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A characterization of proper regular mappings

by T. KRASINSKI and S. SPODZIEJA (L6dZ)

Abstract. Let X, Y be complex affine varieties and f : X — Y a regular mapping.
We prove that if dim X > 2 and f is closed in the Zariski topology then f is proper in the
classical topology.

1. Introduction. Let X, Y be complex affine varieties (i.e. irreducible
algebraic subsets of complex linear spaces) and f : X — Y a regular map-
ping. From the Constructibility Theorem of Chevalley ([L2], VIL.8.3, [M],
Proposition 2.31) it easily follows that if f is proper in the classical topo-
logy then f is closed in the Zariski topology (i.e. for any algebraic subset V'
of X the image f(V) is an algebraic subset of Y'). In this paper we prove that
the converse is true provided dim X > 2 (cf. [RS] for polynomial mappings
f:Cr — CF).

THEOREM 1.1. Let X, Y be complex affine varieties, dim X > 2 and

f X — Y a non-constant reqular mapping. If f is closed in the Zariski
topology then f is proper in the classical topology.

From this theorem and well known facts we obtain the following charac-
terization of finite mappings for affine varieties:

COROLLARY. Let X, Y be complex affine varieties, dim X > 2 and f :
X — Y a non-constant reqular mapping. Then the following conditions are
equivalent:

(i) f is finite, i.e. C[X] is integral over f*(C[Y]),
(ii) f is proper in the classical topology,
(iii) f is closed in the classical topology,
(iv) f is closed in the Zariski topology.
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Proof. (i)=-(ii) is a well known fact (see e.g. [B], Satz 11.22 applied to
fiX = f(X)).

(ii)=-(iii) again is a well known topological fact.

(iii)=(iv) follows from the Constructibility Theorem of Chevalley (see
e.g. [B], Korollar 11.25).

(iv)=-(ii) is Theorem 1.1.

(ii)=-(i) is an easy fact for affine varieties.

The assumption in Theorem 1.1 that dim X is greater than 1 is essential,
because for X = {(z,y) € C*> : 2y’ +y+1=0},Y:=Cand f: X - Y,
f(z,y) := = we see that f is closed in the Zariski topology and f is not
proper.

The proof of Theorem 1.1 will be carried out in Section 5. In fact, we
will prove a little stronger version of it. Namely, we will only assume that
f maps algebraic curves onto algebraic sets. The crucial role in the proof
will be played by the Y.ojasiewicz exponent at infinity of regular mappings
on algebraic sets (Section 3). The key fact is a theorem on selection of an
algebraic curve on which the Lojasiewicz exponent at infinity is attained
(Theorem 3.5).

In what follows we shall use two topologies in complex linear spaces: the
classical topology and the Zariski topology. To avoid confusion we agree that,
unless otherwise specified, all topological notions will refer to the classical
topology.

After our announcing the result, Z. Jelonek and independently J. Kollar
communicated to us a new proof of Theorem 1.1. Its main idea is given at
the end of the paper.

2. Meromorphic mappings at infinity. Let D(r) = {t € C :
|t| > r}, r > 0, be the exterior of a closed disc in C. A holomorphic mapping
Y= (Y1,...,¢%,) : D(r) — C" is called meromorphic at infinity if each v,

j =1,...,n, is meromorphic at infinity. One can write any such mapping
¥ # 0 in the form
(1) Tb(t) = adtd + adfltd_l + ..., a; €C" i <d, ag#0, d€Z.

Then d is called the degree of 1) and denoted by deg. Additionally we put
deg 0 := —o0.

Similarly, for a meromorphic mapping ¥ = (¢1,...,%,) at a point a € C
we define the order of ¢ at a:

ord, ¥ = min{ord, 91, ...,ord, ¥, }.

Now, we give a version at infinity of the theorem on continuity of roots.
First, we recall two known lemmas.
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LEMMA 2.1 (Puiseux Theorem at Infinity, [A], [CK4]). Let
Qt,y) =y™ +ar (Y™ +.. .+ am(t)

be a polynomial in y with coefficients q; : D(r) — C meromorphic at mﬁmty,
i = 1,...,m. Then there exist N € N and functions \;, ¢ = 1,...,m,
meromorph@c at infinity such that

m

QEY.y) = [Jw— X))

i=1
Moreover, it suffices to take N = m)!.

LEMMA 2.2 (Theorem on Continuity of Roots, [L4], Sect. 16, Lemma 1).
Let C > 1,0 > 0. If |¢;]| < C and |¢; —¢;| < § fori =1,...,m and
¢ € C satisfy the equation

€M 4™ L+ e =0,
then there exists E € C satisfying
"+ 4 4G, =0 and |€—¢& <308
PROPOSITION 2.3 (Theorem on Continuity of Roots at Infinity). Let

P(t,y) =y™ +pi(0)y™ " 4.+ pult),

Qt,y) =y +a()y™ " + ...+ qu(t)
be polynomials in y with coefficients p;,q; : D(r) — C meromorphic at
infinity, i =1,...,m, and let L € Z, L > max;—1,. ., degp;. By Lemma 2.1
there exists N € N such that

m m

PN,y) =[] - »i()), (y — 5 ()

i=1 j=1
where @;,; : D(r') — C, v’ > r, are meromorphic at infinity. If for some
Kez,
deg(pi — ¢i) < K,

then for any o, there exists 1; such that
deg(pi — ¢) < (L+ K/m)N
Proof. By assumptions there exist C' > 0, " > r/ such that for |t| > r”,
p(tY) — (™) < CRIFN,i=1,.m,
and
pi(t™)] < Cle[*Y.
By Lemma 2.2, for any |t| > r” and each ¢,

min [ (1) — ¢ ()] < 3CTHY/ | (EHE/N,
J
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Then for each ¢; there exists 1); such that
deg(p; — ;) < (L + K/m)N.

PROPOSITION 2.4. Let f:C" — C* be a non-constant polynomial map-
ping and ¢ : D(r) — C™ be a mapping meromorphic at infinity, degy > 0.
Then for any L € Z and any mapping ¥ : D(r) — C™ meromorphic at
infinity such that

deg(p — ) < L,
we have
deg(fop— fot) <L+ (degf—1)degep.

Proof. 1t suffices to prove this theorem in the case of a polynomial func-
tion f : C" — C. Let L € Z and deg(p —¢) < L. Let ¢ = (p1,...,¢n),
d := degy and

wj(t):afitd—l—azl_ltd*l+..., a{e@,jzl,...,n.
Let further
fop(t)=but™ +by_1t" ' +..., b,eC, meLZ

It is easy to see that the coefficients b, depend only on the coefficients a{
up to the index i := s — (deg f — 1) deg ¢ (cf. [RS], proof of Proposition 1).
Hence

deg(fop— fot)) <L+ (degf—1)degep.

3. The Lojasiewicz exponent of regular mappings. Let X ¢ CM
be an algebraic set and let f : X — C* be a regular mapping. Let S C X
be an unbounded set. We define

N(f|8) :={v e R:3cs0,r>0(z € SA[Z| > R) = [f(2)| = C[2"},

where || denotes the policylindric norm. The Lojasiewicz exponent at infinity
Loo(f]S) of fon S is defined by

Loo(f]S) :=sup N(f[S5).
If N(f|S) = 0, we put Loo(f]S) = —c0. If § = X, we write N(f) and
L)

Now, we shall consider the problem of finding algebraic curves on which
the Lojasiewicz exponent at infinity is attained.

Let U € C™ be a neighbourhood of infinity (i.e. Y = C™\ H, where H C
C™ is a compact set). Let I' C U be an analytic set of dimension 1. If there
exists a mapping meromorphic at infinity ¢ of the form (1), holomorphic on
D(r), such that degy > 0 and I = ¥(D(r)), then I' is called an analytic
curve meromorphic at infinity, and 1 its description.

From the definition we immediately obtain
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LEMMA 3.1. Let X € CM be an algebraic set, f: X — C* be a regular
mapping, #f1(0) < oo, and I' C X be an analytic curve meromorphic at
infinity. Then

deg(f o %)
Loo(fII) = ———= € N(f|I),
(1) = “BLE e N (i)

where ¥ is a description of I'.

PROPOSITION 3.2. Let X be a complex affine variety, dim X > 0 and
let f: X — C* be a regular mapping such that #f~1(0) < oco. Then for any
algebraic subset W C X, dimW < dim X, there exists an analytic curve
I' ¢ X meromorphic at infinity such that I’ "W = () and

Loo(f) = Loo(fIT).
In particular, Loo(f) € N(f).

Proof (cf. Proof of Proposition 1 in [CKs]). By the Tarski-Seidenberg
Theorem (cf. [BR], Remark 3.8) the set

B:={ze X\W:|f(z) < 2 min_ o 1f(2)I}

is semi-algebraic. Since X is an irreducible algebraic set, and dimW <
dim X, it follows that X \ W is dense in X. Hence, since #f~1(0) < oo, we
easily deduce that B is an unbounded set. By a version of the Curve Selection
Lemma (cf. [NZ], Lemma 2), we see that there exists a real-analytic curve
k:(r,00) — B, r >0, of the form

/ﬂ(t):adtdjtad_ltd*l—i—..., a; €CN, ag#0, d>0.
Since limy_, |k(t)| = oo, the set I := k(r, 00) is unbounded. We have

(2) ['oo(f) = ['oo(ﬂpl)'
In fact, the inequality Lo (f) < Loo(f|I") is obvious. To prove the opposite
inequality, take R > 0, C' > 0 such that for any z € I,

2| >R = |f(2)| > C‘z‘ﬁm(f\l“’)_
We may assume that for any x € X, || > R, there exists z € I'" such that
|x| = |z|. Take any = € X, z € I'" such that |z| = |z| > R. By the definition
of B we have
F@)] = 7)) = AC1|E=UIT = 40|10,
5o Loo(fIT") € N(f) and

Loo(f) = Loo(fIT),

which proves (2).
Let ¢ : D(r) — X be the complexification of . Let 7/ > r and I' =
©(D(r")). Since ¢ is a mapping meromorphic at infinity, we easily see that
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I' N W is finite. So, increasing r’ we deduce that I' is an analytic curve
meromorphic at infinity and I'N'W = (.

Since
deg(for) _ deg(fow)
deg k deg ¢

Loo(f) = Loo(fII") =

I satisfies the required conditions. This ends the proof.

A mapping ¢ = (¢1,...,%,) : C\ {0} — C” is called a Laurent poly-
nomial mapping if any component ; is a Laurent polynomial, i.e. ¢; €
C[t,t71.

PRrROPOSITION 3.3. Let ¢ : C\ {0} — C™ be a Laurent polynomial map-
ping. If degy > 0 and ordgvy < 0, then the set ¥ (C\ {0}) is an algebraic
curve.

Proof. Since the graph of ¢ is an algebraically constructible set in Cx C"
and ¢(C \ {0}) is the projection of this graph onto C", by the Chevalley
Theorem ¢ (C \ {0}) is algebraically constructible in C™. From the assump-
tions that degy > 0 and ordpvy < 0 we see that ¢ is a proper mapping,
thus ¥(C \ {0}) is closed. In consequence we have the assertion.

Let us give one more property of Laurent polynomial mappings.

PROPOSITION 3.4. Let ¢ : C\{0} — C™, n > 2, be a Laurent polynomial
mapping, degy > 0. Let W C C™ be an algebraic set, dimW < n — 2 and
d < min{0,ordg¢}. Then, for generic & € C", £ # 0 (i.e. for & outside
a proper algebraic set), and for the Laurent polynomial mapping (t) :=
P(t) + &t the set V :=(C \ {0}) is algebraic and V N W = ().

Proof. Consider the algebraic set

Y :={(t,£,2) e Cx C" x W : t~%p(t) + &€ = t7%2).
It is easy to see that dimY <n — 1. Since n > 2, for generic { € C", £ # 0,
we have Y N (C x {£} x C") = 0. For such &, putting (t) := ¢(t) + &t we

find that V = 9(C \ {0}) does not intersect W. Since dege) = degt) > 0

and ordg w = d < 0, by Proposition 3.3 the set V is algebraic. This ends the
proof.

Now, we prove a theorem on selection of an algebraic curve at which the
Lojasiewicz exponent at infinity is attained.

THEOREM 3.5. Let X be a complex affine variety and let f : X — CF be
a regular mapping such that #f~1(0) < co. For any algebraic subset Z C X
with dim Z < dim X — 2, there exists an algebraic curve V. C X such that
VNZ=0and

EOO(f) = EOO(f‘V) € N(f)
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Proof. Let X ¢ CM and n = dimX. If M = n, i.e. X = CM, then
the assertion follows immediately from Propositions 3.2, 2.4 and 3.4. So, let
M > n. We shall use the classical description of irreducible algebraic sets
(the Riickert Lemma, see e.g. [Lo], VII.9.3). So, there exists a linear change
of coordinates in C* such that in the new coordinates (2, 2") € C* xCM~"
' = (x1,...,2n), 2" = (Tpt1,...,20n) there exist

(i) P e Cla',zpq1], P(2', 2p41) = 2% + D1 (:c’)x;”_fll + ...+ pm(2),

(ii) 0 € Clz'], 0 £ 0,

(iii) Q; € Clz', 2], j=n+2,..., M,
such that
(3) X \ W = {(‘Tlvx”) € (CM : PnJrl(x/’anrl) =0,

§(axy = Qi(2 ,xnt1), j=n+2,..., M},
where W = {(2/,2") € X : 6(2’) = 0}. Moreover, we may assume (see [Lo],
VIL7.1) that

(4) X c{(@',a") e C" x CM7": 2" < C(1 + [2')},

for some constant C' > 0. Then the projection 7 : X > (2/,2") — 2’ € C"
is proper. Hence the sets 7(Z) and 7~ 1(7(Z)) are algebraic of dimension at
most n — 2.

By Proposition 3.2, there exists an analytic curve I'C X\(WUr (7 (Z)))
meromorphic at infinity such that

Loo(f) = Loo(fIT).
Let o = (¢, ") : D(r') — X C C"xCM~" be a description of I", deg ¢ > 0.
By (4),
(5) deg ¢’ = deg .
Since I' N W = (), we have § o ¢’ Z 0.

Take any L < min{0, degdop’}. By Proposition 2.4 there exists a Laurent
polynomial mapping ¢ = (¢/,%") : C\ {0} — C™ x CM~" such that

(6) deg(p — ) < L,
(7) deg(piog@ —pioy’) <L, i=1,...,m,
(8) deg(6 oy’ —do0v)) < L,
(9) ordg ¢’ < 0.
From (6) and (5) we have
(10) degp = degy) = degy)/,

and from (8),
(11) degd o) =degdoyp > —o0.
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By (9) and Proposition 3.3,
(12) Vi == 14/(C\ {0})

is an algebraic curve in C™. Moreover, by Proposition 3.4 (changing ¢’ with-
out affecting (6)—(9)) we may assume that

(13) Vl N W(Z) = (Z)

Take N €N (e.g. N=m!) such that P(¢’(tV), z,+1) and P(¢'(t™), 21 1)
decompose into linear factors (Lemma 2.1). Since P(¢'(tV), pni1(t™))
= 0, by (7) and Proposition 2.3 there exists a function \,4; : D(r') — C
meromorphic at infinity such that P(y’(t™), \p41(t)) = 0 and

(14) deg(@n1(t") = Ay (t)) < (I+ L/m)N,

where [ := max{1,deg(p1,...,pm)}. By (6) and the obvious inequality L <
I+ L/m we have

deg((¥' (1Y), A1 (1)) = (' (1Y), onsa (tY))) < (L4 L/m)N.
Hence, by Proposition 2.4,
deg(Qi(¥' (), At1 (1)) — Qi@ (1Y), pnsa (tY)))
<(I+L/m)N + (deg@; —1)Ndegy fori=n+2,...,M.
Define
Q' (tN), An41(t))
gou/(tN) 7
() = (W (), A (8)s -, Awr (1))

for sufficiently large ¢, say ¢t € D(r”). The mapping A : D(r"") — X is
meromorphic at infinity and

)\i(t)I: t=n+2,...,M,

deg(Ni(t) - oi(t") = deg (ingz SN >>>
— deg (Qi(W(tN)v At1(1) = Qi(@" (), o1 (tY))
50 0/(t)

Qi@ (), pn (E))[G 0 ' (V) — 0 o' (V)]
§ o’ (tN)5 o ¢! (tV)
< Nmax{l + L/m + (deg Q; — 1) deg ¢ — deg(d o '),
deg(Qi(¢", pn+1)) + L —2degdo o'}

fori=n+2,...,M. So, decreasing L sufficiently we may assume that

deg f o p(t") = deg f o A(%).
Put

"= XD(@").
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Then I C X is an analytic curve meromorphic at infinity and

d o d oA
£alf) = LalfID) = B2 SRS o g1,

Take
Vi=r"tW).

Obviously V' is an algebraic curve, V' C X and IV C V. Moreover, by (13),
V' NZ =1. So, from the above,

Loo(f) < Loo(fIV) < Loo(fIT) = Loo(f)-
This ends the proof of Theorem 3.5.

4. The set of points at which a polynomial mapping is not
proper. Let X be a complex affine variety, dim X = n, and let f : X — C"
be a dominating regular mapping. We say that f is not proper at a point
y € C™ if there is no neighbourhood U C C" of y such that f~1(U) is
compact; equivalently, there exists a sequence {z”} C X such that

|2¥| > 00 and f(2") —v.
It is easy to see that

PROPOSITION 4.1. Let X be a complex affine variety, dim X = n and
let f: X — C" be a dominating polynomial mapping. Then f is a proper
mapping if and only if the set Sy of points at which f is not proper is empty.

PROPOSITION 4.2 (cf. [J;], Corollary 9, [J2], Theorem 3.8). Let X be a
complex affine variety, dim X = n, and let f : X — C" be a dominating
regular mapping. Then the set Sy of points at which f is not proper is either
an empty set or an algebraic set of pure dimension n — 1.

Let us give a connection between points at which a polynomial mapping
is not proper and the Y.ojasiewicz exponent.

PROPOSITION 4.3. Let X be a complex affine variety, dim X = n and
let f: X — C" be a dominating regular mapping. Then Loo(f —y) < 0 if
and only if f is not proper at y.

Proof. Immediately from the definition we see that if f is not proper
at y, then f —y is not proper at 0, so Loo(f —y) < 0. Conversely, assume
Loo(f —y) < 0. Then from Proposition 3.2, there exists a meromorphic
curve at infinity I" C X such that Loo(f —y) = Loo((f —y)|I). Let ¢ be a
description of I'. Then, by Lemma 3.1,

®df—wow.

Lo((f — )T = FE Y
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Since deg ¢ > 0, we have deg(f —y) oy < 0 and so lim;_, fop(t) —y = 0.
Since lim;_, o, |¢(t)| =00, there exists a sequence {2} C I" such that |2”| — oo
and f(z") — y. This implies that f is not proper at y, and completes the
proof.

5. Proof of Theorem 1.1. We start with the following

LEMMA 5.1. Let X be a complex affine variety, and let f : X — CF,
k < dim X, be a non-constant polynomial mapping. If f maps algebraic
curves onto algebraic sets, then k = dim X and f is a dominating mapping.

Proof. Let n = dim X. Assume to the contrary that £ < dim X or f is
not a dominating mapping. Let f = (f1,..., fx) and W = f(X) C C*. Then
W is an algebraic set. Let [ = dim W. Then 0 < [ < n. After a linear change
of coordinates in C*, we may assume that

W {(y,y") eC!xC 1y <CL+ |y},
where C' > 0. Thus, the canonical projection from W onto C! is proper.
Hence, it is easy to see that f := (fi,...,f;) : X — C!is a dominating

mapping and maps algebraic curves onto algebraic sets.
Let

Ye={(yr, -y, t) €C*liyn oyt =€ =0}, €€C.
Then the projection 7 : Yz 5 (y,t) — y € C! is a dominating mapping.

Let ¢ : X — C be a regular mapping which, treated as an element
of C(X), is not algebraic over C(fi,...,f;) C C(X). Then the mapping
g := (fi,..., fi,9) : X — C"*! is dominating. Thus there exists & € C,
& # 0, such that Y, N g(X) is a dense subset of Y¢,. Let V := g 1(Yg,).
Then

fV) =m(g(V)) = m(Ye, N g(X)),
so, by the above, f(V) is a dense subset of C!. Since & # 0, we easily see

that ({0} x C) N Ye, =0, thus 0 & f(V).

Since f(V) is a dense subset of C!, there exists a linear subspace E C C,
dim F =1, such that EN f(V) is a dense subset of E. Then there exists an
algebraic curve Vi C V N f~1(E) such that f(V4) is a dense subset of E.

Moreover, 0 € E'\ f(V1), so f(V1) is not an algebraic set. This contradicts
the assumption and ends the proof.

We will prove a slightly stronger version of Theorem 1.1, namely

THEOREM 5.2. Let X, Y be complex affine varieties, dim X > 2, and
f X — Y a non-constant reqular mapping. If f maps algebraic curves
V C X onto algebraic sets, then f is a proper mapping in the classical
topology.
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Proof. Let X ¢ CM| Y c CV, n := dimX, n > 2. By the Noether
Normalization Lemma, there exists a linear mapping L : CY¥ — C™ such
that Lo f : X — C™ maps algebraic curves onto algebraic sets. Since the
properness of Lo f implies the properness of f, we may assume that Y = C”.
By Lemma 5.1, f is dominating.

By Proposition 4.1, it suffices to prove that the set Sy of points at which
[ is not proper is empty. Assume to the contrary that Sy # (). By Proposi-
tion 4.2, we find that Sy is an algebraic set of pure dimension n — 1. From
[M], Corollaries 3.15 and 3.16 we deduce that the set

T:={yeCn:dimf~1(y) >0}

is algebraic and has dimension at most n—2. Thus, there exists y € S;y\T. We
may assume that y = 0. Let f=1(0) = {2%,...,2™}. Then, by Theorem 3.5
and Proposition 4.3, there exists an algebraic curve V C X \ {z!,...,2™}
such that

Loo(f) = Loo(fIV) <0.

Obviously, 0 ¢ f(V). Since, by Theorem 3.5, Lo (f|V) € N(f|V), we see
that there exists a sequence {z¥} C V such that lim, . |[2”| = oo and
lim, , f(z") = 0. In consequence, 0 is an accumulation point of f(V'), and
so f(V') is not algebraic. This contradiction gives the assertion and ends the
proof of Theorem 5.2.

REMARK 5.3. One can prove Theorem 1.1 by another method (suggested
by Z. Jelonek and J. Kollar). The main idea is as follows: Let f : X — Y
satisfy the assumptions of Theorem 1.1. Let f : X — Y be a projective
compactification of f. Assume to the contrary that f is not proper. Then
there is a point y € Y such that f~!(y) is finite and f~'(y) N (X \ X)
# (). If we take an algebraic curve I' C X not lying in X \ X such that
I'n(f~'(y)NX) =0 and I' passes through one point of f~!(y)N (X \ X)
then the image f(I" N X) is not Zariski closed.
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