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A note on LaSalle’s problems

by ANNA CIMA, ARMENGOL GASULL and
FRANCESC MANOSAS (Barcelona)

Abstract. In LaSalle’s book “The Stability of Dynamical Systems”, the author gives
four conditions which imply that the origin of a discrete dynamical system defined on R
is a global attractor, and proposes to study the natural extensions of these conditions in
R™. Although some partial results are obtained in previous papers, as far as we know,
the problem is not completely settled. In this work we first study the four conditions
and prove that just one of them implies that the origin is a global attractor in R™ for
polynomial maps. Then we note that two of these conditions have a natural extension to
ordinary differential equations. One of them gives rise to the well known Markus—Yamabe
assumptions. We study the other condition and we prove that it does not imply that the
origin is a global attractor.

1. Introduction and statement of the results. Let T : R™ — R"
be a C! map and consider the dynamics of iterations of 7T':

(1) Tht1 :T(mk).

Assume that 0 is a fixed point of T. We say that it is a global attractor for
(1) if the sequence zj tends to 0 as k tends to infinity for any xg € R™.

Let A = (a;j) be a real n x n matrix. We denote by o(A) the spectrum
of A, i.e., the set of eigenvalues of A, and we define |A| = (|a;;|). We also
denote by T'(z) = (0T;(x)/0x;) the Jacobian matrix of T" at € R™. When
T(0) = 0, we can write T'(z) in the form T(x) = A(x)x, where A(z) is an
n x n matrix function. Note that this A(x) is not unique.

LaSalle [11] gives some possible generalizations of the sufficient condi-
tions to have a global attractor for n = 1. Concretely, the conditions are the
following;:

(A1) |\ <1 for each A € 0(A(z)) and for all z € R™,
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(A2)  |Al <1 for each A € o(]A(z)]) and for all z € R™,
(B1) |\ <1 foreach A € o(T’(x)) and for all z € R™,
(B2) A\ <1 foreach A € o(|T"(x)|) and for all x € R™.

Condition By was treated by the authors in [5]. This condition only
implies that the origin is a global attractor for planar polynomial maps.
In the same paper there is an example of a planar rational map which has
a periodic orbit. In [3] there are examples of polynomial maps defined in
R™, n > 3, satisfying the condition and having unbounded orbits. We also
refer the reader to [4].

On the other hand Mau-Hsiang Shih and Jinn-Wen Wu [13] present a
planar map which satisfies condition A; and has an unbounded orbit. Their
example is not smooth. See also [14].

Now for each T : R"® — R" of class C! we consider the dynamical system

2) & = T(z).

Assume that 0 is a zero of T. We say that it is a global attractor for (2) if
¢(t,x) tends to 0 as t tends to infinity for each = € R™, where ¢(t, x) is the
solution of (2) with ¢(0,z) = =.

Conditions A1, B; have natural extensions to ordinary differential equa-
tions of the form (2):

(C)  Re(A) <0 for each A € 0(A(z)) and for all z € R",
(D)  Re(X) <0 for each A € o(T"(x)) and for all z € R™.

The problem determined by condition D was also posed by Markus and
Yamabe in 1960. It is known in the literature as the Markus—Yamabe Con-
jecture. It was proved for planar polynomial maps in 1988 (see [12]) and for
planar C! maps in 1993 (see [7, 9, 10]). In [1] and [2] there are examples of
smooth maps defined in R”, n > 4, satisfying the condition and having a
periodic orbit and in [3] there is an example of a polynomial map defined
in R®, n > 3, satisfying the same condition and having some orbits that
escape to infinity.

In this note we complete the study of LaSalle’s problems by considering
conditions A, Ay, By and C. Concretely, for n > 2 we exhibit polynomial
maps satisfying either A; or As or C such that the origin is not a global
attractor. In addition for n > 2 we show a rational map satisfying condition
Bs such that the origin is not a global attractor either. Lastly we prove the
following theorem:

THEOREM. Let T : R™ — R” be a polynomial map satisfying condition
By and T(0) = 0. Then the origin is a global attractor.

The following table summarizes all the results about these conditions.
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Table 1. Is the origin a global attractor for xy 11 = T(zy) or & = T'(z)? Here A(x)
is a matrix such that T'(z) = A(z)z, Ri = {z € C: |z| <1} and CT = {z € C:
Re(z) < 0}. The results marked with (x) are obtained in this paper.

Condition n=2 n>2
FALSE: there are polynomial exam-

A1 : o(A(z)) C Ry | ples with periodic points (x). See FALSE ().
also [13].

FALSE: there are polynomials ex-
amples with invariant algebraic hy-
persurfaces not passing through the
origin (x).

As : o(|A(z)|) C Ry FALSE ().

FALSE: there are
polynomial exam-
ples with orbits
going to infinity [3].

By : o(T'(2))) € Ry | TRUE for polynomials, FALSE for
(Discrete ~ Markus— | rational maps: there are examples
Yamabe Problem) with periodic points [5].

TRUE for polynomials, FALSE for
By : o(|T'(x)|) C Ry | rational maps: there are examples
with periodic points (k).

TRUE for polyno-
mials ().

FALSE: there are polynomial exam-
C : o(A(z)) € C™ | ples with invariant hyperplanes not FALSE ().
passing through the origin (x).

FALSE: there are
polynomial exam-
ples with orbits go-
ing to infinity [3].

D : o(T(x)) c C™
(Markus—Yamabe TRUE in the C! case [7, 10].
Problem)

The proof of the above theorem is given in Section 3. Section 2 is devoted
to the examples which give negative answers to the other questions.

2. The examples. We begin by giving a lemma which will be the key
to constructing polynomial examples.

LEMMA 2.1. Let A(z) = (pij(x)) be an n x n matriz function with poly-
nomial entries pij(z) € Rlxy,...,z,] and such that |J cp. 0(A(2)) is a
bounded set. Then the characteristic polynomial of A(x) is independent of x.

Proof. Let P,(\) be the characteristic polynomial of A(z) and let
A1, ..., Ap be the roots of P,(\). Then

Po(A) = A" =t N 4 (1),

where

tj: Z )‘i1"‘)‘ij7 jzl,,n

1<ii<...<ij<n

Since there exists & € R such that |\;| < k for all i = 1,...,n, there exist
k; € R such that |t;| < k; for all j = 1,...,n. On the other hand since
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each t; can be described as the sum of all minors of order j which have its
diagonal on the principal diagonal of A(z), we conclude that each t; is a
polynomial in x. Since the only bounded polynomials are the constants, the
result follows. m

In the simplest case n = 2 we can consider
C+pz,y)  alz,y) )
Alz,y) = ! ’

with 7(x,9)q(z,y) = D?* — p*(z,y). Then t; = 2C, t = C? — D? and the
eigenvalues are C' + D, which do not depend on (z,y) € R?.

In order to have examples satisfying condition A; we take A(x,y) in
the above form with |C' + D| < 1. For instance we can take C = D = 0,
q(z,y) =1 and r(z,y) = —p*(z,y). Now we are going to impose that such
maps have periodic points.

LEMMA 2.2. Let T(z,y) = A(x,y)(z,y)T where A(z,y) is of the form
p(z,y) 1 >
Alx,y) = .
() <—p2($, y) —p(z,y)

Let (z0,10) € R? and set p, = p(Tn,yn). Then (z0,y0) 5 a periodic point
of period k if and only if

(1) yo = —pr—170,

(ii) (po — pr—1)(P1 —po)(P2 —p1) - (Pr—1 — Pr—2) = 1.

Proof. By iterating k times the map T, a simple computation gives

Yk = —Pk—1Tk,

Tr = (Pr—1 — Pk—2)(Pr—2 — Px—3) - - - (P2 — P1)(P1 — Po) (P00 + Yo)-
If (zo,y0) has period k then x, = z and yx = yo and hence since y, =
—Pr—1Tk We get yo = —pr—170 and

ro = (Pk—1 — Pk—2)(Pk—2 — Pr—3) - - - (P2 — P1)(P1 — po)(Po — Pr—1)To0,
which gives the desired conditions. =

It is clear from the above lemma that it is not possible to get two-periodic
points but we can get k-periodic points for k£ > 3. A simple example can be
obtained by taking k = 4 with p; = p3 = 1 and pg = p2 = 0 and it is given
in the next proposition.

PROPOSITION 2.3. Let T'(x) = A(x)x where

x%—i—xlmg 1 0O ... 0

—(23 +2172)? —(23 +x122) O ... O
Al) = 1 1 .

0 0 0o ... 0
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Then T satisfies condition A; and it has periodic points of period 4. In
particular the origin is not a global attractor of (1).

Proof. 1t is easy to see that A(z) has all eigenvalues zero for all z € R"”
and that (1,—1,0,...,0) is a periodic point of T'(z) of period 4. m

Concerning condition Ay we consider A(z,y) of the form

2=y o)

where a,b € R and r(z,y) € R[z,y|. The matrix |A(x,y)| satisfies condition
Ay if |a| < 1 and |b] < 1. We can see that the hyperbola zy = 1 is invariant
under T'(z,y) = A(z,y)(x,y)T if and only if ax®r(x,1/2) = 1 — ab. Hence,
if we choose r(z,y) = lfT“bxy?’ then the origin is not a global attractor of

the corresponding map.

PROPOSITION 2.4. Let T(x) = A(z)x where

3 00 ...0
Sey> L0 ... 0

Alz) = 2 2
0 0 0 ... O

Then T satisfies condition As and {(x,1/x,0,...,0)} is invariant under T.
In particular the origin is not a global attractor of (1).

Proof. Clearly the eigenvalues of |A(z)| are Ay = Ay = 1/2 and A\; = 0 for
j = 3,...,n. Furthermore T'(z,1/x,0,...,0) = (x/2,2/,0,...,0), which
proves the assertion. m

As mentioned in the introduction, condition B; does not imply that
the origin is a global attractor, even in dimension two. The example which
proves this assertion is also useful to study condition Bs.

PRrROPOSITION 2.5. Define

—ka3 ka? 1 1 2
T(z) = 2332 o fl 5, =T3-Sy where ke (1,= ).
14+ai+25 1+af+a5 2 2 3

Then T(x) satisfies conditions By and By and it has periodic points of pe-
riod 4. In particular the origin is not a global attractor.

Proof. The Jacobian matrix of T' at € R™, T'(x), has the following
form:
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2kxq a3 kz3(3 4 323 + x3) 0
1+ 2% + 23 1+ 2% + 23
kx3(3 + 22 + 323) 2kx3zo 0
T'(z) = l—I—x%—i-x% 1+$%+$%
0 0 L 0
0 0 0 ... 3

2

This matrix satisfies condition B; (see [5]). We are going to see that T"(x)
also satisfies condition Bs.

By easy computations we find that the eigenvalues of the matrix |T7(x)|
are

N = 3]€|ZL’1IL’2‘
R R
—k|z12o|(2F + 23 + 3)
>\2 = )

(2} + 23 + 1)
1
)\j:§ for any j =3,...,n.

Since |z122] < (22 4+ 22)/2 and k < 2/3 we have
1 2

3k
|)\1’:)\1<7<1,

k(z? + 23)(323 + 322 + 3) - 3k <1
2(x? 4+ 23 +1)? 2 '

|)\2’ = —)\2 <

On the other hand it is also easy to see that the point (1/vk —1,0,...,0)
has period 4 under T'. m

Concerning condition C' we consider
C+p(z,y) 1 )
Alz,y) = ( ;
(®:9) —p*(z,y)  C—p(z,y)
which has \; = Ay = C for all (z,y) € R?. We choose C' = —1. The
associated differential system is
j=-p*(z,y)z — (p(z,y) + 1y.

We can see that the straight line x = k is invariant under the flow gen-
erated by the system if and only if p(k,y) = 1 — %y Hence, if we choose
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p(z,y) =1— %y then the origin is not a global attractor of the corresponding
system.

PROPOSITION 2.6. Consider the differential system & = A(x)z in R",
where

—XI2 1 0 0

—(1—29)2 22—-2 0 ... 0

Alx) = 0 0 -1 ... 0
0 0 0 ... -1

Then T(x) = A(z)x satisfies condition C' and the hyperplane x; = 1 is
invariant under the flow generated by & = A(x)x. In particular the origin is
not a global attractor of the above system.

Proof. The system & = A(x)x can be written as

T1 = X3 — T1T2,
ZZ"JQ = —33‘1(1 — 1‘2)2 + l‘Q(ZEQ — 2),
ka = Xk, k > 3.

Clearly the eigenvalues of A(x) are A = —1 for all x € R™. The hyperplane
21 = 1 is invariant under the flow if and only if £; = 0 on z; = 1, which is
trivially satisfied. m

3. Proof of the Theorem. Before proving the main result of this
section we need some definitions.

We denote by K one of the fields Q,R or C. Let M = M (z) beann xn
matrix with coefficients in K[z] where x = (z1,...,2m). A diagonal minor
of M is a minor with diagonal contained in the diagonal of M. Denote by
al = al(z) the entry of M in column j and row i. An elementary product of
length k of M is an element which can be written as

a?(il)aff(iz) . .aff’“(ik),

where i1,...,i; are k different elements of I = {1,...,n} and o € Sk, the
symmetric group of k elements. We will say that M is block-triangular if
there exists a partition I, ..., Iy of I such that

a;

;[=0 ifiel., jel;and r > s,
e K ifi,j € I, for some r < k.

Notice that after a reordering of indices a block-triangular matrix (a{ )
looks like



40 A. Cima et al.

bl L
: 0 0 0
b]f bp . .
g
: . 0 0
L ’
0
i L
b b

where bf = agg)) for some permutation o, and the entries of the diagonal

submatrices are elements of K.
The following lemma relates the above notions to condition Bs.

PROPOSITION 3.1. Let M = M(x) be an n x n matriz with entries in
K[z], where x = (x1,...,%m). Then the following conditions are equivalent:

(i) There exists a € R such that for each x € K™ and for each eigenvalue
A(x) of |M(z)|, [A(z)] < o
(ii) Every elementary product of M belongs to K.
(iii) det N € K for every diagonal minor N of M.
(iv) The matriz M is block-triangular.
(v) The characteristic polynomial of |M(z)| has coefficients in K.
)

(vi) The eigenvalues of |M(z)| do not depend on x.

Proof. We will prove that (i)=-(ii)=(iv)=-(v) and (iii)=-(ii). The proofs
of (v)=(vi)=(i) and (ii)=-(iii) are obvious.

(i)=(ii). We prove by induction on k that each elementary product of
length k belongs to K. For k& = 1 we have to prove that a! belongs to K
for any i € {1,...,n}. To see this consider t;(z) = |a}| + |a3| + ... + |a?],
which is a symmetric polynomial in the eigenvalues of |M(x)|. Since by
hypothesis the eigenvalues are bounded functions of z we conclude that
t1(x) is also bounded. Since a! are polynomials we see that they all belong
to K. Now assume that the result holds for each I, [ < k < n. Let tx(x) be
the sum of the determinants of all diagonal minors of order k. Then ¢ (x)
is a symmetric polynomial in the eigenvalues of |M (x)| and hence t;(z) is a
bounded function. On the other hand tx(x) can be written as

_1\e(o) %1 2 (
DD G = PSR

1<i1<..<ix<n
g€Sk
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If o € Sy decomposes into a product of disjoint cycles of length less than k
then the corresponding elementary product az_l(il)a?(i2) . aff’“(ik) also decom-
poses into elementary products of length less than k. So by the induction
hypothesis a* (Z ) O_(Z ) .a;’“(ik) belongs to K. Otherwise o is a cycle of length

k and e(0) = k+ 1. Denote by Ry, the set of all cycles of length k in Sj. We

have
tk(.%') = (_1)k+1 Z ’ag(zl)a;(m) : Z’k(lk)‘

1<i1<..<ix<n
ogERy,

+ Z ( )8(0)|a0(z1)a0(12) ’ ffk(ik)"

1<iy <...<ig<n
a'ESk\Rk
Since t;(z) is bounded and the second summand of this equality is, by the
induction hypothesis, a complex number, we deduce that

> 1ega) a5 - 0|
1<i1 <...<ip<n
oc€Ry,
is also bounded. Since each summand is the modulus of a polynomial we con-
clude that each summand is a complex number. Thus each indecomposable
elementary product of length £ belongs to K.

(ii)=-(iv). Assume that (ii) holds. We say that a]l ;2 ..a?Z’l is a poly-

nomial word beginning at j; if it is a non- constant polynomial and there
are no repetitions among the j;’s. Clearly the length of a polynomial word
is bounded by n — 1. Let K; be the set of polynomial words beginning

at 7. Let w = @;;aﬁ .. j'“ ' € Kj,. The cardinality of the set {i : ]‘H is

a non-constant polynomlal} will be called the rank of w, and denoted by
r(w). Let ¢ € {1,...,n} and define

- | max{r(w): w € K;} otherwise.

For j=0,....,n—11let I, = {i € {1,...,n} : n(i) = j}. Note that for
some j, I; may be empty. Clearly Iy, ... ,In,l is a partition of I. We claim
that M is block-triangular with respect to this partition.

Fix a;'. with ¢+ € I., j € I, and r < s and assume that a; # 0. Let

w = azl a;ZH be a polynomial word beginning at j with 7(w) = n(j) =

s > n(i) = r and consider the word a’w. If ajw is a polynomial word

we obtain 7 = n(i) > n(j) = s, which is a contradiction. Therefore there
exists t such that j; = ¢. Then, by hypothesis, a] aj1 .. a?i’l is constant and
Jt

i = a]t+1 This implies that

n(i) > n(j); again a contradiction. Hence aj = 0.

all non-constant terms in w appear after a’
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Now consider a® with i,5 € I, and assume that a is a non-constant

J
J Jk
polynomial. Let w = a3, 7

r(w) = n(j) = n(i) = s and consider the word a}w. If a}w is a polynomial

word we obtain n(i) > n(j), a contradiction. Therefore there exists ¢ such
i, Jt—1

..a%*  be a polynomial word beginning at 7 with

that j, = 4. Then, by hypothesis, a%a; . ajt’ is constant. Since aé- is a
non-constant polynomial we deduce that a’ ...a’"”' = 0, which gives a

J1 Jt

contradiction. Thus, a§ must be constant.

(iv)=(v). Assume that (iv) holds, that is, the matrix [ M (z)| = (a%)i jer
is block-triangular. Let Iy, ..., I; be its associated partition. For each [ €
{1,...,k} we choose a total order in I; and we set M; = (a’); jer,- By hy-
pothesis each entry in M; is an element of K. Denote by p and p; the char-
acteristic polynomials of |M| and M;. Then by (iv) we have p = p;....pg.
Since pq, ..., pr are polynomials with coefficients in K we obtain the desired
result.

(iii)=-(ii). Assume that M satisfies (iii). We prove (ii) by induction on
the length of the elementary products. For £ = 1 an elementary product is
a diagonal minor so it belongs to K. Assume that any elementary product
of length less than k belongs to K and let a = f;(z )ag(l ) U(z ) Note

1 2
that if ¢ decomposes into cycles of length less than k£ then a € K by the
induction hypothesis. So we assume that o is a cycle of length k. Reordering
indices we can assume that a = a3a3...af. Consider the diagonal minor D
formed by the first £ columns and rows. By hypothesis, det D € K. On the

other hand we have

o(1 "1
det D = (—1)**! Z a;(l)agg()l)...al @
c€Ry

+ Z (—1)6(0)(1;(1)(13,(2) N (L];:,(k)
oc€SK\ Ry

where Ry is the set of cycles of length k. Suppose that a ¢ K. Since
det D and the second summand of the above equality belong to K we

conclude that there ex1sts o € Ry with o(i) # i+ 1 (modk) such that

b = a;(l)ajé?l) al i ¢ K. We will see that ab € K, which gives a

contradiction. Without loss of generality we suppose that o(1) = [ # 2.
Then

k 2
_ 1.2 K ®
ab = aa3...afaja J(l)
1 Bk a®W "2 1 2 -1
= (ayaryy - ay)(a o()%2(1) -af ayaz...a; ).

Since | # 2 the first parenthesis above is an elementary product of length
less than k. So by the induction hypothesis it belongs to K. Concerning
the second parenthesis note that there exists i € {1,...,k — 2} such that
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i(1) = 2. Then a”,) 7141 is an element duct of length 1
o'(l) = 2. Then Gyiti(gy - 0 ay is an elementary product of length less
than k and by the induction hypothesis it belongs to K. The remaining term

i—1
is aff W ag ma% . aiil, which decomposes into a product of elementary
products of length less than k because the superscript 1 does not appear in
the expression. So we conclude that ab € K, which is a contradiction. This
ends the proof of the lemma. m

REMARK 3.2. Observe that the main property that we have used to
prove the above proposition is that if the product of two polynomials is
an element of K then either one of them is zero or both are constant. When
we consider a ring R without zero divisors it is also true that if the product
of two elements is invertible or zero then either one of them is zero or both
are invertible. Therefore the equivalence (ii)=(iii)=(iv)=-(ii) remains true
if we replace the matrices with polynomial entries by matrices over a domain
R and we give a suitable definition of a block-triangular matrix (substituting
the role of the elements of K by the zero or invertible elements of R).

We also need the following lemma which is essentially proved in [8].
Remember that the spectral radius of a square matrix A is defined as p(A) =

maxX{xcq(4)} |Al-
LEMMA 3.3. Let A be an n X n real matriz. Then
o(A) < o(|A)).

Proof. Following [8] we say that A is reducible if there exists a permu-
tation of its rows (and the same permutation of its columns) which puts it

into the form
B 0
C D)’

where B and D are square matrices. A matrix which is not reducible is called
irreducible. For irreducible matrices a statement stronger than the one of
our lemma is proved in Lemma 2 of Section 2 of [8]. So we just have to
prove our lemma for reducible matrices. Observe that o(A4) = o(B) U (D).
Therefore we can reduce our study to smaller matrices. Each of the new
matrices is again either reducible or irreducible. In the second case the proof
is finished. In the first case we continue the process until we arrive at an
irreducible matrix. m

Proof of the Theorem. Let T be such that all the eigenvalues of |T"(x)|
have modulus smaller than 1. Proposition 3.1 shows that the matrix 7" (x)
is block-triangular. Furthermore Lemma 3.3 implies that all its eigenvalues
also have modulus smaller than 1. Therefore there exists a basis of R™ such
that the map T'(z) can be written as
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(3) T(CU) = (Tl(a:l),Tg(xl,mg), - ,Tmfl(l’l, e ,xm,l),Tm(xl, ‘e ,:cm))
= (Alﬁl, A2$2 + tz(l‘l), A3$3 + tg(:cl,xg), e,
Amflﬁmfl + tm,1($1, ceey IEm,g), Amxm + tm(l‘h ceey xmfl))a

where x; € R" | & = (x1,...,2,) € R", A; are n; X n; real matrices and ¢;
are polynomials. Furthermore all the eigenvalues of each A; have modulus
smaller than 1. The above expression of T'(x) is the key to our proof that the
origin is a global attractor. This proof is similar to the one of Theorem A
of [5] for the case of n; =1 for each i =1,...,m.

First note that R™ can be written as the direct sum of R™ for ¢ =
1,...,m and in each R™ we can consider a norm | |; such that

for each ¢ = 1,..., m. These norms induce a norm in the whole space that
we will denote by | |.

From now on we fix an 2(*) € R” and we will prove that |z()| = |77 (z(9))|
tends to zero as j goes to infinity. We argue by induction on the number of
components of T'(x). In fact we prove by induction the following statement
(which of course implies our theorem):

INDUCTION HYPOTHESIS. There exist M >0 and 0 < K <1 such that
for any natural number j, \3353)] < MK for eachi=1,...,s.

For s = 1 the proof is trivial by (4). Assume that it is true for s — 1 and

we prove it for s. By the induction hypothesis we know that for all j, for all
i < s and for all t € [0, 1] the vectors (ng),wéj),...,txl(»J),O,...,O) lie in a
compact set L. Consider

2| = |T, (V=)
1 a ) 1
[ = r@y™Y, D) dt +
ot
0 0
1 8 ]
+ ...+§—Ts(txgj_l),o,...,o)dt’

08t

To(zVY, . t2Y7Y, 0) dt

s—1 >

9
ot

- i1 i—1 j—1
< koD + {250+ 2050 o+ )
<klzgVU Y]+ (s = 1)SMK' ™,
where S is the maximum of the norms of the continuous functions DT/ Dz,
DTs/Dxs,...,DTs/Dxs_1 over the compact set L. Hence the above expres-
sion gives
2| < klzU~Y| 4+ NKIL
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for some constant N and with 0 < K,k < 1. From this result (see again [5])
it is easy to prove that there exist M’ and max(k, K) < K’ < 1 such that

|x§j)| < M'(K')’ for any j. Therefore the theorem is proved. =

REMARK 3.4. The results of [6] imply that if a polynomial map 7' from
C™ into itself is such that all the principal diagonal minors of 7" are non-zero
constants then it is invertible (remember that the principal diagonal minors
are the ¢ x ¢« minors formed by the first 7 rows and columns for i = 1,...,n).
From Proposition 3.1 and the expression (3) used in the proof of our main
Theorem it is easy to deduce the following related, but different, result: If a
polynomial map T' from C” into itself is such that all the diagonal minors
of T” are constants (maybe zero) and det(7”(z)) is a non-zero constant then
T is invertible.
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