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Periodic solutions of a three-species periodic
reaction-diffusion system

by TIANTIAN QIAO (Harbin and Dongying), JIEBAO SUN (Harbin)
and BoyiING Wu (Harbin)

Abstract. We study a periodic reaction-diffusion system of a competitive model
with Dirichlet boundary conditions. By the method of upper and lower solutions and
an argument similar to that of Ahmad and Lazer, we establish the existence of periodic
solutions and also investigate the stability and global attractivity of positive periodic
solutions under certain conditions.

1. Introduction. In this paper, we consider the following three-species
periodic reaction-diffusion system:

( 6U1
o di Auy = ui(ar — biiur — bigug — bigug — equiugug)
in 2xRT,
%—dAu = ug(ag — boruy — bagug — bagus — egujugus)
(1.1) 5 9 Aug = ug(az — barur — bagus — bagzus — eauiugus
in 2 xR,
8’&3
T d3Aus = ug(az — bg1uy — bzaus — bagug — eguiugug)
\ in Q X R+,
with Dirichlet boundary conditions
(1.2) ui(r,t) =0 on 0N xR i=1,23,

and the initial conditions

(1.3) ui(x,0) = ujp(x) on 2,i=1,2,3,

where 2 C RY (N > 1) is a bounded domain with C*™*-smooth (0 < a < 1)
boundary 042, d; = d;(t) € Cr(Qr) (i = 1,2,3) are strictly positive smooth
functions, a; = ai(w,t),bi; = bij(z,t),e; = ei(z,t) € Cr(Qr) (3,5 = 1,2,3)
are positive smooth functions on 2 x R*. Here Cr(Q7) denotes the set of
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functions which are continuous in Qp = §2 x (0,T) and periodic in ¢t with
period T

In population dynamics, the system can be used to model the sit-
uation where a bounded region in RY is inhabited by three species which
interact with each other and migrate from regions of high to low popula-
tion densities. In , u1,us and us stand for the population densities of
three competing species; d; (i = 1,2,3) is the diffusion coefficient of the
ith species, a; (i = 1,2,3) is the intrinsic growth rate of the ith species; b;;
(i = 1,2,3) is the rate of intra-specific competition of the ith species; b;;
(i # j, i,7 = 1,2,3) is the rate of inter-specific competition of the ith and
jth species; e; (i = 1,2,3) is the rate of toxic inhibition of the ith species by
the other species. The time dependence of the coefficients reflects the fact
that the time periodic variations of the habitat are taken into account.

In this paper, we study the existence of periodic solutions and the sta-
bility and global attractivity of positive periodic solutions under certain
conditions. The paper is organized as follows. In Section 2, we present the
background and related work. In Section 3, we introduce some necessary
preliminaries. In Section 4, we investigate the existence of positive periodic
solutions and the asymptotic global attractivity of positive periodic solu-
tions. In Section 5, we give numerical illustrations.

2. Notation. Recently, various mathematical models have been pro-
posed in the study of population dynamics. Assuming that one species pro-
duces a substance toxic to the other but only when the other is present,
Maynard Smith [M] considered the following modified two-species Lotka—
Volterra competitive system and studied its stability properties:

dU1 (t) = Ul (t)(a1 — b1U1 (t) — Cl’u,g(t) — €e1Uu1 (t)UQ (t)),
(2.1) dudt( 9
= = ua(t) (ag — byuz(t) — cqun (t) — equa (t)ua(1)):

This model has attracted great interest of mathematicians. For example,
[C] proposed sufficient conditions for the existence of positive periodic solu-
tions and [SC] studied when the periodic solutions oscillate. However, it is
not enough to consider the dynamics with respect to time ¢t. The distribution
of the species in space should also be considered. In view of the natural ten-
dency of each species to diffuse to areas of smaller population concentration,
researchers were led to the following reaction-diffusion system:

8u1

(2.2) 8%52

ot

—diAuy = ui (a1 — byug — byug — bjug — eqjuiug),

— doAug = ug(ag — bauy — baug — baug — equjug).
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For this system, a lot of results have been produced. For details, see [TL1,
TL2l [TZ] and the references therein.

In recent years, periodic parabolic systems have been extensively stud-
ied: see e.g. [ALL BHI [FC, [TW], ML [Pl Z]. Mathematically, there are essen-
tial difficulties in passing from single-species to multiple-species competitive
models, and less is known about the dynamical behavior of competitive
systems though the single species model is well understood. Moreover, the
periodicity of parameters is realistic and important when the effect of envi-
ronmental factors is taken into account. In an important work, Ahmad and
Lazer [AL] studied the periodic diffusion system

ou

aitl — d1AU1 = u1(a1 — b1U1 — b1UQ),
(2.3) s

W — dQAUQ = UQ(CLQ — b2u1 — bQUQ)

with homogeneous Neumann boundary conditions. By the method of upper
and lower solutions, Ahmad and Lazer discussed upper and lower bounds for
coexistence states and the limiting behavior of solutions. Prompted by the
work of Ahmad and Lazer, we consider the three-species periodic diffusion
system . We give conditions for the existence of positive periodic solu-
tions and the global attractivity of positive periodic solutions. Some of our
results extend the existing results for the above two-species Lotka—Volterra
competitive systems.

3. Preliminaries. In this section, we define solutions of the problem
(1.1)—(1.3) and give some lemmas needed in the proofs of our main results.
For 0 < a < 1, we denote

E— C2+a71+a/2(§ % ]RJr)
F={weE:whoxr+ =0, w(z,t) =w(x,t+T)in 2 x R}
DEFINITION 3.1. A vector function (ui,ug,us) is said to be a classical

solution of the problem (T.1)-(T.3) if (u1,uo,u3) maps 2 x R* to E? and
satisfies (L.1))—(1.3)); (u1,u2,us3) is said to be a classical T-periodic solution

of (T.I)~(1.2) if (u1,us2,u3) maps 2 x RT to F? and satisfies (T.1))—(T.2).

LEMMA 3.1 ([BH)). Let \(d;, a;) be the principal eigenvalue of the peri-
odic eigenvalue problem

88? — diApi — ajo; = Nip;  in 2 X RT,

(3.1) ©i=0 on 92 x RY,
vi(z,0) = p;i(x,T) on §2,1=1,2,3.
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Then \i1 = \(d;, a;) is real and its corresponding eigenfunction ¢; does not
change sign in 2 x RT. We always choose p; positive and normalize it so
that max@; = 1 in 2 x RT.

In the following, for a given bounded function f : xRt — R, we denote
far =sup{f(x,t) : (x,t) € 2 x RT}, fr =inf{f(x,t): (x,t) € 2 x RT}.
Consider the logistic problem
ou

(3.2) Frie dAu = u(a —bu) in 2 x R,
(3.3) u(z,t) =0 on 92 x RT,
(3.4) u(z,0) = up(z) on {2,

where d = d(x,t) is a strictly positive smooth T-periodic function, and
a = a(z,t) and b = b(x,t) are positive smooth T-periodic functions on
2 x R*. For the above problem, we have the following lemma [ATI [P} [Z].

LEMMA 3.2 ([AL]). (1) If M\i(d,a) < 0, then the problem (3.2)—(3.3)
admits exactly one positive classical T-periodic solution wld,a,b] = w(a, b]
satisfying

(3.5) 0 < wla,b] < (a/b)yr in 2 x RT.
Furthermore, if u(x,t) is a solution of (3.2)—(3.4), then

tlim lwla, b] — u(x,t)] =0

uniformly for x € 2, where ulgoxr+ = 0, u(x,0) > 0 (# 0) in 2, and
wld, a,b] = wla,b] denotes the solution of the problem (3.2)-(3.3) with the
coefficients d = d(x,t), a = a(x,t) and b = b(x,t).

(2) If M(d,a) > 0, then the problem (3.2)-(3.3) has no nontrivial T-
periodic solutions. If A\i(d,a) > 0 and u(z,t) is a solution of (3.2)-(3.4),
then limy .o u(x,t) = 0.

The following lemmas play an essential role in investigating the global
asymptotic behavior of the solutions of the problem ((1.1))—(1.3).

LeEMMA 3.3 ([YL]). If u,v € CYQ), ulsn = vlsgn = 0, v(z) > 0 for
x € 2 and g%larz < 0, where 5% represents the outward normal derivative
on 012, then there exists a positive constant K such that u(z) < Kv(z) for
all x € (2.

LeEmMA 3.4 ([EC)). If A(d,a) <0,a < A, and0 < B < b, then wla,b] <
wlA, B.

LEMMA 3.5. Assume that (u1,usg,us) is a classical positive T-periodic

solution of (1.1)—(1.2)) and

a a
(3.6) —A11 > bions <2> + b1z <3> ,
b2 ) 3y b33 ) s
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a a
(3.7) —A21 > ba1y <bl) + bz <b3> ;
11/ pm 33/ M
a a
(3.8) -4m>@w<1> +@M<2>.
bi1 /s b22 /) as
Then in 2 x R, we have
(3.9) @i < up Swldi, a5, bi) =wi,  1=1,2,3.

Proof. According to Lemma and (3.6)—(3.8)), if \jq <0 (i =1,2,3),
then there exist w; (¢ = 1,2, 3) satisfying (3.2)—(3.4) with coefficient func-

tions a;, b;. So we have

0

—auzl — d1Awy > wi(ar — biwy — biawy — bizws — eywiwaws) in 2 x RY,
8w2 . +
5 do Awy > wa(az — barwy — basws — bazws — eawiwows) in 2 x R™,
811)3 . +
a5 dzAwsz > ws(az — b3jwi — bzgwy — bgzws — ezwiwows) in 2 x RT,
wi(z,t)=0>0 on 02 x Rt i=1,2,3,

wi(z,0) = wi(z, T) > wi(z,T) on 2,i=1,2,3.

Thus (w1, ws, ws3) is an upper solution of f with the initial condi-
tions u;(z,0) = w;i(z,T) (i = 1,2,3). Obviously, u, ug, us is a lower solution.
So by the comparison theorem for periodic parabolic equations [SC] and
Lemma we have w;(z,t) < w; (i = 1,2,3). Furthermore, (¢1, p2,¢3) is
a lower solution of (1.1)~(1.2)) with the initial conditions u;(z,0) = u;(z, T)
(1 =1,2,3). So we have u;(z,t) > ¢;i(i =1,2,3). m

LemMA 3.6 ([YL, Theorem 5.3]). Assume that U; > 0, V; > 0 (i =
1,2,3) are smooth functions on 2 x RY and (Uy, Va, V3) satisfies

% — d1 AUy > Ui(ar — b11Uy — b1aVo — bi3Vz — e1U1 Vo V3)
on 2 xRT,
W da AVy < Va(ag — bo1Uy — baaVa — bagUs — eaU1 Vo Us)
(3.10) ot =
on 2 xRT,
V3
o d3AVz < Va(az — b31U1 — b3aUz — b33 Vs — e3U U2 V3)

on 2 xRT,

(V1,Us2,Us) satisfies the corresponding reversed inequalities, U; = Vi = 0
on 92 x RY and Vi(z,0) < ui(z) < Ui(x,0) on 2. Then for any positive
smooth initial value u;g > 0 (£ 0) (¢ = 1,2,3), the problem (1.1)—(L.3])
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admits a classical solution (uy,ug,us) such that
(3.11) Vi <u; <U;  in 2 xRT,
where (U, Us, Us) (resp. (Vi, Vo, V3)) is an upper (resp. a lower) solution of

the problem (L.1)—(1.3)).

4. Main results. In this section, we show the main results of this paper.

THEOREM 4.1. Assume that f hold. Then the problem (|1.1)—
admits two positive T-periodic solutions (uys, ud, u3) and (uf, ugs, uss)
such that for any positive T-periodic solution (uir, uer, usr) of f,
(4.1) e < wir <uf  on 2 xRTi=1,23.

Moreover, if (uy,uz,us) is a solution of the system (1.1)—(1.3) and
(4.2) uip(z) >0 (£0) in 2 and wujplop =0, =123,
then for any € > 0, there exists a corresponding t. > 0 such that
(4.3) Ui (2, 1) — ey < ui(z,t) < u(z,t) + vy, i=1,2,3,
for allz € 2 and t > t..

Proof. Since (3.1)), (3.6)), (3.7), (3.8) hold, we can see that there exist

6 > 0 and r > 1 such that
—A11 > b110¢p1 + biarws + bizrws + e1drro1waws,
(4.4) —A21 > ba1rwy + b2adpa + bagrws + eadrrwipaws,
—A31 > ba1rwy + bagrwo + bssdps + esdrrwiwaps,
where ¢; is the principal eigenfunction of (3.1) with maxg, g+ @i(z,t) =1
and w; have been introduced in (3.9).
First, we consider the solution of the problem (|1.1))—(1.3)) with the fol-
lowing initial conditions:
uio(z) = rwldy, ar, burlle=o,  u20(x) = dpa(,0),  uze(w) = dp3(x,0).
From (4.4), we see that
(6(101 (:U, t)v 5@2(*737 t)a 6803(377 t)) (resp. (Twl ([B, t)? TwQ(x7 t)7 ng(.%', t)))

is a lower (resp. upper) solution of (|1.1)—(1.3). By Lemma there exists
a unique global classical solution (u1,ug,us) of (1.1)—(1.3)) such that

Spi(x,t) < wi(x,t) < rwi(e,t) on 2 xRT, i=1,23.
Let uji(z,t) = u;(xz,t +T) (i = 1,2,3). Then we have
dp1(x,0) < upp(z,0) = ui(z, T) < rwili=o = ui(z,0),
dpa(z,0) = ug(z,0) < ug(z,T) = ugi(x,0) < rwsli=o,
d3(x,0) = us(z,0) < wus(z,T) = uzi(z,0) < rwsli—o.
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Set (U, Uz, Us) = (u1,uz1,us1), (Vi, Va, V3) = (u11, u2, u3). Then (Uy, Uz, Us)
and (V1, Vo, V) are respectively upper and lower solutions of (1.1)—(1.3]). By
Lemma we have

urr(z,t) <wup(w,t),  uz(z,t) <wor(z,t), wz(w,t) <wusi(x,t).

For each integer n, define w;,(z,t) = u;(x,t +nT) (i = 1,2,3). Then a
similar argument shows that

doi(z,t) <uip(z,t) < uip-1(z,t) < rwr,
(45) 6@2($,t) S u?,n—l(xﬂt) S 'U/Qn(ﬂ:',t) S rw 2
dp3(x,t) <ugp_1(z,t) < usp(z,t) < rws.

So there exist functions uj, ug«, us. on 2 x RT such that

(4.6) nlirgo(uln,ugn,U3n)(x,t) = (u], u2s, uss)(z, ),
(4.7) do1 <uy <rwy, 0y <uge <rwe, 03 < usy < rws.

By an argument similar to that in [AL], we can show that uj, ug., us, is a
classical positive T-periodic solution of the problem (|1.1)—(1.2) with

tliglo(ul(x, t) — u?('% t)) =0,
(45) lim (ua(@,£) — s (z,8)) = 0,
tli)rgo(ug(x,t) — ugy(z,t)) =0,

uniformly for z in £2.
Second, we consider f with the initial conditions
uio(x) = dpa(x,0), wug(x) = rwlds, az, baa]|i=o,
ugo(x) = rwlds, as, bss]|t=o-
Since (rwl,rwz, rwg) and (51, 0p2,0p3) are respectively upper and lower
solutions of , by Lemma [3.6 N there exists a unique global solution

(v1,v2,v3) of (1.1] . such that
dpi(x,t) < vi(:c,t) <rwi(x,t) on 2 xRT i=1,23.

A similar argument shows that there exist smooth functions w1y, u3, u3 de-
fined on 2 xR* such that (u1., u}, u}) is a T-periodic solution of the problem

(ED-(L2), and

lim (v1(7,t) — u«(w,t)) =

t—o0

(4.9) Jim (va (2, 1) — ua(
Jim (v3(2, 1) —us(z, 1)) =

8
~
S~—
S~—
I
o o o

uniformly for z in (2.
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Set (Uy, Uz, Us) = (u1,v2,v3) and (V1, Va2, V3) = (v1, u2,u3). As ui(z,0) >
v1(z,0), uz(z,0) < va(x,0) and ug(z,0) < vz(x,0), we see that (Uy, Uz, Us)
and (V1, Vo, V3) are respectively upper and lower solutions of (1.1)—(1.3). By
Lemma on 2 x RT we have
(4.10) up(z,t) > vi(z,t), we(x,t) <wvg(z,t), wusg(x,t) <wvs(x,t).

From (4.8) and (4.9)), we have
(4.11) wis(z,t) <ul(z,t), i=1,2,3, forall (x,t) € 2 xR,
Let ( ul, u2, usz) be a classical positive T-periodic solution of . . ). By

. and Lemma we have

(4.12) wis(z,t) < ui(z,t) <ul(x,t) on 2 xRTi=1,23.

Summing up, for all sufficiently small values of § and r, we obtain the
same T-periodic solutions (w1, u3,u3) and (u], ug«, usx).

Consider (L.1)—(L.3) with the initial conditions (u1o(z), u20(z), uso(z)),
where w;o(z) (i = 1,2, 3) are nontrivial nonnegative smooth functions on (2.
Let p; (i = 1,2,3) be the global solutions of the problem

Opi _ diAp; = pi(a; — bip;) in 2 x RT,
413 ot
(4.13) pi=0 on 92 x RT,
pi(z,0) = pio(x) on {2.

By the parabolic maximum principle, p;(z,t) > 0 for (z,t) € 2xR™", so that
(p1,p2,p3) and (0,0,0) are respectively upper and lower solutions of (1.1)—
(1.3). Therefore, there exists a unique global classical solution (u1,u2,us)
such that

0<u; <p; onf2xR" i=1,23.
Since

ou
87751 — d1Auy +u1(=(a1)m + (b11) mpim + (b12) MP2ms

+ (b13) mp3nr + (e1) Mp1vp2mp3n) = 0,

by the extended parabolic minimum principle [PW] we have w;(x, mT) > 0
in 2 for each integer m > 0, and du;/dn < 0 on 9f2. By Lemma
there exists a sufficiently small positive constant dy such that dpp1 (2, mT) <
ui(x,mT), dop2(x,mT) < ug(x,mT),dops(x,mT) < us(z,mT) in (2.
Now we show that for any r > 1, there exists M € N such that py (z, mT)
< rwi(x,0), po(z, mT) < rws(z,0), p3(x,mT) < rwz(x,0) on 2 if m > M.
In fact, by Lemma [3.2] we have

(4.14) pi(z,mT) — wi(z,0) in C*T(2) (m — o),
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so that
(4.15) Opi(x,mT)/On — dwi(x,0)/0On in C(912) (m — o).

As Ow1(x,0)/0n|sn < 0 and Opy(x,mT)/Onlsn < 0, for any r > 1 there
exists My € N such that 9(rwi(z,0) — pi(x,mT))/Onlon < 0 if m > M.
Since rwi(z,0) — p1(z,mT) = 0 on OS2, there exists a domain 2. CC {2
such that rwi(z,0) — p1(z,mT) > 0 for all z € 2. UAS2.. So we just need to
show py (z,mT) < rwy(x,0) for z € (2. To arrive at a contradiction, assume
that for each n € N there exist ro > 1, ky, (> n) and zy, € (2. such that

(4.16) p1(z, k,T) > rowi(z,0).

Since there exists a subsequence {x}; } C {xy, } such that x3;, — x¢, we have
w1 (x0,0) > wi(xp,0). This is a contradiction. Hence, there exists My € N
such that pi(x,mT") < rwi(z,0) in £2. if m > M. That is, for any r > 1
there exists M € N such that p1(z, mT") < rw;(x,0) if m > M; and similarly

for ps, p3.

From the above claims we see that for any » > 1 there exist a sufficiently
large positive constant M and sufficiently small § > 0 such that if m > M,
we have

dpi(x,0) < ui(z,mT) < pi(z,mT) < rw;(z,0), i=1,2,3.

Let (u,Us,u3) and (U1, uy, us) be the unique solutions of (L.1)—(1.2) with
(uy (z,mT),ug(x,mT),us(x,mT)) = (0p1(x,0), rws(x,0), rws(x,0)),
(w1 (x, mT), ug(x, mT"), us(x,mT")) = (rwi(z,0),d0p2(x,0), dp3(x,0)).

By Lemma [3.6] we have

(4.17)  dpi(x,t) < wui(x,t) <wui(z,t) <z, t) < rwi(z,t), i=1,2,3,

on 2 x [mT,0), and

(4.18) tli)r&[gi(m,t) — ui(x,t)) =0 = tlirglo[ﬁi(x,t) —ui(xz,t)], i=1,2,3,

uniformly for x in 2. Furthermore, also holds in C%%(£2). Hence, for

any € > 0 there exists t; > 0 such that

(4.19) ui, (z,t) — e <ui(x,t) <uj(z,t)+epi, 1=1,2,3,

on §2 x (t.,00). The proof is complete. =

Let Ao be the principal eigenvalue of —A under the homogeneous Dirichlet
boundary condition. Obviously, if d; and a; are positive constants, A(d;, a;)
= d;\o — a;. Consequently,

Mdi,a;) < (di)prro — (ai)p, 1=1,2,3.

These arguments give the following corollary.
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COROLLARY 4.1. Assume that

a a
(4.20) —(di)mAo + (a1)r > biam <2) + bism <b> ;
22 /) M 33/ M

aq a
(4.21) —(d2) Ao + (a2)r, > baim <b > + bagnr (bs> ,
11 33/ M

a a
(4.22) —(d3) Ao + (ag)r, > b31M< ! > + baans <2> -
b11 b2 /s

Then the conclusions of Theorem [£.1] also hold.

Using a similar method to that in Theorem we obtain the following
conclusion.

THEOREM 4.2. Assume that \11 < 0, A1 > 0, Az; > 0. Then (1.1)—(1.2))
has a unique T-pem’odz’c solution (uf,0,0). Moreover, if (ui,ug2,us) is a so-

lution of (1.1 . , and
uio(x) >0 (Z0) in 2 and uplop =0, =123,
then for any € > 0 there exists t: > 0 such that
ui(z,t) —ep1 < wup(z,t) <uj(z,t) + e,
0 <wug(z,t) <eps, 0<uz(z,t)<ecps,
forallxz € Q2 and t > t..

COROLLARY 4.2. Assume that \11 >0, A21 <0, A31 <0. Then (1.1)—(1.2)
has a unique T-periodic solution (0,ul,u3). Moreover, if (uy,uz,u3) is a

solution of f, and
uip(z) >0 (£0) in 2 and wuplon =0, i=1,2,3,
then for any € > 0 there exists t. > 0 such that
0 <wui(x,t) < epr,
us(x,t) — epa < ug(x,t) < uj(w,t) + epa,
uz(x,t) — eps < ug(z,t) < uz(z,t) + eps,
forallx € 2 and t > t..

5. Numerical illustrations. In this section, we present some numer-
ical simulations to investigate the stability of the periodic solution. Take
2 = [0,7], dr = 0.1,a3 = 1+ sint, b3 = 0.08 + 0.08cost, bjo = 0.06 +
0.06sint, b1z = 0.004+0.004 sint, e; = 0.000034-0.00003 cos t, w19 = 3.14157
4+ 3.14157sinx, dy = 0.1,as = 2 + 2sint,by; = 0.05 + 0.05cost, byy =
0.15 4 0.15sint, beg = 0.002 4+ 0.002sin t, e5 = 0.00008 + 0.00008 sin t, usg =
10.289+10.289sinx, d3 = 0.1, a3 = 2+ 2sint, bg; = 0.045+0.045cost, b3y =
0.153+0.153 sint, bgs = 0.002+0.002sin t, ez = 0.00007+0.00007 sin t, uzg =
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species u 4

=\

space x time t

Fig. 1. Numerical simulation of u,

species u,

space x 0 o time t

Fig. 2. Numerical simulation of w2

9.2601 +9.2601 sin . Obviously, the above coefficients satisfy the conditions
of Theorem [4.1] By the forward difference scheme, we get numerical solutions
of (1.1)) (see Figures 1-3). From these figures we can see that the solution of
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species U,

space x 0 o0

Fig. 3. Numerical simulation of us

the problem (|1.1]) will approach a stable periodic solution as t — oo, while
the solution near the initial time may not be periodic.
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