,21,...,22,) € R x R+
then condition (F2) can be further weakened to
(F2)*  the constants cy,. .., co, satisfy the inequality
1+ 4o <1
THEOREM 3. If conditions (F1)* and (F2)* hold, then equation (1.1) has

a 2mw-periodic solution.

Condition (F1)* is slightly stronger than (F1), but condition (F2)* is
independent of the constants « and 3 or by and ¢y, and it is much weaker
than (H2) and (F2). Similarly, (F1)* is also weaker than (H1). By Theorem 3,
we have

COROLLARY 2. If conditions (H1) and (F2)* hold, then equation (1.1)
has a 2m-periodic solution.

Corollary 2 is another extension of Theorem A.

Theorems 1-3 will be proved in the next section by using fixed-point
theorems in the Sobolev space W2™2(I), where I = [0, 27]. We shall choose
an equivalent norm in W?2%2(I) such that the Leray-Schauder fixed-point
theorem can be applied to the periodic problem for equation (1.1).
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2. Proof of the main results. Let I = [0,27] and H = L?(I) be the
usual Hilbert space with the norm |ju|ls = (S(Z)7T lu(t)|? dt)*/2. For m € N, let
W™2(I) be the usual Sobolev space with the norm ||ul[m,2 = /> ity [[u®|3;
u € W™2(I) means that u € C™ 1(I), ul™= Y (t) is absolutely continuous
on I and u(™ € L*(I).

Taking o # 0 and h € L?(I), we consider the linear periodic boundary
value problem (LPBVP)

{ uPt) () — au(t) = h(t), 0<t<2m,

2.1 . ,
(21) u®(0) =u@(21), i=0,1,...,2n.

From [8, Lemma 1] or a direct calculation, we know that LPBVP (2.1)
has a unique solution u := Sh € W?"T12(]) in the Carathéodory sense. If
h € C(I), the solution is in C?"*1(I) and it is a classical solution. Moreover,
the solution operator of LPBVP (2.1), S : L2(I) — W?"*12(T) is a bounded

linear operator.

It is well-known that [[ul/a,2n,2 = \/OéQHUH% + [|u)]3 is an equivalent

norm in W2™2(I). For convenience, we use X to denote the Banach space
W?2m2(I) endowed with the norm |jullx = ||u|la2n2- By the compactness
of the Sobolev embedding W?2"*12(I) — C?"(I) and the continuity of
C*(I) — W?™2(I), we see that S maps H into X and S : H — X is
a completely continuous operator.

LEMMA 1. Let a # 0. Then

(a) The norm of the solution operator S : H — X of LPBVP (2.1)
satisfies ||S||cca, x) < 1.

(b) For every h€ H, the unique solution u€ W?"*12(T) of LPBVP (2.1)
satisfies the inequality

(2.2) [u™ g < [[u®™y, m=1,...,2n—1.

Proof. It is well-known that {e!**|k € Z} is a completely orthogonal
system in H, where i is the imaginary unit. Hence every h € H has the
Fourier series expansion

h(t) = Z ape™,
k=—o0

where a = (2m) "1 27 h(t)e " dt (k= 0,%1,%2,...).

Let u = Sh. Then u € W2"t12(]) is the unique solution of LPBVP (2.1),
and u and each u(™ (m = 1,...,2n + 1) can be expressed by the Fourier
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series expansion. Let

Then by the formula for Fourier coefficients we have

(2.3) ul™(t) = Y (ki)™ m=1,... 2n+1.
k=—o00

Therefore, h can also be expressed by

o
h(t) = u® () —au(t) = > (kD)™ — a)bre™.
k=—o00
By the uniqueness of Fourier series expansion,
(kD)2 — )by = ap, k=0,%£1,+2,....

Now by the Parseval equality, we have

IS al% = o®[luld + w3 =2 Y (a®|byl* + (ki) > bx[*)

k=—0o0
00 a 2
— 2 \2n |2 k
a? + ki 9
=27 Z o + fin+2 |ax]

<2 Z Jax|* = [[hl]3.

k=—o00

This means that ||S| 2z x) < 1, so (a) holds.

For every 1 < 'm < 2n, by (2.3) and the Parseval equality, we have

[u™]2 = 27 Z (ki)™ by|? = 2 Z k2™ by, |2

k=—o00 k=—00
<2 Z kb2 = 27 Z [(k1)2"0p,|* = [[u®™)]3,
k=—o00 k=—o00

This shows that conclusion (b) holds. =

Proof of Theorem 1. Consider the (2n + 1)th-order periodic boundary
value problem (PBVP)

(2.4) WD () = f(t,u), (), ..., u?V(t), 0<t< 2,
' u®(0) =u®(271), i=0,1,...,2n.
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If PBVP (2.4) has a solution u € C?"*1(I), then the 27-periodic extension
of u is a 27-periodic solution of (1.1). We now prove that PBVP (2.4) has
at least one solution in C?"*1(I) under conditions (F1) and (F2).

We define a mapping F' : X — H by

(2.5) Fu)(t) := f(t,u(®), ' @), ..., u®) @) —au), uelX.

From (1.6) and the properties of Carathéodory mappings it follows that
F: X — H is continuous and it maps every bounded set in X into a bounded
set in H. Hence, the composite mapping S o F : X — X is completely
continuous. We use the Leray—Schauder fixed point theorem to show that
SoF has a fixed point. For this, we consider the homotopic family of operator
equations

(2.6) u=A(SoF)(u), 0<A<I.
We need to prove that the set of solutions of all equations (2.6) is bounded
in X.

Let u € X be a solution of (2.6) for some A € (0,1). Set h = X F(u).

Then by the definition of S, u = Sh € W?"*12(]) is the unique solution of
LPBVP (2.1). By Lemma 1(a), we have

(2.7) lullx = ISRl x < [ISllzex,mlliblle < [[Rll2 < 1 F(w)]l2-
From (2.5), (1.6) and Lemma 1(b), we obtain

IF(u)ll2 < Bllullz + exllull2 + c2llu® |2 + -+ + con |||z + V2r M
< Bllullz + (e1 + - 4 can) (0?2 + V2r M
< (B/la| +c1+ -+ cop)|ull x + V21 M.

Combining this inequality with (2.7), it follows that

[ p— _.c
— (B/laf +c1+ -+ con)
This means that the set of solutions of equations (2.6) is bounded in X.
Therefore, by the Leray-Schauder fixed-point theorem [6], S o F' has a fixed
point ug € X. Let hyg = F(up). By the definition of S, ug = Shy €
W2 +L2(T) is a solution of LPBVP (2.1) for h = hg. Since W2"+1:2(]) —
C*(I), from (2.5) it follows that hg € C(I). Hence ug € C?"*1(I) is a classi-
cal solution of LPBVP (2.1), and by (2.5), it is also a solution of PBVP (2.4)
in C?"L(1).
This completes the proof of Theorem 1. u

Proof of Theorem 2. First, we show that (H3) implies (F1). From the
inequality by < |fz,| < ¢o in (H3) we know that f,, does not change sign. Set
a = bo%sgn(fm), B = (co—bp)/2 and M = max{|f(¢,0,...,0)] : t € R}.
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For (t,z0,21,...,T2,) € R x R?*»*! by (H3) we have

|f(75,330,951,...,x2n)—f(t,O,:cl,.. x?n)_al‘0|_’f$o_ ‘|$0| S,B’QTOL

|f(t,0,21,...,22,) — f(£,0,0,...,0)] < Zc,\m

1£(t,0,0, ..., )\SM.

Summing these inequalities we obtain
2n

(2.8) |f(t, zo, 21, .., o) — axo| < Blzo| + ZCZ‘%’ + M.
i=1
Hence, (F1) holds. From (H2)* and (1.8) we see that (F2) holds. By Theo-
rem 1, PBVP (2.4) has a solution.
Now, let ug,uz € C?"*1(I) be two solutions of PBVP (2.4). Then u; =
S(F(u;)), i = 1,2. From (H3) and (2.5), using a similar argument to (2.8),
we obtain

(2.9)  |F(u)(t) = F(u1)(t)] < Blua(t) —w(t |+Zczlu ul! (#)]

for t € I. Since ug —wu; is the solution of LPBVP (2.1) for h = F(ug)—F(uy),
by (2.9) and Lemma 1(b) we have

2n
1F (uz) — F(ur)llz < Blluz —wllz + Y eilluy’ —uf” |2
=1

2n
< Blu = wrlla + () Jus™ = uf
i=1
< (B/lal+ e+ 4 cap)lug — url|x-
From this and Lemma 1(a), it follows that

(2.10) Jug —ur|lx < |S(F(u2) — F(u1))llx
< ISl my 1 (u2) — F(u1)ll2
< (,6/|Oz| +c+---+ CQn)HUQ — ule.
Since f/|a|+¢1 + -+ + cop < 1, from (2.10) we see that |jug — ui||lx = 0,
that is, ug = u;. Therefore, PBVP (2.4) has only one solution. Equivalently,
equation (1.1) has a unique 27-periodic solution.
The proof of Theorem 2 is complete. =

Proof of Theorem 3. Since (F1)* implies (F1), by the argument in the
proof of Theorem 1 the mapping F : X — H defined by (2.5) is continuous
and it maps every bounded set in X into a bounded set in H. Hence the
mapping S o F : X — X is completely continuous.
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Consider the family of operator equations (2.6). Let u € X be a solution
of (2.6) for some A € (0,1). Set h = AF(u). Then (2.7) is valid. Let r =
max{3/|al,c1 + -+ con}. By (F2)*, r € (0,1). Since u = S h € W +TL2(])
is the unique solution of LPBVP (2.1), using (2.5), (F1)* and Lemma 1(b),
we have

[F(u)ll2 < \/BQHqu + D2+ + & [ul|2 + V2 M
< \/ﬂQHUH% F(E 4+ ) uC|2 + VorM

< [Pl + (e1 + -+ con) @R+ VETM

< 2@l + [uCm3) + v2r M

= r|lu|lx + V27 M.
From this inequality and (2.7), we obtain

That is, the set of solutions for equations (2.6) is bounded in X. Therefore,
by the Leray—Schauder fixed-point theorem, S o F' has a fixed point, whose
2m-periodic extension is a 27-periodic solution of (1.1).

The proof of Theorem 3 is complete. n

Acknowledgements. This research was partly supported by NNSF of
China (10871160), the NSF of Gansu Province (0710RJZA103) and Project
of NWNU-KJCXGC-3-47.

References

[1] A. Cabada, The method of lower and upper solutions for nth-order periodic boundary
value problems, J. Appl. Math. Stoch. Anal. 7 (1994), 33-47.

[2] A. Cabada and S. Lois, Mazimum principles for fourth and sizth order periodic
boundary value problems, Nonlinear Anal. 29 (1997), 1161-1171.

[3] F. Z. Cong, Periodic solutions for 2kth-order ordinary differential equations with
nonresonance, ibid. 32 (1998), 787-793.

[4] —, Existence of periodic solutions of (2n+1)th-order ordinary differential equations,
Appl. Math. Lett. 17 (2004), 727-732.

[5] F.Z. Cong, Q. D. Huang and S. Y. Shi, Existence and uniqueness of periodic solu-
tions for (2n + 1)th-order differential equations, J. Math. Anal. Appl. 241 (2000),
1-9.

[6] K. Deimling, Nonlinear Functional Analysis, Springer, New York, 1985.

[7] Y. X. Li, Positive solutions of higher order periodic boundary value problems, Com-
put. Math. Appl. 48 (2004), 153-161.

[8] —, Emistence and uniqueness for higher order periodic boundary value problems
under spectral separation conditions, J. Math. Anal. Appl. 322 (2006), 530-539.


http://dx.doi.org/10.1155/S1048953394000043
http://dx.doi.org/10.1016/S0362-546X(96)00086-7
http://dx.doi.org/10.1016/S0362-546X(97)00517-8
http://dx.doi.org/10.1016/S0893-9659(04)90112-7
http://dx.doi.org/10.1006/jmaa.1999.6471
http://dx.doi.org/10.1016/j.camwa.2003.09.027
http://dx.doi.org/10.1016/j.jmaa.2005.08.054

114 Y. X. Li and H. Yang

9] Y. X.Li, On the existence and uniqueness for higher order periodic boundary value
problems, Nonlinear Anal. 70 (2009), 711-718.

[10] V. Seda, J. J. Nieto and M. Gera, Periodic boundary value problems for nonlinear
higher order ordinary differential equations, Appl. Math. Comput. 48 (1992), 71-82.

Yongxiang Li, He Yang

Department of Mathematics

Northwest Normal University

Lanzhou 730070, People’s Republic of China

E-mail: liyxnwnu@163.com
heyang256@163.com

Recetved 8.6.2009
and in final form 30.5.2010 (2027)


http://dx.doi.org/10.1016/j.na.2008.01.004

	Introduction and main results
	Proof of the main results

