ANNALES
POLONICI MATHEMATICI
100.2 (2011)

Uniqueness and weighted sharing of meromorphic functions

by PuLAK SAHOO (Silda)

Abstract. We study the uniqueness of meromorphic functions using nonlinear dif-
ferential polynomials and the weighted value sharing method. Though the main concern
of the paper is to improve a recent result of L. Liu [Comput. Math. Appl. 56 (2008),
3236-3245], as a consequence of the main result we also improve and generalize some
former results of T. Zhang and W. Lu [Comput. Math. Appl. 55 (2008), 2981-2992],
A. Banerjee [Int. J. Pure Appl. Math. 48 (2008), 41-56] and a recent result of the present
author [Mat. Vesnik 62 (2010), 169-182].

1. Introduction, definitions and results. Let f and g be two non-
constant meromorphic functions defined in the open complex plane C. For
a € CU{oo} we say that f and g share the value a CM (counting multiplici-
ties) if f—a and g—a have the same set of zeros with the same multiplicities,
and we say that f and g share the value a IM (ignoring multiplicities) if we
do not consider the multiplicities.

It will be convenient to let £ denote any set of positive real numbers
of finite linear measure, not necessarily the same at each occurrence. For a
non-constant meromorphic function h, we denote by T'(r, h) the Nevanlinna
characteristic of h and by S(r, h) any quantity satisfying S(r, h) = o{T'(r, h)}
(r — oo, 7 € E). We denote by T'(r) the maximum of T'(r, f) and T'(r, g).
The symbol S(r) denotes any quantity satisfying S(r) = o{T'(r)} (r — oo,
r¢ E).

Throughout this paper, we need the following definition:

: N(r,a; f)
O(a, f) =1—limsup ——==,
== B e )
where a is a value in the extended complex plane.

In 1959, Hayman [7] proved the following theorem.
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THEOREM A. Let f be a transcendental meromorphic function and n
(> 3) be an integer. Then f"f' =1 has infinitely many solutions.

To establish the corresponding uniqueness theorem, Fang and Hua [6]
proved the following theorem.

THEOREM B. Let f(z) and g(z) be two non-constant entire functions,
n > 6 be an integer. If f™f' and g"g' share 1 CM, then either f(z) = c1e,
g(2) = coe™%, where c1, ca and c are three constants satisfying (cico)"T1c? =
—1, or f(z) = tg(2) for a constant t such that t"*! = 1.

In 1997 Yang and Hua [16] generalized the above result and proved the
following theorem.

THEOREM C. Let f(z) and g(z) be two non-constant meromorphic func-
tions, n > 11 an integer and a € C—{0}. If f™f" and g"g" share the value a
CM, then either f(z) = 1€, g(z) = coe™ %, where ¢1, co and ¢ are three
constants satisfying (c1co)"*te? = —a?, or f(z) = tg(z) for some (n +1)-th
root of unity t.

A considerable amount of research work has been devoted to the value
sharing of the particular type of differential polynomial as in Theorem C
(see [2], [11], [13]). In the meantime Fang [5] investigated the uniqueness of
entire functions corresponding to more general differential polynomials and
obtained the following results.

THEOREM D. Let f(z) and g(z) be two non-constant entire functions,
and let n, k be two positive integers with n > 2k + 4. If [f"]®) and [g"]*)
share 1 CM, then either f(z) = c1e%*, g(z) = coe™*, where ¢1, c2 and c
are three constants satisfying (—1)k(c1c2)™(nc)?* =1, or f(z) = tg(z) for a
constant t such that t" = 1.

THEOREM E. Let f(z) and g(z) be two non-constant entire functions,
and let n, k be two positive integers with n > 2k + 8. If [f*(f — 1)]*®) and
[9"(g — 1)]®) share 1 CM, then f(z) = g(z).

Recently Bhoosnurmath and Dyavanal [4] extended Theorem D to mero-
morphic functions and proved the following.

THEOREM F. Let f(2) and g(z) be two non-constant meromorphic func-
tions, and let n, k be two positive integers with n > 3k + 8. If [f"]*) and
[g"]®) share 1 CM, then the conclusion of Theorem D holds.

A natural question arises: Is it possible to relax in any way the nature
of sharing the value 1 in the above results?

It is worth mentioning that some investigations in this area have already
been carried out by Zhang and Lii [19]. To state the result we require the
following notion known as weighted sharing of values, introduced by 1. Lahiri
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[10, 11], which measures how close a shared value is to being shared CM or
to being shared IM.

DEFINITION 1.1. Let k£ be a non-negative integer or infinity. For a €
CU{oo} we denote by Ej(a; f) the set of all a-points of f where an a-point
of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ex(a; f) = Ex(a; g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then z
is an a-point of f with multiplicity m (< k) if and only if it is an a-point of
g with multiplicity m (< k), and zp is an a-point of f with multiplicity m
(> k) if and only if it is an a-point of g with multiplicity n (> k), where m
is not necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with
weight k. Clearly if f, g share (a, k) then f, g share (a,p) for any integer p,
0 < p < k. Also we note that f, g share a value a IM or CM if and only if
f, g share (a,0) and (a, c0) respectively.

Zhang and Li [19] proved the following theorem.

THEOREM G. Let f(z) and g(z) be two non-constant transcendental
meromorphic functions, and let n (> 1), k (> 1), I (> 0) be three inte-
gers. Suppose that [f"]*) and [¢"]*) share (1,1). If 1 > 2 and n > 3k + 8,
orl=1andn >5k+ 11, orl =0 and n > 9k + 14, then the conclusion of
Theorem D holds.

Recently Banerjee [3] improved the above result of Zhang-Lii [19] by
reducing the lower bound of n. He proved the following theorem.

THEOREM H. Let f(2) and g(z) be two transcendental meromorphic
functions and n (> 1), k (> 1), I (> 0) be three integers. Suppose that
(M%) and [g"]*) share (b,1) for a non-zero constant b. If 1 > 2 and n >
3k+8,0orl=1andn >4k +9, orl =0 and n > 9k + 14, then either
f(2) = c1e%, g(z) = coe™ %, where c1, ca and ¢ are three constants satisfying
(—=1D)k(cre0)™(ne)®* = 12, or f(2) = tg(z) for some nth root of unity t.

Regarding the above theorems it is natural to ask the following questions.

QUESTION 1.2. What can be said about the relation between two non-const-
ant meromorphic functions f and g if { f*(uf™+X)Y*) and {g™(ug™+X)}*)
share (1,1) where A and p are two constants such that |\ + |u| # 07

QUESTION 1.3. What can be said about the relation between two non-const-
ant meromorphic functions f and g if {f"(f —1)™}*) and {g"(g —1)™}*)
share (1,1)7

Regarding the above-mentioned questions, most recently Liu [I2] and
the present author [14] proved the following theorems respectively. For a
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positive integer m and a number u, let m* = x,m, where x, = 0 if p =0
and x, = 1if p # 0.

THEOREM I ([12]). Let f(z) and g(z) be two non-constant meromorphic
functions, let n, m and k be three positive integers, and let X\, u be two
constants such that |\ + [u| # 0. Let [f"(uf™ + N)]® and [g"(ug™ + \)]*)
share (1,1), and one of the following conditions holds:

(a) 1 >2 and n > 3m* + 3k + §;
(b) I =1 and n > 4m* + 5k + 10;
(¢) =0 and n > 6m* + 9k + 14.

Then

(i) when A # 0, if m > 2 and 6(o0, f) > 3/(m +n), or m =1 and
O(o0, f) > 3/(n+1), then f(z) = g(z);

(ii) when Ap =0, if f(z) # oo and g(z) # oo, then either f(z) = tg(z),
where t is a constant satisfying t"t™ =1, or f(z) = c1e, g(z) =
coe™ %, where c1, co and c are three constants satisfying

(=1)*A2(crea)™ ™ [(n +m*)*F =1
or
(=1)"u(cre2)™™ [(n + m")c* = 1.

THEOREM J ([14]). Let f(z) and g(z) be two transcendental meromor-
phic functions, and let n (> 1), k(> 1) and m (> 0) be three integers. Let
£ (f — 1D)™®) and [g"(g — 1)™]*) share (1,0). Then one of the following
holds:

(i) when m =0, if f(z) # o0, g(z) # 0o and n > 9k + 14, then either
f(2) = c1e%, g(z) = coe™, where c1, ca and ¢ are three constants
satisfying (—1)*(c1e2)"(nc)?* =1, or f = tg for a constant t such
that t" = 1;

(ii) when m =1, n > 9k 4+ 20 and O(oo, f) > 2/n, then either

[ =™ W g - )™ =1,
or f=g;
(iii) when m > 2 and n > 9k + 4m + 16, then either
(=DM - 1mM® =1,
or f = g, or f and g satisfy the algebraic equation R(f,g) = 0,
where R(z,y) =2™(z —1)" —y"(y — 1)™.
The possibility [f™(f—1)"]®) [¢g"(g—1)"]*) = 1 does not arise fork = 1.
In the paper, we will prove the following theorem which will not only

improve Theorem I by reducing the lower bound of n, but also improve and
supplement Theorems G, H and J. This is the main result of the paper.
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THEOREM 1.4. Let f(z) and g(z) be two non-constant transcendental
meromorphic functions, and let n (> 1), k (> 1), m (> 1) and ! (> 0) be
four integers. Let P(z) = amz™ + -+ a1z + ag, where ag (#0), ai,...,am
(# 0) are complex constants. Let [f*P(f)|*) and [¢g"P(g)]*® share (1,1) and
one of the following conditions hold:

(a) {>2 andn > 3k+m+8§;
(b) =1 and n > 4k + 3m/2 + 9;
(c) 1=0andn > 9k +4m + 14.

Then either [f*P(f)]®)[¢g"P(9)]*) = 1, or f(2) = tg(2) for a constant t such

that t* = 1, where d = ged{n+m,...,n+m—i,....,n+1,n}, am_; # 0 for

some i =0,1,...,m, or f and g satisfy the algebraic equation R(f,g) =0,

where R(z,y) = 2™ (amz™ + -+ + a1z + ag) — y" (amy™ + - - - + a1y + ap).
The possibility [f*P(f)]®[g"P(g)]*®) =1 does not occur for k = 1.

COROLLARY 1.5. Under the same condition of Theorem we set
P(z) = pz™ + X\, where X and p are two constants such that |A| + |u| # 0.

If

(a) 1 >2 and n > 3k+m*+38,
(b) I=1 and n > 4k +3m*/2+9, or
(c) 1=0 and n > 9k +4m* + 14,

then the following statements are valid:

(i) when Ap# 0 and O(oco, f) > 2/(n+m — 1), then either
(e f™ + P [g" (g™ + M)*) =1
or f(z) = g(z) or f(z) = —g(2);

(ii) when A =0, if f(z) # oo and g(z) # oo, then either f(z) = tg(z),
where t is a constant satisfying t"t™ =1, or f(z) = c1e, g(z) =
coe” %%, where c1, co and ¢ are three constants satisfying

(—=1)FX2(cre)™ ™ [(n 4+ m*)d* =1
or
(=1 p?(cre2)™ ™ [(n 4+ m*)e?* = 1.
The possibility [f™(uf™ + N)]®[g" (ug™ + X)]® = 1 does not arise for
k =1 and the possibility f(z) = —g(z) may arise only when both m and n
are even.

COROLLARY 1.6. Under the same condition of Theorem [L4] if P(z) =
(z—=1)™ (m > 0), then the following statements are valid:

(i) whenm =0, if f(z) # o0, g(z) # oo, and eitherl > 2, n > 3k+8, or

l=1,n>4k+9, orl =0, n > 9k + 14, then either f(z) = c1e%,

9(z) = coe™*, where c1, ca and ¢ are three constants satisfying
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(=DF(cre0)™(ne)®* =1, or f(2) = tg(z) for a constant t such that
tn — 1}.
(ii) when m =1 and O(co, f) > 2/n, then either

L (f =)™ ®g" (g - )P =1
or f(z) = g(z) provided one of l > 2, n >3k+9 orl=1n>
4k 4+21/2 orl =0, n > 9k + 18 holds;
(iii) when m > 2 and either | > 2, n > 3k+m+8 orl =1, n >
4k +3m/2+49 orl =0, n > 9k + 4m + 14, then either

[ (f = D™ B g - 1)mM® =1,
or f(z) = tg(z) for a constant t such that t® = 1, where d =
ged{n +m,....n+m —i,...,n+1,n}, or f(z) and g(z) satisfy
the algebraic equation R(f,g) = 0, where R(xz,y) = z"(z — 1)™ —
yrly—1m.
The possibility [f*(f—1)™]® [¢g"(g—1)™]*) = 1 does not arise for k = 1.
REMARK 1.7. Corollary is an improvement of Theorem G for [ = 1
and m = 0.

REMARK 1.8. Corollary improves and supplements Theorem H.
REMARK 1.9. Corollary is an improvement of Theorem I.
REMARK 1.10. Corollary improves and supplements Theorem J.

Though the standard definitions and notations of value distribution the-
ory are available in [§], we explain some definitions and notations which are
used in the paper.

DEFINITION 1.11 ([9]). For b € CU{oo} we denote by N(r,b; f | =1) the
counting function of simple b-points of f. For a positive integer p we denote
by N(r,b; f | <p) the counting function of those b-points of f (counted with
multiplicities) whose multiplicities are not greater than p. By N(r,b; f | <p)
we denote the corresponding reduced counting function. In an analogous
manner we define N (r,b; f | >p) and N(r,b; f | >p).

DEFINITION 1.12 ([I1]). Let k be a positive integer or infinity. We denote
by Ng(r,b; f) the counting function of b-points of f, where a b-point of
multiplicity m is counted m times if m < k and k times if m > k. Then

Ni(r,b; f) = N(r,b; f) + N(r,b; f | 22) 4 -+ N(r,0; f | >k).
Clearly Ni(r,b; f) = N(r,b; f).

DErFINITION 1.13 ([3]). Let a,b € CU {oo} and p be a positive integer.
Then we denote by N(r,a;f | >p | g =b) (resp. N(r,a;f | >p | g # b))
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the reduced counting function of those a-points of f with multiplicities > p
which are b-points (resp. not b-points) of g.

DEFINITION 1.14 ([1,2]). Let f and g be two non-constant meromorphic
functions such that f and g share the value 1 IM. Let zg be a 1-point of f
with multiplicity p and also a 1-point of g with multiplicity ¢. We denote by
Np(r,1; f) the counting function of those 1-points of f and g where p > g,
by NB (r,1; f) the counting function of those 1-points of f and g where
p=gq=1, and by Ng(r, 1; f) the counting function of those 1-points of f
and g where p = ¢ > 2; each point in these counting functions is counted
only once. In the same manner we can define N(r,1;g), NE)(T, 1;¢9) and

(2
NE (7", 1) g)

DEFINITION 1.15 ([IL2]). Let f and g be two non-constant meromorphic
functions such that f and ¢ share the value 1 IM. Let 2y be a 1-point of f
with multiplicity p and also a 1-point of g with multiplicity ¢q. For a positive
integer k, we denote by Nf>k(r, 1; g) the reduced counting function of those
1-points of f and g such that p > ¢ = k. In an analogous way we can define

Ng>k(rv 1; f)

2. Lemmas. In this section we present some lemmas which will be
needed later.

LEMMA 2.1 ([15]). Let f be a non-constant meromorphic function and
P(f)=ao+aif +asf?+ -+ anf", where ag,a,as,...,a, are constants
and an # 0. Then

T(T,P(f)) - nT(T7f> +S(T7f>'

LEMMA 2.2 ([8]). Let f be a non-constant meromorphic function, k be
a positive integer, and let ¢ be a non-zero finite complex number. Then

T(r, f) < N(r,00; f) + N(r,0; f) + N(r,c; f®) = N(r,0; f5D) 4 S(r, f)
< N(Tv Q3 f) + Nk+1(r7 0; f) +N(T7 & f(k)) - NO(T7O; f(k+1))
+ S(T’, f)7

where No(r, 0; f(]“‘l)) denotes the counting function which only counts those
points such that f*+1) =0 but f(fF) —¢) #£0.

LeEmMA 2.3 ([1]). Let f and g be two non-constant meromorphic func-
tions that share (1,1). Then

ONL(r, 15 f) + 2N L (r, 1;.9) + N2 (r,1; f) — N ysa(r, 1 9)
< N(r,1;9) — N(r,1;9).



134 P. Sahoo

LEMMA 2.4 ([2]). Let f and g share (1,1). Then
— 1— 1— 1
Nf>2(’l", 159) < iN(Taoaf) + §N(T,Oo,f) - §N€B(T70; f,) + S(Ta f)7

where Ng(r,0; f') denotes the counting function of those zeros of f' which
are not zeros of f(f —1).
LEMMA 2.5 ([2]). Let f and g be two non-constant meromorphic func-
tions that share (1,0). Then
NL(r L f) + 2N4(r, 159) + NP (115 f) = Nysa(r19) = Nysa (13 )
< N(Tv 179) - N(T’, 179)

LEMMA 2.6 ([I7]). Let f and g be two non-constant meromorphic func-
tions sharing (1,0). Then

Nip(r, 1. f) < N(r,0;. f) + N(r,00; f) + S(r, f).
LeEMMA 2.7 ([2]). Let f and g share (1,0). Then

() Nys1(r,159) < N(r,0; f) + N(r,00; f) = No(r, 0; f') + S(r, f),
(i) Ng>1(r,1;f) < N(r,059) + N(r, 00;9) — N (r, 0:¢) + S(r, 9),
where Ng(r,0; f') and Ng(r,0;9’) are defined as in Lemma 2.4

LeEmMA 2.8 ([T ]) Let f and g be two non-constant meromorphic func-
tions, and let p, k be two positive integers. Then

Ny (r, 0; fB)) < Npyio(r, 0; f) + EN(r, 00; f) + S(r, f).

LEMMA 2.9. Let f and g be two non-constant meromorphic functions,
and letn (> 1), m (> 1), k (> 1) be three integers. Let P(z) be defined as
in Theorem L4l Then

P Pg"P(g)™® # 1
fork=1andn > 3m+ 2.
Proof. If possible, let
PP g P(g)*) =1
for kK = 1. That is,
(2.1) QU Qo) =1,
where Q(2) = bpz™ + byp—12™ L+ - + b1z + by with b; = (n + j)ay,
j=0,1,...,m. We write Q(z) as
Q2) = bm(z — d1) (z = da)? - (2 = d)\" - (z = d))"*,
where Y7 li=m,1<s<m;d; #dj,i# j,1<i,j<s;d;’s are non-zero
constants and [;’s are positive integers, : = 1,...,s.
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Let zp be a zero of f with multiplicity p (> 1). Then 2 is a pole of g
with multiplicity ¢ (> 1), say. Then from (2.1]) we obtain

i.e.,
(2.2) mq+2=n(p—q).
From (2.2)) we get ¢ > (n — 2)/m and so we have
le n+m)(n—2)+2 :n+m—2.
n m

Let z; be a zero of Q(f) with multiplicity p, and a zero of f — d; of order g;

fori=1,...,s. Then p = l;q; for i = 1,...,s. Hence z; is a pole of g with

multiplicity ¢, say. So from (2.1)) we get
gli+¢—1=Mn+m)g+1>n+m+1,

i.e.,

n+m+2
“ET
fori=1,...,s. Since a pole of f is either a zero of " 'Q(g) or a zero of ¢,
we have

N(r,00i f) <N(r,0;9) + > _N(r,di;g) + No(r,0;9') + S(r, f) + S(r, 9)

i=1
m m+ s

_|_

<n +m—-2 n+m-+2

+ 8(r, f) + 5(r, 9),

where Ng(r,0;¢') denotes the reduced counting function of those zeros of ¢’

which are not zeros of gQ(g).

Then by the second fundamental theorem of Nevanlinna we get

(2.3)  sT(r,f) < N(r,00; f) + N(r,0; f)

+ ZN(Tvdz,f) 7N0(T,0; f,) +S(T’, f)
i=1

IN

)T(Tv g) + NO(Ta 0; gl)

n+m-—2 n+m-+2
"‘NO(T,O;g/) —N()(T,O;f/)+S(T,f)+s(7’,g)-

< (g T+ T )

Similarly
m+ s

20 T < (gt NI )+ Ta)

+N0(T7O; f,) - NO(ra 0,9/) + S(T7 f) + S(T7g)




136 P. Sahoo

Adding and we obtain
(s __m _ 2Amis) ){T<r, 1)+ T g)} < S(r.f) + 5(r.g),

n+tm—2 n+m+2
which contradicts the fact that n > 3m + 2. This proves the lemma.

LEMMA 2.10 ([14]). Let f and g be two non-constant meromorphic func-
tions, and let n (> 1) and m (> 1) be two integers. If n > m + 3, then

/(=" lg"(g — )™ #1.
LEMMA 2.11. Let f and g be two non-constant meromorphic functions,
and letn (> 1) and m (> 1) be two integers. If \u # 0 and n+m > 6, then

" (uf™ + N [g" (g™ + M) # 1.
Proof. The lemma can be proved similarly to Lemma 8 in [14]. =

LEMMA 2.12 ([3]). Let f, g be two non-constant meromorphic functions
and let k > 1 and n > 3k + 8 be two integers. If [f*]*)[g"]*) = b2, where
b (# 0) is a constant, then f(z) = c1e%, g(z) = cae™, where c1, c2 and ¢
are three constants satisfying (—1)F(c1c2)™(nc)?* = b2,

LEMMA 2.13. Let f, g be two non-constant meromorphic functions, and
let P(z) be defined as in Theorem[L4] If F = f"P(f) and G = g"P(g), then
S(r, F) and S(r,G) are replaceable by S(r, f) and S(r,g) respectively.

Proof. By Lemma [2.1] we have
T(r,F)=T(r, f"P(f)) < (n+m)T(r, )+ S(r, f).
Similarly
T(r,G) < (n+m)T(r,g)+ S(r,g).

This proves the lemma. u

3. Proof of the main results
Proof of Theorem[1.4, We consider F(z) = f"P(f) and G(z) = g"P(g).
Then F*) and G®) share (1,1). Let
FPkt2) 9 p(ktl) Gk+2) okt
H= <F(k+1) T k) — 1) - (G(k+1) T ok — 1>'
We assume that H # 0. Let [ > 1. Suppose that zg be a simple 1-point

of F(®). Then z is a simple 1-point of G*). So by a simple computation on
local expansions we see that zg is a zero of H. Thus

(3.2) N(r,1; F® | =1) < N(r,0; H) < T(r, H) + O(1)
< N(r,o0; H) + S(r, F) + S(r,G).

From (3.1) we know that poles of H possibly result from those zeros of
F#+1) and G+ which are not common 1-points of F*) and G*), from

(3.1)
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poles of F and G, and from those common 1-points of F*) and G such
that each such point has different multiplicity relative to F (k) and GW).
Thus

(3.3) N(r,o0;H)
< N(r,00; F) +W(r 00; G) 4+ N(r,0; F¥) | >2)
+N(r,0;G® | >2) + Np(r,1; F®)) + Np(r,1; GW)
+ N (r,0; &) 4+ N (r,0; GHETY),

where N g (r,0; F#+1) denotes the reduced counting function of those zeros
of F(*+1) which are not zeros of F®¥)(F(¥) —1). Now we consider the following
three cases.

Caske 3.1. Let [ > 2. By and we obtain
(3.4)  N(r,1; F®)
<N 1L F® | =1) + N(r,1; F® | >2)
< N(r,00; F) +N(r 00; G) 4+ N(r,0; F¥) | >2)
+N(r,0,G® | >2) + Np(r,1; F®)) + Np(r,1; G*))
+ N(r,1; F®) | >2) + Ng(r,0; F+1)
+ Ng(r,0; GE)) 4 S(r, F) + S(r, Q).
From and Lemma, we obtain
(3.5) T(r,F)+T(r,G)
< 2N(r,00; F) + 2N (r,00; G) + Nk+1(7‘ 0; F)
+ N1 (1,0; G) + N(r,0; F®) | >2) + N (r, 0; G )| >2)
+ NL(r L F®)Y £ Np(r, 1, G®) £ N(r, 1; F®) | >2)
+ N(r, 1;G®)) + Ng(r,0; FEH)) £ N (r,0; GHEHL)
— No(r,0; F&H1) — No(r, 0; GFFDY 4 S(r, F) + S(r, G).
It is clear that
(3.6)  Npy1(r,0;F) + N(r,0; F®) | >2) + Ng (r,0; F+1)
< N1 (1,0, F) + N(r, 0; F®) | >2 | F = 0)
+N(r,0; F*) | >2| F # 0) + Ng(r,0; F*+D)
< Nig1(1,0; F) + N(r,0; F | >k + 2) + No(r, 0; F-+1)
< Njpo(r,0; F) + No(r, 0; F*+1),
A similar result holds for G also. Again
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(3.7) N(r,1;F® | >2) + NL(T‘, 1, F®)Y + Ny (r,1;G®) + N(r,1; GH)

< N(r1; G ] = )+2NL(T,1;F(k))+2NL(7",1;G(k))

+ NSE (r,1;G®) + N(r,1;G®)

< N(r1;G®Y < T(r, GP) + 0(1)

< T(r,G) + kN(r,00;G) + S(r, G).
So from f we obtain

T(r,F) < Niyo(r,0; F) + Ngi2(r,0; G) + 2N (r, 00; F)
+ (k+2)N(r,00;G) + S(r, F) + S(r,G).

From this and using Lemmas [2.I] and [2.13] we obtain

(3.8) (n+m)T(r, f) < Bk +2m+8)T(r)+ S(r).
Similarly

(3.9) (n+m)T(r,g) < (Bk+2m +8)T(r) + S(r).
From and ( . we get

(n—3k—m—8)T(r) < S(r),
which is a contradiction as n > 3k +m + 8.

CASE 3.2. Let [ = 1. In view of Lemmas and estimates (3.2)
and ([3.3) we obtain

(3.10)  N(r, 1, F®) 4 N(r,1;G®)
< N1 F® | =1) + Np(r, 1; F®) £ Np(r,1;GR)
+ N e 1, F®) + N(r, 1;G)
<N LF® | =1) + N(r, 1;G®) = Np(r,1; F®)
— NL(T, 1; G(k)) + NF(k)>2(T‘, 1; G ))
N(r 00; F) + N(r,00;G) + N(r,0; F®) | >2) + N(r,0; G® | >2)

+ N(r 0; F®)) + ﬁ(r, 00; FM) + T(r, G*)) + N (r, 0; F*HY)
+ N®(r, 0; G*DY 4 S(r, F) + S(r, G)

< <§+2>N(T,OO;F)+(I<:—I—1) (.00 G) + N(r,0; F) | >2)

R 1 -
+ N(r,0;G® | >2) + §Nk+1(r,0;F) +T(r,G) + Ng(r,0; F&+D)
+ Ne(r,0; G**D) 4 S(r, F) + S(r, G).
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Using (3.6) and (3.10) we deduce from Lemma that

k' 5\—
T(T7F) S Nk+2(T70;F) +Nk+2(r70; G) + (2 -+ 2>N(T,OO7F)

— 1
+ (k+2)N(r,00; G) + §Nk+1(7“,0§F) +S(r,F)+ S(r,G).
From this and using Lemmas [2.1] and we obtain

(3.11) (n4+m)T(r, f) < (4k +5m/2 +9)T'(r) + S(r).
Similarly
(3.12) (n4+m)T(r,g) < (4k +5m/2+ 9)T'(r) + S(r).

From and we get
(n—4k —3m/2 —9)T(r) < S(r),
which contradicts our assumption that n > 4k + 3m/2 + 9.
CASE 3.3. Let [ = 0. In this case becomes
(3.13) Ny (r,1; F®) < N(r,0, H) < T(r, H) + O(1)
< N(r,o0; H) + S(r, F) + S(r,G).
Using Lemmas and estimates , and we obtain
(3.14)  N(r, 1 F®) £+ N(r,1;G%)
< ND(r, 1; F®) + Ny (r, 1; F®) + Ny (r, 1;GW)
+ Ng(r, 1; F®)) £ N(r, 1; GW)
< N(r,00; F) + N(r,00;G) + N(r,0; F®) | >2) + N(r,0; G®) | >2)
+ Np(r, 1, F®) 4+ 7, %)) + N pyoq (1,1 GR)Y + Nysq (1 F®)
+ Ng(r, 0 FEY 4 N (r, 0, GFHV) 4 S(r, F) + S(r,G)
< (2k + 3)N(r, 00; F) + (2k + 2)N(r,00; G) + N(r,0; F¥) | >2)
+ N (r,0;G®) | >2) + 2Njy1(r, 0; F) + Niey1 (r,0; G) + T(r, G)
+ Ng(r,0; FE)) 4+ Ng (r,0; GFTDY + S(r, F) + S(r, G)
< (2k+3)N(r,00; F) + (2k + 2)N(r, 00; G) + Ni11(r,0; F)
+ Nis2(r,0; F) + Nig2(r, 0, G) + T(r, G) + No(r, 0; F#H)
+ No(r,0;G*D) + S(r, F) + S(r, G).
Using Lemma [2.2] we get
T(r,F) < (2k +4)N(r,00; F) + (2k + 3)N(r, 00; G) 4+ 2Ng11(r, 0; F')
+ Nit2(r,0; F) + Niy1(1,0; G)
+ Niyo(r,0;G) + S(r, F) + S(r, G).
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In view of Lemmas 2.1] and .13 we obtain

(3.15) (m+m)T(r, f) < 9k +5m + 14)T'(r) + S(r).
Similarly
(3.16) (n+m)T(r,g) < (9% + 5m + 14)T(r) + S(r).

Combining (3.15)) and (3.16) we get
(n—9k —4m — 14)T(r) < S(r),

a contradiction since n > 9k + 4m + 14.

We now assume that H = 0. That is,
FE+2) 9 p(k+1) GG+2)  oq(k+l)
Fh+1)  pk) —1 = g+ gk —1°
Integrating both sides of the above equality twice we get
1 BGW+A-B
Fk -1 Gk -1
where A (# 0) and B are constants. From (3.17) it is clear that F*) and
G*) share 1 CM and hence F®) and G®) share (1,2). Thus n > 3k +m+8.
Now we consider the following three cases.

CAse I. Let B# 0 and A= B.

If B=—1, from 1’ we obtain F(®G®*) = 1. That is,
(3.18) /PP P(g)®) = 1.
Also, by Lemma (3.18) does not occur for k = 1.

Let B # —1. Then from (3.17)) we get

I BG®)
F& = (14+B)GKH —1°

This together with Lemma |2.8| gives

(3.17)

_ 1 _
Using Lemmas and we deduce from (3.19) that
_ — 1
T(r,G) < N(r,00;G) + Nk11(r,0; G) + N<r, =B G(k)>

— No(r,0; G*DY + S(r, Q)

< N(r,00;9) + Ngi1(r,0; G) + kN (r,00; f) + Ny y1(r, 0; F)
+S(r,F) + S(r,G)

<2k+m+DT(r, f)+ (k+m+2)T(r,g) +S(r, f) +S(r,g).
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Thus by Lemma [2.1] we obtain
(n — 3k —m — 3)T(7’,g) S S(r7g)7
a contradiction.

CAsE II. Let B # 0 and A # B.
If B= —1, from (3.17)) we have

A
k) - =
—-GF) + A+1
Therefore N
N(T7OO§ _G(k) + A+ 1) = N(T’,OO;f).

By Lemmas and using the same argument as in Case I, we arrive
at a contradiction.

If B # —1, from (3.17)) we have
—A

e <1 " ;> T (G(k) +(A- B)/B) |

Therefore y
N(r,O; G*) + ;B> = N(r, 00; f).

Again by Lemmas and proceeding as above we reach a contradic-
tion.

CasE III. Now we assume that B = 0. Then (3.17)) becomes

1 1
9 k) - —qgk) L1 =
(3.20) AG + T
ie.,
(3.21) F = %G + ¢(2),

where ¢(z) is a polynomial of degree < k. Let ¢(z) # 0. Then in view
of Lemmas and the fact that f is transcendental, by the second
fundamental theorem of Nevanlinna we get
(3.22) (n+m)T(r,f)+0O(1)=T(r, F)
< N(r,00; F) + N(r,0; F) + N(r,(2); F) + S(r, F)
< N(r,00; f) + N(r,0; F) + N(r,0; G) + S(r, F)
< (m+2)T(r, )+ (m+1)T(r,g) + S(r, f).
It is clear from that
T(r,f)=T(r,g)+ S(r, f).
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This together with (3.22)) gives
(n—=m—=3)T(r, f) < S(r, f),

which is impossible. Hence ¢(z) = 0. From equations (3.20) and (3.21)
together with the fact that F**) and G*) share 1 CM it follows that A =1

and so F' = G. That is,

(3.23) f"P(f) =g"P(g)-
This gives

(324)  fMamf™ + amr f™ "+ +arf + ao)
= ¢"(amg™ + am-19™"" + - + a1g + ap).
Let h = f/g. If h is a constant, then by putting f = gh in (3.24) we get

amgm(hn—l—m . 1) + amilgm—l(hn—i—m—l o 1) 4.
+a1g(h"™ — 1) + ag(h™ — 1) = 0,
which implies h¢ = 1, where d = gcd{n+m, ..., n+m—i,...,n}, am_; # 0
for some i = 0,1,...,m. Thus f = tg for a constant ¢ such that t¢ = 1,
d=ged{n+m,....n+m—1i,...,n}, am—; # 0 for some i =0,1,...,m.
If h is not a constant, then from (3.24)) we can say that f and g satisfy
the algebraic equation R(f,g) = 0, where

R(z,y) = 2™ (ama™ + am_12™ 1 + - + a1z + ag)
— Y (any™ + apory™ "+ ary + ao).
This completes the proof of Theorem 1.4. =

Proof of Corollary . By (3.18]) we have
(3.25) L (uf™ 4+ DI P[g" (g™ + X)W = 1.
We consider the following subcases.

SUBCASE (i). We assume that A\ = 0 and p # 0. Since f(z) # oo and
g(2) # o0, by (3.25) and Lemma [2.12| we obtain f(z) = c1e%, g(z) = cae™,

where c1, cp and c are constants satisfying (—1)¥u2(c1co)" " [(n+m)c]?* = 1.
A similar result holds for A # 0 and . = 0.

SUBCASE (ii). Let Ap # 0. Then by Lemma we see that (3.25)) does
not arise for m > 1 and k = 1.

Again from (3.23) we have
(3.26) U uf™ +A) = g" (g™ + ).

If A = 0, then from |A| + |u] # 0 we get f(z) = tg(z), where ¢ is a
constant such that "™ = 1.
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If Ap # 0, then we suppose that h = f/g. Let h # 1 and h # —1. Then

from (3.26]) we obtain
A 1—h"

T

Hence
A 1+h+--+h"!

P = T ht g o
If m > 1, then from the above it follows that
-1
T(r, f) = ST ) + (0 ).

Since a pole of f with multiplicity p must be a zero of the equation h"*t™ —1
= 0 with multiplicity mp, by the second fundamental theorem of Nevanlinna
we deduce that

N(r,o00; f) = % Z (r, a5 h _TH—TMT(T,h)—i—S(r,f),

where o (#1) (j =1,...,n+m— 1) are distinct roots of A"*™ —1 = 0. So
N ; 2
O(o0, f) =1 — limsup (r, 00; f) <

rooo T(ryf) “nm+m-—1

which contradicts the fact that ©(co, f) > 2/(n+m —1). Thus f = g or
f = —g. Clearly the case f = —g may arise only when both n and m are
even integers.

This proves Corollary .

Proof of Corollary . By we have
(3.27) (=)™ Wg (g - )™M® = 1.

Let m = 0. Since f(z) # oo and g(z) # oo, byand Lemmanwe
obtain f(z) = c1e%, g(z) = cae™ %, where c;, cp and ¢ are three constants

satisfying (—1)¥(c1ca)(ne)?* = 1.
Again by Lemma (3.27) does not arise for k = 1 and m > 1. By
(3-23),
(3.28) ffif=nm=g"(¢g-1)"
Now we consider the following three subcases.

SUBCASE (i). Let m = 0. Then from (3.28]) we get f = tg for a constant
t such that t" = 1.

SUBCASE (ii). Let m = 1. Then from (3.28]) we obtain
(3.29) =1 =g"g-1.
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Suppose f # g. Let h = f/g be a constant. Then from @D it follows
that h # 1, h® # 1, k"t #£ 1 and g = (1 — ™) /(1 — h*™!) = constant,
a contradiction. So we suppose that h is not a constant. Since f # g, we
have h # 1 and so g = (1 — h")/(1 — h"*!) and f = (1 — R")h/(1 — R™H1).
Thus it follows that

T(r,f) =nT(r,h) + S(r, f).

By the second fundamental theorem of Nevanlinna
N(r,00; f) = ZN ryaj;h) > (n = 2)T(r,h) + S(r, f),

where oj (# 1) (j = 1,...,n) are distinct roots of the equation ptl—1=0.

So
: N(r,00; f
O(c0, f) =1 —limsup ——= < 2/n,
( f) r—)oop T(T, f) /

which contradicts our assumption that @ (oo, f) > 2/n. Thus f = g.
SUBCASE (iii). Suppose that m > 2. Then from (3.28) we get

(330) [ 4 () O f 7 ()]
= g™ (1) g™ (D)7,
Let h = f/g. If h is a constant, then substituting f = gh in (3.30)) we obtain
G ) o (1) G )

e (DG 1) =0
which implies h¢ = 1, where d = gcd{n+m,...,n+m—i,...,n+1,n}. Thus
f = tg for a constant ¢ such that t? =1, d = gcd{n+m,....,.n+m —i,...,
n+1,n}.

If h is not a constant, from (3.28)) we see that f and g satisfy the algebraic
equation R(f,g) =0, where R(z,y) = 2" (x — 1)™ —y"(y — 1)™.
This completes the proof of Corollary .
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