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Stability of the Cauchy functional equation
in quasi-Banach spaces

by JACEK TABOR (Krakdéw)

Abstract. Let X be a quasi-Banach space. We prove that there exists K > 0 such
that for every function w : R — X satisfying

lw(s+t) —w(s) —w®)|| <e(|s|+|t|]) for s, t €R,
there exists a unique additive function a : R — X such that a(1) = 0 and
|lw(s) — a(s) — sB(logy |s])|| < Kels| for s € R,

where 6 : R — X is defined by 6(k) := w(2¥)/2" for k € Z and extended in a piccewise
linear way over the rest of R.

1. Introduction. In this paper we investigate the behavior of functions
w: X — Y satisfying

(1) lw(z +y) —w(z) —w(y)l| < el +yll)  for z,y € X.

Such functions are called e-quasi-additive. The function which is e-quasi-
additive for a certain € > 0 is called simply quasi-additive. The reader which
is not familiar with this notion is referred to [3] and also to [2] where the class
of quasi-linear functions is studied. Let us briefly mention that quasi-additive
and quasi-linear functions are useful in investigation of the geometric struc-
ture of Banach spaces.

One of the main results of F. Sanchez [5] is that for every e-quasi-additive
function w : R — X, where X is a Banach space, there exists an additive
function ¢ : R — X and a 0 : R — X Lipschitz with constant € such that

(2) |lw(s) — a(s) — sO(logy |s|)|| < 19¢|s|  for s € R.

Since the natural setting for quasi-additive functions are quasi-Banach
spaces, F. Sanchez also considers the case when X is a quasi-Banach space.
He proves that for every p-Banach space X and every e-quasi-additive map
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w : R — X there exists an additive function a : R — X such that

(3) [w(z) — a(@)]] < efs] C/Kp + Ly|logy |s| [ for s € R,

where K, L, are constants depending on p.

In this paper we answer the problem posed by F. Sanchez in the last
section of [5] concerning classification of quasi-additive maps from the real
line into quasi-Banach spaces, and simultaneously generalize both the above
described results.

We show that a result similar to (2) holds for quasi-Banach spaces. As
an easy consequence we obtain an improvement of (3). Moreover, in both
cases we obtain better approximation constants.

The main difference between the cases when the target space is a Banach
space and when it is a quasi-Banach space is that a locally Lipschitz function
with constant one with values in a quasi-Banach space may not be globally
Lipschitz.

2. Quasi-Banach spaces. In this section we recall some basic facts
concerning quasi-Banach spaces (for a detailed study we refer to [4, 2]) and
prove some preliminary results.

Let X be a linear space. A quasi-norm is a real-valued function on X
satisfying

e ||z|| > 0 and ||z|| = 0 if and only if z = 0.

o |[\z|| =\ |z foral A € R, z € X.

e There is a constant K > 0 such that ||z + y|| < K(||z|| + [ly||) for all

x,y € X.

A quasi-Banach space is a complete quasi-normed space.
A quasi-norm || || is called a p-norm (0 < p < 1) if

l+yl[” <" + lly[*  for z,y € X.

In this case a quasi-Banach space is called a p-Banach space. Given a p-
norm, the formula d(z,y) := ||z —y||” gives us a translation invariant metric
on X. By the Aoki-Rolewicz Theorem [4] (see also [2]) each quasi-norm is
equivalent to some p-norm. Since it is much easier to work with p-norms
then quasi-norms, henceforth we restrict our attention mainly to p-norms.

From now on we fix p € (0,1], a p-Banach space X and a constant ¢ > 0.

If X is a Banach space then a function f : R — X locally Lipschitz
with constant € is globally Lipschitz with the same constant . We need the
following generalization of this result for p-Banach spaces.

PROPOSITION 2.1. Let f: R — X be such that
1f(s) = fOIl <zls—t]  forkeZ, stelkk+1]
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Then
(4) 1f(s) = F@)] < 2P s — 1 fors,t €R, |s =t <1,
(5) If(s) = F@OI < ells = t] +2(1 =p))/P fors,t € R.
Proof. We prove (4). If [s, t] C [k, k+1] for some k€Z, then || f(s) — f(t)]|
< e|s — t|. If there exists k € Z such that k € (s,t), then
1£(s) = FOIP < f(s) = SR+ 11 (B) = F@)IF
< eP((k—s)P 4 (t — E)P).
Since the function [0,1] 5 t — P is concave we obtain (k — s)? + (t — k)P <
2((k — 8)/2 + (t — k)/2)P = 21 7P(t — s)P, which proves (4).
So let us now deal with (5). If [s,¢] C [k, k + 1], then since p € (0,1] we
get
1£(s) = F(D)] < els =] < e|s — ] +2(1 = p) /7.

In the other case there exist k,l € Z such that [k,I] C [s,t] C [k — 1,1+ 1].
Then

1f(s) = fFOIP <N f(s) = FRP + 1 f(k+1) — f(k)
+ LA = FA=DIP + 11/ () = fU
<ePk—s)P+eP(l—Fk)+P(t—1)P
=Pt —s)+eP(k—s)P —(k—3s))+eP((t—0DP = (t—1)).
As the maximal value of the function ¢ — t” —¢ on [0,1] is p?/ (1=P)(1 —p) <
1 — p, we obtain the assertion of the lemma. =

‘ p

|
)Hp

3. Hyers theorem in quasi-Banach spaces. To deal with quasi-
additive functions we will need a version of the Hyers—Rassias—Gajda theo-
rem (see [3]) for quasi-Banach spaces. We modify the idea of K. Baron and
P. Volkmann [1].

By 0%, where R < 0, we understand oc.

THEOREM 3.1. Let G be a quasi-Banach space and let f : G — X and
R e R\ {1} be such that

1 (@ +y) = f@) = f)ll < el + lyllF)  forz,y € G.
Then there exists a unique additive function a : G — X such that

e
15) = 0@l < gy Iol® for 2 € G

Proof. For n € Z we define
fulz) = f(2"2)/2" for x € G.
One can easily check that
(@) = frsr(@)|P < P @PED ||| for 2 € G\ {0},
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We first consider the case R € (—o0,1). We show that for every x €
G\ {0} the sequence { f,,(x)}nen is a Cauchy sequence. Let k,n € N, k > n.
We have

k—1
[fn(@) = fr(@)[[” < ZHfz — frr(@)|P < ey @PEDY |
l=n
op(R—1)n
<egpb_—
=8 T o) Iz

This shows that the limit a(x) := limg_ o fx(x) is well defined and that

P
I7) =@ = Jim [ fo(e) = @I < T

By the standard procedure one can show that a is a unique additive function
which satisfies the assertion of the theorem.

In the case when R € (1, 00) we apply a similar reasoning to the sequence
{f=n(x)}nen and easily obtain the desired result. m

|72

[EIee

In the case when R = 0 we obtain the following direct corollary.
COROLLARY 3.1. Let G be a quasi-Banach space and let f : G — X be
such that
[f@+y) = fl@)-fWl<e forzyed.

Then there exists a unique additive function a : G — X such that
€
— < ——m—— .
@) = oo € =gy Jore€C

Thus the Cauchy functional equation is stable for R # 1. Surprisingly, in
the case R = 1 one can construct examples which show that there is no sta-
bility (see [3]). This means that it is important to describe the approximate
solutions.

We will need a local version of Theorem 3.1 for R = 0 and functions
defined on a subinterval of R. The following theorem is a modification of the
result of F. Skof [6] who proved it for Banach spaces.

PROPOSITION 3.1. Let a > 0 and f: (0,a] — X be such that
[f(s+8) = f(s) = f(B)l <& fors,t,s+1te(0,a]

Then there exists an additive function A : R — X such that A(a/2) = f(a/2)
and

©) 1F(s) — A(s)] < (1 T

Proof. We define the function f : R — X by f(s) := f(s — ka/2) +
kf(a/2) for s € (ka/2,(k+ 1)a/2], k € Z.

1/p
2p_1> e forse(0,a].
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We now verify that f satisfies

(7) 1f(s+1) = F(s) = f(t)]| <2YPe  for s,t € (0, 00).
So let k,l € Z and s € (ka/2,(k+ 1)a/2], t € (la/2,(I+1)a/2]. If s+ €
((k+0a/2,(k+1+1)a/2] then
1F(s+8)=F(s) = @)l = || f (st —(k+1)a/2)— f (s—ka/2)— f(t—la/2)| <e.
Ifs+te((k+1+1)a/2,(k+1+2)a/2] then
1f (s +1) = f(s) = FOIP

=f(s+t—(k+1+1)a/2)+ f(a/2) — (s—ka/2) (t—la/2)Hp

<|f(s+t—(k+1+4+1)a/2)+ f(a/2) — f(s+t— (k+1)a/2)||P

+ | f(s+t—(k+1)a/2)— (s—ka/Q (t—la/Q)Hp
< P P =262,

Thus (7) is proved.
By Corollary 3.1 we obtain a unique additive function A : R — X such
that

- 1/p
(8) 17(s) — AQs)] < —

m&' for s € (0, OO)
By the definition of fwe obtain

A(a/2) = lim A(ka/2)/k = lim f(ka/2)/k = f(a/2).

We check (6). Let s € (0,
and (8) yields |[f(s) — A(s
(s —a/2)+a/2, and we ge

I

1F ()= AP <[[f(s) = f (s = a/2) = f(a/2) [P+ f(a/2)+ [ (s —a/2) = A(s)[|”

< |1 2 P
< +2p_1€.l

As an easy consequence we deduce that quasi-additive functions can be
locally approximated by additive ones:

a) be arbitrary. If s € (0,a/2] then f(s) = f(s),
)| < 2YPe/(2p —1)VP If 5 € (a/2,a] then s =
et

COROLLARY 3.2. Let f : (0,00) — X be e-quasi-additive. Then there
exists a unique additive function a : R — X such that a(1) =0 and

‘f(S) — a(s) - Zf(q)‘ <( )wzqe for s € (0,24], g € Qs

Proof. Fix q € Q4. Since f is e-quasi-additive we obtain
1F(s+1)— F(s) = F(£) <e2q  for s,t, 5+t € (0,2q].

2r —1
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By Proposition 3.1 we obtain an additive function A, : R — X such that

(9) Ag(q) = f(a),  [If(s) = Ag(s)ll < Se2q  for s € (0,2q],

where S = (1+ 2p2_1)1/p. Let aq(s) :== A4(s) — f(q)s/q. Then a4 is additive
and since ¢ is rational, aq(1) = a¢(¢q)/q = 0. We show that a, does not
depend on the choice of ¢ € Q4. So let ¢ € Q4. Applying (9) for ¢ and g we
easily get C' > 0 such that

llag(s) —ag(s)|| < C  for s € (0, min{2q, 2¢}].

Since a4(1) = ag(1) we obtain aq = ag =: a.
The assertion of the corollary follows directly from (9). m

4. Quasi-additive functions on (0,00). In this section we describe
quasi-additive functions defined on (0, c0) and with values in a quasi-Banach
space. In Theorems 4.1 and 4.2 we show that every quasi-additive function
is approximately the sum of an additive function and a function of the type
s +— s0(logy s), where 0 is a certain piecewise linear function.

To prove Theorem 4.1 we will need the following simple technical lemma
(we use a different reasoning from that on page 507 of [5] as the latter
contains a small mistake: the maximum of the function |tlog,t| on the in-
terval [0, 1] is attained at ¢ = 1/e and not at ¢ = 1/2 and is equal to
(logy €)/e = 0.53 and not to 0.5).

LEMMA 4.1. Let K € Ry and let
K +logy(1+a)
vp(a) = A+ a)p

Let gp(a) = vy(a) +vp(1/a) for a € Ry. Denote by max(gp,) the mazimal
value of the function g,. Then

for a € (0,00).

2 2Kp
(10) max(gp) < 2 p for p € (0,1], Kp < logs e,
(11) max(gy) < 2K for p € (0,1], Kp > logy e.
If p=1 and K = 0 we additionally get
(12) max(gy) = 1.

Proof. We first show (10) and (11). Since gp(a) = vp(a) + vp(1/a) we
obtain max(g,) < 2max(vp). So let us now compute the maximal value of
the function v,. We have

' - log, €
(13) vp(a):ﬁ(lf—i-logﬂl—i-a)— ff )

Let a, be such that K +logy(1 + a,) = (logy €)/p. Then (1 + a,)P = 27 KPe.
By (13), vy, is increasing for a < a, and decreasing for a > a,. We need to
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discuss two cases. If 27%Pe > 1, then ap > 0, and therefore by the above
reasoning the function (0,00) 3 s — v,(s) attains its maximal value at a,
and therefore max(v,) = 257/(eln(2)p). If 27%Pe < 1, then a, < 0 and
therefore vy, is decreasing on R, which yields max(v,) = K.

Now let us deal with (12). One can easily check that lim, o4+ g1(a) = 0.
Since g1(a) = g1(1/a) we get lim, .o g1(a) = 0. Notice that

logy(1 + a) + a(logs(1 + a) — log, a) a
g1(a) = =2 N +2a 2 —logy(1+4a) — T log, a.
Hence
logoe (14a)—a a logye log, a
1o _ logge __a logpe  logpa
n) = T e 2 T . (1+a)?

This means that ¢; is increasing on (0,1) and decreasing on (1,00). Since
91(0) = g1(c0) = 0, it follows that g; is a nonnegative function which attains
its maximum at a = 1. Since ¢1(1) = 1, the proof is complete. m

Now we can proceed to prove our main results. We need the following
definition.

DEFINITION 4.1. Let x := {2} }rez be a doubly infinite sequence of ele-
ments of X. We define fx : R — X by

Ox(s) == (241 — k) (s — k) +x  fors e[k, k+1], k€ Z.
Then 0« (k) = zy, for k € Z, and 0 is affine on each interval [k, k + 1].
We will be interested in sequences x = {xy }rez which satisfy

(14) sup ||z — zp11]| < e.
kEZ

One can easily see that if x is a sequence of elements of a Banach space
which satisfies (14) then 0y is Lipschitz with constant €. However, this is no
longer true for p-Banach spaces.

We now prove that the function s — sfx(logy s) is quasi-additive.

THEOREM 4.1. Let x be a sequence of elements of X satisfying (14). Let
wx : (0,00) — X be defined by

wx(s) := sOx(logy s)  for s € (0,00).
Then

1/p
|lwx (s +t) — wx(s) — wx(t)|| < %(%) e(s+t) fors,te(0,00),

where C'=2/(eln2) ~ 1.0615. Moreover, if p =1 we have
lwx(s +1t) —wx(s) —wx(t)]| <e(s+t) fors,t e (0,00).
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Proof. Applying Proposition 2.1 we get

[wx (s + 1) = wx(s) = wx(@)]”
= [I(s + 8)0x(loga(s + 1)) — sx(logy s) — tbx(logy 1)[|”

= [[s(6x (logy(s + 1)) — Ox(logy s)) + t(Ox(logy(s +t)) — Ox(loga t))[|P
< sP[|0x(logy (s + 1)) — Ox(logy s)[|” + 7[|0x (loga (s +t)) — Ox(logy t)||”

t t
< Epsp<log2 % +2(1 - p)) + Eptp<log2 % +2(1 —p))

= £P(s +t)p<m<log2 (1 + g) +2(1 —p)>
n m<1og2 <1+ ;) +2(1 —p)>>-

Since 2(1 — p)p < logye, by Lemma 4.1 we obtain the assertion of the
theorem. m

We show that every solution to the inequality (1) can be approximated
by a function of the type introduced in the previous theorem.

THEOREM 4.2. Let w : (0,00) — X be such that
lw(s+t) —w(s) —w(t)|| <e(s+t) fors,te(0,00).

Define the sequence x of elements of X by xj, := w(2F)/2% for k € Z. Let
a: (0,00) — X be the unique additive function such that a(1) =0 and w—a
is locally bounded. Then x satisfies (14) and

w(s) — a(s) — sbx(logy s)|| < es  forse (0,00),
Ox (logy 5)|| < K/P 0
where K, = 2P (1 4+ 72=) + 1 forp € (0,1), K1 = 4.

Proof. We first consider the case p € (0, 1). By Corollary 3.2 there exists
a unique additive function a : R — X such that for every k € Z we have

1) o - ats) - w@)

2k
)1/19.

< Se2ktt for s € (0,281,

where S = (1 + 5

Fix k € Z and s € [2¥,2"1]. Then log, s € [k, k+1], and by the definition
of 6x we obtain

w2 w2k w(2k
0x(logy s) = < ;iﬂ ) — (; ))(logQS—k)+%.

Then for s € [2%,2¥+1], by (15) we get
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[w(s) — a(s) — sOx(logy s)||¥

< uwte) - ot - 222

’w(2k) p

2k

s — sbx(logy )

)

- 5p€p2p<k+1>+H w(2h) Kw@’f“) - w<2k>> log (5/2%) L w(2) /2k] J

ok 9k+1 9k
k+1 ky (|P
k w(2")  w(2) k
< Spepop(k+l) 4 ‘ ST~ oF logh(s/2") - s?

< SPePIPSP 4 ePsP = (PSP + 1)ePsP.

Now we consider the case p = 1. Let M > 0 be a minimal constant such
that

|w(s) — a(s) — sOx(logy s)|| < Mes  for s € (0,00).

We have proved that M < oo. We are going to show that M < 4. Let
wx () 1= logy(s) - Ox(s). Fix k € Z and s € [2F,2F*1). Let t = s — 2. Then
t < s/2. Making use of Theorem 4.1 and the equalities w(2¥) = wx(2¥),
a(2F) = 0 we get

[w(s) = al(s) — wx(s)]]
< Jw(s) = w(t) = w@)] + [lw(t) — a(t) — wx(t)]]
+[[w(2) = a(2°) — wx(2°)]| + wx(s) — wx(t) — wx(2")]]
<es+eMt+es < (2+ M/2)es.

Since s was arbitrary, by the definition of M we obtain M < (2 + M/2),
and consequently M < 4. u

As a direct consequence of Theorem 5.1 and Proposition 4 we get an
improvement of Proposition 1 of [5].

REMARK 4.1. Proposition 1 of [5] is formulated for the dyadic group and
our corollary is formulated for the real line and therefore is not a general-
ization of the result of Sanchez. However, by inspecting the proofs one can
easily notice that Corollary 4.1 is valid for all dense subgroups of R which
allow division by 2.

COROLLARY 4.1. Let w: (0,00) — X with w(1) =0 be such that
lw(s +1t) —w(s) —w(t)|| <e(s+t) fors,te(0,00).
Then there exists an additive function a : R — X with a(1) = 0 such that
lw(s) = a(s)|| < e(K, +2(1 — p) + [logy s))'/Ps for s € (0,00),

where K, is given in Theorem 4.2.
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Proof. By Theorem 4.2 there exists an additive function a : R — X with
a(1) = 0 such that

|lw(s) —a(s) — sx(logy s)||P < KpePs?  for s € (0,00).
On the other hand, by Proposition 2.1 we get
|0x(s) — 0x(0)||P < eP(s+2(1—p)) forse (0,00).
Since w(1) = 0 and 0x(0) = 0, combining the above two inequalities we get
[w(s) — a(s)[|” < KpePs” + || sOx(logy s) [P < ePs”(K)p 4 2(1 — p) + [logy s])
for s € (0,00). =
5. Stability on R. In this section we discuss the case when the domain
space is R.
THEOREM 5.1. Let w: R — X be such that
lw(s+1t) —w(s) —w(t)] <e(ls|+|t|) fors,t €R.
Then there exists an additive function a : R — X and a sequence x satisfying
(14) such that
lw(s) — al(s) — sOx(logy |s|)|| < Ly/?els|  for s € R,

where L, = 2P(2+ 527) + 1 for p € (0,1) and Ly =5 (here 0 0x(log, 0) is

understood to be 0).

Proof. We first discuss the case p € (0,1). Let x = {w(2¥)/2*}1cz. Then
by Theorem 4.2 there exists an additive function a : R — X such that

|lw(t) —a(t) — thx(logy t)||P < KpePt?  for t € (0,00),
where K, is given in Theorem 4.2. Since |Jw(t) + w(—t)||P < 2PeP|t|P, the
above implies
olt) — a(t) — thx(logy [H)]? < (27 + K="t for ¢ € (~o0,0),

which yields the assertion of the theorem.
Now we consider the case p = 1. Let x_, x4 be the sequences
{w(2F) /2" ez, {—w(27F)/2¥} ez, respectively. By Theorem 4.2 there exist
additive functions a— : R — X and a4 : R — X such that
leo(s) — a—(s) — sx_(1ogy |s|)]| < 4els|
* 2 s € (—00,0), t € (0,00).
leo(t) — as (t) — th. (logy |t])]| < et
Since ||lw(s) + w(—s)|| < 2¢]|s|, the above inequalities yield
lw(s) = a—(s) — sfx_(logy |s])|| < 6¢]s]

for s € (0,00), t € (—00,0).
[w(t) — a4 (t) — tbx, (logy [t])]| < Gelt|
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Let x = (x—+x4)/2,a = (a—+a4)/2. Let s € (0,00) (the case s € (—o0,0)
is symmetric). Then
lw(s) — a(s) — s0—(logy |s])[| < 3llw(s) — ar(s) — sbx. (logy [s])]
+ gllw(s) —a—(s) — sfx_(log, |s])
< (§-4+3-6)els| =5¢cls|. u
By proceeding analogously to the proof of Corollary 4.1 one can prove
the following generalization of Corollary 1 from [5].

COROLLARY 5.1. Let w: R — X be such that
lw(s+t) —w(s) —w(t)] <e(|s|+t|) fors,t €R.
Then there exists an additive function a : R — X such that
lw(s) = a(s)|l < e(Ly +2(1 — p) + [logy |s| )"/7|s| ~ for s € R,

where Ly, is given in Theorem 5.1.

6. Stability on R". To deal with quasi-additive functions on R” we
will need the following lemma:

LEMMA 6.1. Let G be a p-Banach space and let w : G — X be such that
lw(a+b) —w(a) —w(®)|| <e(llall + b))  fora,beG.
Let n € N. Then

n n

(16) Hw(ZaZ) —ZUJ(CM)

1= 1=

2TL
P
SnZHain forai,...,asn € G.
i=1

Proof. The proof is by induction on n. For n = 1 the equality is trivial.
So, suppose that (16) holds for a given n. Then

2n+1 2n+1
P
(2 ac) = 3 wia)
i1 i—1
on on ,
< Hw<2(a2171 + aQi)) — Z w(agi—1 + a2i)
i1 i=1
2TL
+ Z |lw(agi—1 + ag2i) — w(azi—1) — w(a)||P
i=1
on on 2n+1
<n ) lagicn+azill? + > (lagi-1 |l + llazillP) < (n+1) D [lai]P. u
i1 i=1 i=1

By E(s) we denote the smallest integer not less than s. Now we are
ready to prove the main result of this section. In R"™ we use the quasi-norm
H(x1, ... zp)||P = |z1[P + -+ + |2n|P.
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THEOREM 6.1. Let w : R®™ — X be such that
Jw(@ +y) —w(@) —wy)| <e(lz|+yl) forz,y e R"

Then there exist an additive function A : R™ — X and sequences X1,...,Xp
of elements of X satisfying (14) such that

n
|w@)=A(@) =3 wibx, logs i) | < MpPelle]l for @ = (@1, z0) R,
i=1
where M, = E(logyn) + Ly, and Ly, is given in Theorem 5.1.

Proof. Let w; : R — X be defined by w;(r) := w(0,...,"r ,...,0).
Then
lwi(s +t) —wi(s) —w;(t)]| <e(|s|+ |t|]) fors,t eR,

and therefore there exists an additive function a; : R — X and a sequence
x; C X such that

[wi(s) — ai(s) — sbx;(logy |s])|[” < Lye?|s[”  for s € R,
where L, is given in Theorem 5.1. Let
A(z1,...,xn) = a1(x1) + -+ an(z,) for (z1,...,2,) € R"™

Now by Lemma 6.1 we obtain

Jite) — 4w ~ 3 i, o |
i=1

Hw(a:l, ceyTp) — Xn:wl(fm) ‘p + Zn: |wi(z:) — ai(w;) — Ox, (logy |z4])||P
i=1 i=1

n n
< E(logyn)e” Y |zif” + ) Ly’ = (E(logyn) + Ly)eP |z u
i=1 i=1
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