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Spectrum of certain Banach algebras and 0-problems

by LINUS CARLSSON, URBAN CEGRELL and
ANDERS FALLSTROM (Umea)

Abstract. We study the spectrum of certain Banach algebras of holomorphic func-
tions defined on a domain 2 where d-problems with certain estimates can be solved. We
show that the projection of the spectrum onto C™ equals {2 and that the fibers over {2
are trivial. This is used to solve a corona problem in the special case where all but one
generator are continuous up to the boundary.

1. Introduction and notations. In this paper we are interested in
questions related to the spectrum of uniform algebras consisting of certain
classes of bounded holomorphic functions on bounded domains in C™. Using
techniques of Hormander and (vrelid among others, we first show that
in the case when certain d-equations can be solved, the projection of the
spectrum onto C" equals the closure of the domain, and that the fibers in
the spectrum over interior points are trivial. In the last section, we study
the fibers in the spectrum over boundary points and solve a weak form of
the corona problem.

Let 2 be a domain in C" and denote by H({2) the analytic functions
on 2, H®() = H(2) N L>®(2) and A*(2) = H(2) N C*02),0 < k
< 00. The space A%(§2) will usually be denoted by A(£2). We let R(£2)
denote one of the classes L>°(£2) or C*(£2), 0 < k < co. We denote by M
the spectrum (= the multiplicative linear functionals) of B(£2) = R(f2) N

If m € M, we denote by 7 the projection 7m = (mz1,...,mzy,), and 0
denotes the point evaluations in 2, i.e. 2 = {m € M : am € 2, m(f) =

~

f(mm)}. The Gelfand transform of f € B(§2) will be denoted by f(m) =mf.

By X we denote the set 19, \ fZ, and Sh is the Shilov boundary. Note that
X = 02 and Sh C X.
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For every natural number 0 < s < n we denote by A*C"™ the exterior
product of order s of C™.

Let ey, ..., ey, be the canonical basis in C" and ej, ..., e;, the dual basis
such that <e;,ek> = §;). Furthermore, ef = eg, N Neg,, 1 < B <--- <
55 <n.

Define

Ls= {Zfaﬁdza ®e’: fag €R, e’ € A°C", |o] =, |5 = 5}7
— . ol

Fix a point p = (p1,...,p,) € C". Define the homomorphisms 9, on Zé
as -
Or(u@w)=0u®w, ie Op:Li— L5,
and the homomorphisms Ps : £5 — £~ as follows: for u € £3 with u =
Z‘B‘ZS Uﬁ ® 6'8 ].et
n
P(ug ® 6’8) = Z(z, —pi)ug ® (6?46ﬁ)
i=1
where
ef e’ = { (=1 lep Ao Aeg A Neg, i =Py,
‘ 0 ifi ¢ 3.
We have the following diagram:

P3 P3 Ps
5 B 5 B 73 0
[’0 [’1 [’2

P P P
S % B
[’0 [’1 [’2

P P Py
% % 75 O 7 o
£0 £1 £2

Observe that P and 0 commute since zj — p; are holomorphic. Furthermore,

—_—~—

Py(L3) C £371
2. The spectrum over the closure of the domain
LEMMA 2.1. Let £2 C C™ be a bounded domain with the property that for

every O-closed form \ € R, (2) N C(lqu)(Q), 1 < g <n-—1, there exists



Spectrum of Banach algebras and O-problems 53

a form u € R q4-1)(§2) such that Ou = \. Let p be a point in C" and f a
function holomorphic on §2. If

Z| i/

belongs to E(lj then there exist f; € B, i =1,...,n, such that

F(2) =Y (2 = p) fil2).

i=1
Proof. Note that f(z) = Pi(g$)(2) and hence the coefficients of g} solve
the Gleason problem in R(f2) but are not necessarily holomorphic. We now

inductively define
k+1 96(2) A 5(9571(2))
(21) o (z) = S

Subtracting the Taylor polynomial of f at p of degree large enough, we may
ﬁg—H

assume that gk'H belongs to . A calculation shows that

1
(22) na (% nagit) ~o
which implies that

1
(2.3) P19y = P (‘970 A 89;’3_1> = g1
For N large enough we get

agN_1 = Pnyigh Tt =o0.

By the assumptions on (2 this gives us a v%_Q € C%_Q such that

5N _ N
OVN_9 = gN_1-

Assuming that v’k‘fﬂ € EkH has been found such that
k+1 E+1 k+2
avktl = gk+ Pk+2vk+ )

we get, using (2.3),
a7 .k k+1
g1 — Pk+1vki_1) =0.
Hence, there exists a solution v,’:_Q € Lg_Q to
7.k k k+1
g9 = gr—1 — Per1vp’y.
For k = 2 we get

(2.4) 9 (2) — Pyvd(2 Zfl )ei € B C™.
=1
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Since Pig} = f, letting Py act on (2.4) we get f(z) = Y1 (2 — pi) fi(2)
where f; € B. =

PROPOSITION 2.2. Let 2 C C" be a bounded domain with the property

that for every d-closed form X € Rg 4 (2) N C(lo )(Q), 1<qg<n-—1, there

exists a form u € R q—1)(£2) such that Ou = \. For a point p € (2, the
mazimal ideal in B({2) consisting of the functions vanishing at p is generated
by the functions z1 — p1,...,2n — Pn.-

Proof. We show this by solving the Gleason problem for B in (2. Let f
be a function in B vanishing at p. Subtracting the Taylor polynomial of f
at p of degree large enough, we may assume that

olal+18l ¢

(2.5) =1 (p) =0 for 0 < |a|+|B] < M, M large enough.

Defining

Z\ /)¢

we see that (2.5) implies that g} belongs to Eé. The result follows from
Lemma 2.1. =

PROPOSITION 2.3. Let 2 C C" be a bounded domain with the property
that for every 0-closed form X\ € R q)(§2) N C(lo )(Q), 1<qg<n-—1, there
exists a form u € R 4—1)(£2) such that du = X. Then the projection (M)

of the spectrum of B(£2) onto C" equals the closure 2 of 2.

Proof. Suppose there exists an element mg € M such that 7mg = p ¢ 2.

Define
Z B _p,2 ¢i.

Since p ¢ 2 we see that g} belongs to El. Lemma (2.1) gives functions
fi,..., fn in B such that

n

1=> (zi—pi)fi(z) on .

i=1
Since my is linear and multiplicative and since mmg = (mo(21), ..., mo(2n))
= (p1,...,pn) we get

n

1=mp(l) = mO(Z(zi _pi)fi) =0,

i=1
which is a contradiction. m
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3. Representing measures and corona type problems for H°({2).
In this section, we assume that 0 € §2. A representing measure for 0 is a
probability measure p such that f(0) = { fd,u for all f € H*({2). We denote
by M the class of representing measures with support outside .(~2; note that
there is at least one element in M with support in the Shilov boundary.

A closed set K in M is called a peak set if there is an f € H*(f2) with

f: 1 on K and |]?| < 1 outside K.

PROPOSITION 3.1. If K is a peak set, then sup,cp u(K) = 0. On the
other hand, if K is a closed subset of M\ w~(£2) with sup,,cpr p(K) =0,
then there is a peak set L that contains K N X.

Proof. See [1]. u

PROPOSITION 3.2. Suppose that z° € 982 and that 7=1(z°) is a peak
set. Then the Shilov boundary of the algebra {g|r—1;0y : g € H*®(£2)} is
contained in Sh N 7=1(20).

Proof. Let g € H*({2) be given. We want to prove that

sup [g(m)[ = sup [g(m)|.
mm=2zY meSh
mm=2z0

Since 771(2°) is a peak set, we can choose f € H>(2) with f=1on
7 1(2%) and \ﬂ < 1 otherwise. For every s € N, choose ms € Sh such that
SUPrm—,0 [g(m)| = ];F(msﬂ and let mg be a cluster point of (m4)2,. Here
f(ms) — 1 as s — oo, for otherwise sup,,,—,0 g(m) = 0. For every ¢ > 0
there exists ms_ with

~ o~

[f(mo) = fms )] <e,

which proves that f(mo) = 1so mmg = 2. Also since |]?| < 1, we have
9(ms)| > SupPrp—s, [g(m)] so, by continuity, g(mo) = supg,—.o [g(m)],
which proves the proposition. =

THEOREM 3.3. Suppose M = Q, 7= Y(£2) is trivial and for every £ €

092, (&) is a peak set. If M\ Qs separable, then M\ 2 is contained in
a peak set.

Proof. Assume {m; }3";1 is dense in M\ Q. By the proof of a theorem of
Forelli [2], we can find f; € H*>(f2) with Re f; > OaRef/:jH*l{ml,...,mj} > 7,
Re f;(0) < 1/42 and Im f;(0) = 0. Define
5‘):1 i

Fy(z) = 1T25P 7 n Z];:l fj'
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Then |Fj,(z)] < 1 so we can select a subsequence pg such that Fp,, — f
uniformly on compact subsets of 2. Now

> £i(0)
rol=| =
1+>2 f;(0)
If m® € X with 2° = m(m®) = 7(m;), then for a given p° there is a sequence
(27) in 2 with 29 — 2% so that f(27) — f(mP) and f(2*) — f,o(m®). Thus

<

— 1
11— f(m®)| = lim (1 — f(2*))] = | lim lim
§—00 §—00 k—oo | + Z ¥ f(zs)
< lim L = 1A < 1 -0, p’— 0.

s—oo 1+ Re fo(2%) 1+ Re Foo(m0) ~ 1 +p

Therefore 1 —f(mo) =0sof=1on{meX:mmEe m({m;}52,)}. It
follows from Proposition 3.2 that 1/—\f =0on {m e M :mm = m(m;)},
j € N, and since (m;)32, is dense in M\ 2, f =1 on a closed set containing

M\ 5, which completes the proof. m

REMARK 1. It follows from the proof that X = 0 \ 2 is not separable.
For if it were, then we could construct f as in the proof of Theorem 3.3
with |f(0)] < 1 and 1/—\f = 0 on 2\ £2. Since 2\ 2 contains the Shilov
boundary of H*(2) it follows that fz 1 on M, which is a contradiction.

It follows from the general theory of Banach algebras that if m; € M and
f € H>®(£2) are given, then there is an mq € {2 such that f(ml) = f(mo).
If {m e M :7m = m(m;)} is a peak set, it follows from the Hahn-Banach
theorem and Proposition 3.2 that there exists a probability measure with
support in {m € X : mm = m(m1)} that represents m;.

If we put more conditions on (2, the next theorem shows that we can
always find mg € X with f (mo) = f(ml) It is with great pleasure we
acknowledge a discussion with John Erik Fornsess, who suggested how to
find a proof of Theorem 3.4.

THEOREM 3.4. Let {2 be a bounded domain in C™ with the property that
for every O-closed form \ € L. 1)(!2) there ezists a function u € L*(12)
such that Ou = \. Let f € H®(). If ¢ € 352 such that {m € M : ™m = §}
is a peak set, then for every m € M with mm = there exists mo € Q such
that f(m) = f(mo) and 7m = wmy.

Proof. Let m € M with mm = £ be given. We wish to find my € X. We
can assume f(m) = 0. If there is a sequence z; € {2 such that z; — £ and
f(#j) — 0 as j — oo, we have proved the theorem.
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Assume that there are r, 0 > 0 so that if z € 2NB(7wm,r) then |f(z)| > 0.
We have assumed that mm € 02 and that there exists go € H*(2) such
that go(s) = 1 on {s € M : w(s) = w(m)} and [go| < 1 otherwise. Define
g = 1 — gop and choose x € C§°(B(mm,r/2)) with x = 1 near mm. Then
Ox/fg is a 0-closed (0,1)-form with coefficients in L°°(£2). By assumption,
there is an I € L°°(£2) such that dl = %X- Define

(3.1) g1 = % —lge L™,

1—
(3.2) gQ:TX—i—lfGLOO.
Then

g1 = %5x—gél=0,

592:_78)(+f5l:0.

Furthermore fg; + gg2 = 1 so 0 = m1 = 1, which is a contradiction and
completes the proof. =

REMARK 2. The assumptions of the theorem hold at every boundary
point of a strictly pseudoconvex domain.

REMARK 3. The assumptions of the theorem are not necessary for the
conclusion to hold. An example is the bidisc D x D. For the homomorphism
that projects on the Shilov boundary all the assumptions are satisfied. For
the homomorphism mg that projects on the boundary but not on the Shilov
boundary the corresponding fiber is not a peak set. But the point evaluations
are dense at those points. For if f € H*(D x D), mmy = (u,v), u € 0D,
v € D, then f(z,w) = f(z,v) + g(z,w)(w —v), g € H*®(D x D). Hence
mof = mof(z,v) so it follows from the corona theorem in D that my is in
the closure of the point evaluations.

COROLLARY 3.5. Let {2 be a bounded domain in C™ with the property

that for every 0-closed form \ € L?gq)((}), 1 < q < n-—1, there exists a

form u € Lfg’q_l)(ﬁ) such that Ou = \. If {m € M : mm = &} is a peak
set for every boundary point & € 0f2, then the following weak form of the
corona problem can be solved:

If fi,..., fp—1 € A(R2), fp € H®(2) and Z?:l |fjl > 6 > 0 then there
exist gi,...,gp € H>®(L2) with Z?:l gifi = 1.

Proof. 1t is enough to prove that if m € M then (m(f1),...,m(fp)) is
different from zero. It follows from Proposition 2.2 and the “corona condi-
tion” that this is true if 7m € §2. If mm € 942, it follows from Theorem 3.4
that there is an m; € X such that 7m = 7wm; and m(f,) = mi(fp). Note
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that, again by Theorem 3.4, r(fs) = fs(nr) forallr €e Mand 1 <s <p-—1,

since fs € C({2). Therefore, (m(f1),...,m(fp)) is different from zero in this
case too. This completes the proof since 7 M = (2 by Proposition 2.3. =

REMARK 4. Examples of domains with the property that for every 0-

closed form \ € LE’&q)(Q), 1 < ¢ <n-—1, there exists a form u € Lfg,q_l)(ﬁ)

such that Qu = A, are strictly pseudoconvex domains ([3]) and analytical
polyhedra ([4]).
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