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On meromorphic functions with maximal defect sum

by PHAM Duc THOAN and LE THANH TuUNG (Hanoi)

Abstract. The purpose of this article is twofold. The first is to give necessary con-
ditions for the maximality of the defect sum. The second is to show that the class of
meromorphic functions with maximal defect sum is very thin in the sense that deforma-
tions of meromorphic functions with maximal defect sum by small meromorphic functions
are not meromorphic functions with maximal defect sum.

1. Introduction and main results. We set

|z| = (i ]zj]2)1/2, Vz = (z1,...,2,) € C",

j=1

Sp(r)={z€C":|z| =7}, Bupr)={2z€C":|z| <r},
_ 1 _
d=0+0, d= E(a—a),
wn(2) = dd®log|z|?,  on(z) = dlog|z|*> AWl Y(2),
vn(2) = dd°|z|2.
Let f : C® — P!(C) be a meromorphic function. For each a € P}(C) with
fHa) £ C7,

{ Z% is the a-divisor of f,
Z3(r) = Byn(r) N Z§.

Define
np(r,a) =r>=2" | un7l(z)
Z(r)

We define the counting function of f by

T

Ny(r,a) = S nf(;’ %) dt.
1
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The proxzimity function of f is defined by

1
log™ w(2), :
B e e
mf(T,a)_ n
| log™ If(2)lon(=), 0= .
Sn(r)

The characteristic function of f is defined by
Tr(r) = myg(r,00) + Ny(r, 00).
Then the first main theorem in value distribution theory states that
Tr(r) =myg(r,a) + Ny(r,a) + O(1).
We call the quantity
Ny(r,a)

.. my(r,a) :
0(a, f) =liminf ————= =1 —limsup
r—00 Tf (7’) r—oo Tf (7‘)

the defect (or deficiency) of a with respect to f. Then 0 < §(a, f) < 1. The
quantity

log T
pf = limsup 208" 1 (r)
r—o00 10gT
is said to be the order of f, and the quantity
logT
v = liminf M
r—00 log r

is the lower order of f.
For each z € C™, we define

Df(Z) = szij(z)a
j=1

where f,; is the partial differential of f with respect to z;.

The classical Nevanlinna theorem on the defect relation states that if
f: C* — PY(C) is a meromorphic function, then Zaeﬂﬂ(c) 0(a, f) < 2.

There is a natural question: What can we say about the class of mero-
morphic functions f such that 3, cpi(c)d(a, f) = 27 Much attention has
been given to this problem and several theorems on meromorphic mappings
with maximal defect sum have been obtained by various authors [JY], [TD],
[T1], [T2], [T3] (see the references therein for related subjects).

The purpose of this article is twofold. The first is to give necessary con-
ditions for the maximality of the defect sum. The second is to show that
the class of meromorphic functions with maximal defect sum is very thin in
the sense that deformations of meromorphic functions with maximal defect
sum by small meromorphic functions are not meromorphic functions with
maximal defect sum. Namely, we prove the following
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THEOREM 1.1. Let f : C — PY(C) be a meromorphic function of finite
order. For eachm > 1 and z € C, define g (2) = f(2™) and hy(2) = f7(2).
Suppose that one of the following conditions is satisfied:

(i) There exists mg > 2 such that ), & 0(a, gm,) = 2.

(ii) There exists a sequence {m;};2, C Z* such that Y = 0(a, hy;) = 2

for alli> 1.

Then X\ := py € Zt and X equals the lower order of f.

THEOREM 1.2. Let f: C" — PY(C) be a meromorphic function of finite
order satisfying

Ni=py &7 and Zé(a,f) =2.
acC

Denote by A the set of all nonconstant meromorphic functions h : C" —
PY(C) such that Ty(r) = o(Ty(r)) and Tp, (r) = o(Tp,(r)). Then, for each
h € A, we have

> 6(a, f4+h) <2-2k(N) <2,

acC
where k(X) is a positive constant which depends only on .

In [Nell p. 83] (see also [EEL p. 299]), R. Nevanlinna gave examples of
meromorphic functions f on C of finite order such that A\ := py ¢ Z and

> 0(a, f) =2

2. Lemmas

LEMMA 2.1 ([Y, Lemma 6]). Let f : C* — PY(C) be a nonconstant
meromorphic function. Then, for each 1 < j < n, we have

Iz
my, s(r,00)= | log* %(Z)
Sn(r)
for all v outside a finite Lebesque measure set. Moreover, if py < oo, then

mfzj/f = O(logr).

on(z) = O(logrTy(r))

LEMMA 2.2. Let f,g: C* — PY(C) be nonconstant meromorphic func-
tions of finite order. Assume that py = X, pg = XN and X > X'. Then

(1) Pirg = A

(ii) ppg=A

Proof. (i) Fix € > 0. Since py = A, we have logT¢(r)/logr < A +¢ for r
large enough. Hence T(r) < r € for r large enough. Similarly, T, (r) <
rN+e for r large enough. This yields

Tpog(r) < Tp(r) + Ty(r) + O(1) < 2 472+ 1 0(1).
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This implies that log Ty 4(7)/log r < A+2¢ for r large enough. Hence pr44 <
A+ 2¢ for each € > 0, i.e.,

(2.1) Pf+g <A

Take 0 < & < (A — X). Since limsup,_,,, log T(r)/logr = A, there exists
a sequence {7y, } such that lim,,_. log T¢(ry,)/log, = A. Hence there exists
no such that log Tf(ry,)/log, > A — ¢ for all n > ng, and so Ty(ry) > rp~¢
for all n > ng. On the other hand, we have

Tf(?“) — Tg(T) +0(1) < Tf+g(T).

Hence Ty (ry) — Ty(rn) < Trag(r) +O(1), ie. rp =8 — )48 < Ty (1) +O(1).
This yields log Ty 4(7p)/logr, > A — ¢ for all n > ng. We get

logT
lim sup w >A—e.
N—00 log 7y,
Hence pyiqg > A —¢ forall € > 0, i.e,
(2.2) Pf+g = A

Combining (2.1) with (2.2)) proves the assertion.

(ii) By the same argument, we also get pr.g = A. m

LEMMA 2.3. Let f : C* — PY(C) be a nonconstant meromorphic func-
tion of finite order. Then Tp,(r) < 2Ty(r) + O(logrTy(r)), and hence
pPD; < Pf-

Proof. We show that
(2.3) mp,(r,00) < my(r,00) + O(log 7Ty (r)).
Indeed, we have

mp, < me/f(r, 00) + my(r, 00).

On the other hand,

|

- -Ye

Hence
n

me/f(r’ OO) < (ij (r7 OO) =+ mfzj/f(r7 OO)) —+ O(l)
1

< O(logrTy(r)) (by Lemma 2.1)).

<.
Il

We now show that

(2.4) Np,(r,00) < 2Ny(r, 00).
Indeed, since f = g/h (g, h are holomorphic on C"),
hD, — gD
IS

h2
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This yields
NDf(r 00) < Np2(r,0) = 2N, (r,0) < 2N (r, 00).

From and ( . we get

TDf(r) = me(r, o0) + NDf(r, 00)
<my(r,00) +2N¢(r,00)+O(log rTy(r)) < 2T¢(r)+O(log rTs(r)). =

LEMMA 2.4. Let f,g: C* — PY(C) be nonconstant meromorphic func-
tions of finite order. Then one of the following two assertions holds:

(i) po, = py-

(ii) pp,,, = Py

Proof. By Lemma we have pp, < py. If pp, = py, then the assertion
is proved.

Assume that pp, < ps. Put fi = 1/f. Then Dy = —D;/f?. On the
other hand, we have

pgz = py and hence py 2 = py
and
P-D; = PD; < Pf-
By Lemma@ we have p_p /s = py = p1/s- Hence pp, = py,.
LEMMA 2.5. The following mappings do not change the defect sum:
a:f—1/f and Bu:f— f+a, VYaeC.
LEMMA 2.6 ([H]). Let ai,...,aq be q distinct points in C. Define

1 I
:Zz—aj and (5:§rjn<1£1]aj—ak].

j=1
Then
log® |F(z2)] > Zlog —qlog™ 6 — log 3.
LeMMA 2.7 ([IY]). Let f : C* — PY(C) be a nonconstant meromor-
phic function and a1, ..., a4 be distinct points in C. Then 23:1 my(r,a;) <
me (7", O)

LEMMA 2.8. Let f : C* — PY(C) be a nonconstant meromorphic func-
tion such that §(oco, f) = 0. Then

> d(a, f) =" d(a, f) < 26(0, Dy).

acC acC
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Proof. By Lemma for each {aj}?zl C C, we have

Z mf(’l", CL]') < mpy; (r,0).
=1

By Lemma ﬂ, we have T, (r) < 2T(r) + O(logrTy(r)). This yields

zq: my(r, a;) <9. me(T’O)'
= r)+ O(logrT¢(r)) — Tp,(r)

Hence Y °%_, d(aj, f) < 28(0, Dy), ie. 3¢ 0(ag, f) < 26(0, Dy). Thus,
> " 6(ay, f) <25(0,Df) (as (o0, f) =0).

acC

By the same argument as in Lemma we have the following

LEMMA 2.9. Let f,g: C* — PY(C) be nonconstant meromorphic func-
tions of finite order satisfying py = X and Ty(r) = o(T¢(r)). Then

(1) Pitg = A

(ii) prg= A

LEMMA 2.10. Let f,h: C" — PY(C) be nonconstant meromorphic func-
tions satisfying 6(oco, f) = 0 and Ty(r) = o(Ty(r)). Put g = f + h. Then
0(00,9) =0.

Proof. Since Ty,(r) = o(T(r)), it follows that

mg(r,00) = my(r,00) + o(Ty(r)),
To(r) = Ty(r) + o(T¢(r)).

Hence
) = liminf 7mg(r, ) = liminf my(r,00) + o(Ty(r))
(o) = il = B e oy ()
= lim inf ’W = 5(c0, f) =0. =

LeEMMA 2.11 ([No]). Let g : C* — PY(C) be a nonconstant meromorphic
function such that pg = A < oco. Then

(i) For each ay,ay € PY(C), we have
limsup Ng(T’,al) —I-Ng(r, a2) 2F4(3/4)|Sin)\ﬂ“
00 Ty(r) T2\ + '*(3/4)[sin x|

(i) If a1,az € PY(C) are such that §(a1,g) = 6(az,g) = 1, then X\ € Z+
and X\ equals the lower order of g.

> k(N) =
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LEMMA 2.12. Let f : C" — PY(C) be a nonconstant meromorphic function
of finite order. Define g = f™, where m € Z*. Then Ty(r) = mTy(r), and
hence py = py.

Proof. It is easy to see that
Ny(r,00) = Npm(r,00) = mN¢(r, 00),
my(r,00) = | log™ |f™(2)|on(2)
Sn(r)
=m S log™ | f(2)|on(2) = m - ms(r, 00).
Sn(r)
Hence Ty(r) = Ny(r,00) + my(r,00) = mTy(r). m
LEMMA 2.13. Let f : C" — P(C) be a nonconstant meromorphic function.
Define g = f™, where m € Z*. Then

m—+1
Tp,(r) <

Ty(r) + O(log rTs(r)).
Proof. By the same argument as in Lemma [2.3] we get
mp, (r,00) < my(r,00) + O(log rTy(r)).

We show that
m—+1

(2.5) Np,(r, o0) < Ny(r,00).

Indeed, assume that f = fo/f1. Then g = f§*/f" and

o (AiDyg, — foDy,)
m—+1 .
1

Hence, every pole of Dy is a zero of f; and also a pole of g. This implies

Dy,=m

the multiplicity of pole of D, o m +1

the multiplicity of poleof g = m
Thus, we have (2.5). =

LEMMA 2.14. Let f: C" — PY(C) be a nonconstant meromorphic func-

tion of finite order. Then there exists a meromorphic function f; : C" —
PY(C) of finite order such that

Pfi = PDy,
25(aa fl) :Z(S((I, f) and {6(;0 fl)f;o
acC acC ’

Proof. Consider two cases.

CASE 1: §(o0, f) = 0. If py = pp,, then the assertion is proved. If
pf # pp;, then we choose a € C such that d(a, f) = 0. Hence py_, #
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PD(f—a)- By Lemma we have pf%a = Pp 1. Put f; = ﬁ Then
pf = ppy, and d(o0, f1) = d(a, f) = 0.
CASE 2: 0(00, f) # 0. Choose a € C such that §(a, f) = 0. Replacing f

by , we return to Case 1. Since the transformations in the proof do not
change the defect sum, Lemma [2.14] is proved. m

3. Proofs of theorems

3.1. Proof of Theorem (i) It suffices to prove the case my = 2.
In fact, we have

S log™ |g(2)] d°log | z|? if a =00
|z|=r
my(r,a) = 1
! S logm ————— d°log |z|> if a # oo
R E R
(5§ o™ If() dlog 2P ifa=
5 3 z og |27 if a =00
_ |2|=r
E S long¥dclog\22|2 if a # oo
2,0 Tl
1
:§mf(r2,a).

On the other hand, since ny(r, a) = 2ns(r?, a), we get

r

Ny(rya) = | 2ot29) gy §L(t2’“) di? = g ”f(f’a) dt = Ny (1%, a).
1

t 2
1 1
Hence
. mgy(r, a) 1
d(a, g) = lim inf o = lim inf ————
) E Ao B )
g9
1
= liminf ————5—
e 1+2Nf((r Zg
1 (a f)
= = < d(a, f).
1+2(5ap — 1) 2-0(a.f) ~

Equality holds if and only if 6(a, f) = 0 or 6(a, f) = 1. Hence ), zd(a,g) <
> wcc d(a, f) < 2. Equality holds if and only if
{ Eae@é(ay f) = 27
Va: d(a, f)=0or d(a, f) =1.
By Lemma the assertion is proved.
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(ii) Suppose the contrary. By Lemma for each {a; }']1-:1 C C, we get

q
Z w(raj) <mp, (r,0).

By using Lemma we get Tp, (r) < mALT, (r). Hence

S () 1, (0

Ty, (r) = m  Tp, (r)

j=1
m+1

1 m+1
:>Z5(aj,hm)§ —— +0(0, Dp,,) <

:Zéah m—l—l

aeC

= Zé(a,hm) < mt 1

acC

(00, hy)-

Thus, if §(c0, hy,) < 1, then there is m; large enough such that

1
Zéah <M (00, him) <2,  VYm >my.
acC

This is a contradiction. Hence 6(00, hy,) = 1. This implies that (oo, f) =
d(00, hyy) = 1.

By replacing f by 1/f and by repeating the above argument, we have
d(o0,1/f) = 1, i.e. 6(0,f) = 1, and hence d(o0, f) = §(0,f) = 1. This
contradicts Lemma 2.111

3.2. Proof of Theorem [1.2] By Lemma[2.14] we only need to consider
meromorphic functions f : (C” — IP’l satisfying 6(co, f) =0 and py = pp,.

Since (o0, f) = 0 and by Lemma we have
NDf (7’, O)

2= 6(a,f) <26(0,Df) =2 - 21imsupT7(r).
Dy

a€eC
Hence limsup Np,(r,0)/Tp,(r) = 0.
Suppose that h € A. Put g = f + h. Then D, = Dy + Dj,. By Lemmas
and we have p, = pp, = A and 6(c0, g) = 0. Again by Lemma

NDg (T7 O)

Z(S(a,g) S 25(0, Dg) =2— 211msup m
Dg\"

aeC
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We have
NDg(Ta 0) = NDf—i-Dh(Ta 0) > NDf/Dh(Tv _]-) - NDh(T7 OO)
Z NDf/Dh(T’ 71) - O(TDf(r))
On the other hand, since Tp, (1) = o(TDf (r)), we get
Tp,(r) =Tp,(r) + o(Tp,(r)),
Tp;/p,(r) = T, (r) + o(Tp,(r))-
This yields Tp,(r) = Tp,/p, (r) + o(Tp,(r)). Put fi = Dy/Dy. Then

: Np,(r,0) _ . Ny, (r, =1) + o(Tp,(r))
(*) lim sup W Z lim sup Tfl (’r‘) n O(TDf (7{))
1 Np (r,—1)
= limsup 7Tf1 )

We see that
Nfl(T‘,O) < NDf(’I”,O) +NDh(T, OO) < NDf(’I“,O) +O(TDf(T)),
Tfl (T) - TDf (T) + O(TDf (T))
Hence

Nf1(7'70) < lim su NDf(T7 0)+0(TDf<T))
Tr(r) P TT () + o(Tp, (1)

= lim sup LD‘f (r,0) =
TDf (’l“)

lim sup

Thus, we have
Np (r,—1)
Ty, (r)

Np (r,—1)
Ty, (r)
Nfl (T’, _1) + Nfl (Ta 0)

lim sup = limsup

> lim sup

(by Lemma we have pr = A). Combining this with (%) we obtain
limsup Np,(r,0)/Tp,(r) > k(A). Since A ¢ Z, this implies that
) = 2I'4(3/4)|sin Arr| =0
C mIA+TA(3/4)[sin An| T

Hence

Np,(r,0
Zd(a,g) <2-— QIimsupz?g(r)

<2-2k(\) <2
acC D, (r)
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