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Robin functions and extremal functions

by T. BLoom (Toronto), N. LEVENBERG (Auckland)
and S. MA’U (Auckland)

Abstract. Given a compact set K C (CN, for each positive integer n, let

v () = v (2)
1 . .
= sup { dogp VoK) (p(2)) : p holomorphic polynomial, 1 < degp < n}

(n)

These “extremal-like” functions V.’ are essentially one-variable in nature and always
increase to the “true” several-variable (Siciak) extremal function,

1
egp

Vi (z) := max [O,S.up { 3 log |p(z)| : p holomorphic polynomial, |p|| g < 1” .

Our main result is that if K is regular, then all of the functions VI((n) are continuous; and
their associated Robin functions

0y (2) = limsup[V?" (A\z) — log(|A)]
K

[Al[—o0

increase to g := oy, for all z outside a pluripolar set.

0. Introduction. Let
L := {u plurisubharmonic (psh) in CV : u(z) <log™ |z| + C}

denote the class of psh functions of logarithmic growth on C¥ (here |z| =
(Zil |2;]2)'/2; log™ |2| = max(0,log|z|); and the constant C' can depend
on u). We also consider the class

LT :={ue L:log"|z|+Ci <u(z) <log" |z| + Oy for some Cy, Cy}.

These classes arise naturally in complex potential theory in C and in pluripo-
tential theory in C. For a bounded Borel set E in CV, define

(0.1) Ve(z) :=sup{u(z) :u € L, u <0 on E}.
2000 Mathematics Subject Classification: 31C15, 32F05.
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The upper semicontinuous (usc) regularization Vi (z) := limsup,_,, Ve(()
is called the (Siciak) extremal function of E. It is well known that Vi € LT
if and only if E is nonpluripolar; i.e., if u psh is —oo on F, then u = —o0.
If K is a compact set in CV, then the extremal function in (0.1) can be
obtained via the formula

(0.2)  Vk(z)

1
:= max [O, sup { dog
p

log |p(z)] : p holomorphic polynomial, ||p||x < 1}]

([K, Theorem 5.1.7]). Here, ||p|| x := sup,cx |p(z)| denotes the uniform norm
on K.

To study the asymptotic behavior of such functions, we recall the notion
of the Robin function associated to a function u € L. First of all, suppose
that K C CV is compact and regular, i.e., Vi = V} (equivalently, Vi is
continuous). The Robin function of K is o : CN — RU{—o0} defined by

ok (2) = limsup[Vk (Az) — log(|A[)].

|[A]|— o0

More generally, for u : CV — R in L we define the Robin function of u
to be

(0.3) 0u(2) := limsup[u(Az) — log(|A])]

[A]—o00
(hence px = vy ). Note that for A € C, p,,(Az) = log |A\|+0,(2) (logarithmic
homogeneity; cf. Section 5). It is known [Bl] that for v € L, the Robin
function g, (2) is plurisubharmonic in C"; indeed, either g, € L or g, =
—00.

Our aim in this note is two-fold: first, we discuss the Robin function
0u(z)—more precisely, the Robin constant—associated to a function u € L
in one complex variable. Using these results, we then analyze the Robin func-
tion associated to certain “extremal-like” functions associated to a compact
set K C CN, N > 1. For each positive integer n, let

vV (2) = VI(z)
1
:= sup {— Vp(k)(p(2)) : p holomorphic polynomial, 1 < degp < n}
degp

These functions VI((n) (discussed in [BCL]) are essentially one-variable in
nature and always increase to the “true” extremal function, V. Our main
result is that if K is regular, then all of the functions Vi(gl) are continuous.
Concerning their associated Robin functions Oy, We show that oy is

also continuous and, in this case, the limsup in (0.3) can be replaced by
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limit; i.e., the limit exists. Moreover,
(0.4) lim oy (2) = ok (2)
n—oo

for q.e. 2 € CV (i.e., all z outside a pluripolar set). We mention that (0.4) is
not an immediate consequence of the monotone convergence of the functions
VI((n) to the function Vi ; indeed, a necessary and sufficient condition for (0.4)
to hold involves the Monge-Ampeére measures of these functions (cf. [BT]);
this condition is usually difficult to verify. We end with some open questions
related to the notions in this and the [BCL] paper.

We would like to thank the referee for an extremely careful reading of the
manuscript and many helpful comments. Also, we are grateful to Professor
J. Siciak for some useful remarks which we have incorporated in the text.

1. Subharmonic functions in C. In this section, we work exclusively
in C. The major question we want to address is the following: for which
functions u € L does the limit

(1.0) lim [u(t) — log [¢]]

[t]—o0
exist? We first discuss some known results about subharmonic functions
in C. Let p be a nonnegative Borel measure on C of finite total mass. Under
what conditions is p the Laplacian of a function in L?

PROPOSITION 1.1. Suppose that S|t\§1 log |t| du(t) > —oco. Then p(l) :=

Sicc du(t) <1 if and only if
(1.1) u(z) i= | llog|z — ] — log ] dyu(t)

teC
belongs to L.

REMARK. From Brelot’s theorem (cf. [R]), it follows that if p(1) < oo
and

[ log [t du(t) > —co.
[t]<1
then

u(z) := | [log|z — t| —log [¢]] du(1)
teC

is a subharmonic (shm) function in C.

Proof of Proposition 1.1. Introduce the notation n(r) := S‘t|<r du(t). We
first recall Jensen’s formula: let w be shm in the disk {z : |z] < R} and
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harmonic in a neighborhood of the origin. Then for any r < R,

27 r
(1.2) My(r) = % [ u(re’®) do = u(0) + | %t) dt
0 0

T
= u(0) —1—8 [logr — log |t|] dn(t).
0
Suppose u as in (1.1) is in L but u(1) = o > 1. Without loss of generality
we may assume u(0) = 0. Since u € L,

(1.3) lim [M,(r) —logr] < oc.

r—00

Fix 0 < 8 < 1—1/a. Then, since lim;_,, n(t) = «, there exists ro > 1 such
that for all r > rg,
(1-PB)n(rP)=1+6>1.
But -
M, (r) —logr S [logr — log |t|] dn(t) — log r
0
B

> S [logr —log |t|] dn(t) — logr
0

> (1 - B)(logr)n(r’) —logr = élogr,
which contradicts (1.3).

For the converse, we may assume (1) = 1. We want to find a constant C
such that

u(z) = | [log|z —t| — log [t]] du(t) < C + log 2|
teC

for all |z| > 1. Fix such a z and write

u(z) = S log [1 — ;’ du(t)
/<1
: |t>1S| |<|tlog - ﬂdﬂ(t) : t|>1s| |>t|log B ;‘du(t)
< ()logl2l + ci] + [(1 - n()log2) + | log % du(t)
[t]>1, [z|>]¢]
< [n(1)log|2| + 1] + [(1 = n(1)) log2] + | log2lz|du(t)
[t]|>1

= [n(1)log|z| + c1] + [(1 — n(1))log2] + [1 — n(1)]log 2|z|
= log|z| +C. =
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It follows from Proposition 1.1 that if u € L and u(0) = 0 then u can be
written as in (1.1) with

-1 _
du(t) = y= Au(t)dt ANdt and  p(1) <1.

The fact that p(1) <1 for u € L follows easily from Jensen’s formula (1.2):
if u(1) > 1, then there exist § > 0 and ry such that for all » > r(, we have
n(r) > 1+ 4. Fixing such an r, we obtain

M, (r) — My(ro) = | %t) dt > (1+6)log —.

To

The left-hand side of this inequality is dominated by log(1+r) plus a
constant—for all »—yielding a contradiction.

To show that the problem described in (1.0) is nontrivial, we begin
with an explicit example of a continuous function v € LT (C) for which
the limit (1.0) does not exist.

PROPOSITION 1.2. There exists u € LT (C)NC(C) for which u(t)—log|t|
does not have a limit as |t| — oo.

Proof. The idea is to construct a sequence of continuous subharmonic
functions

t—t;
u;(t) := log™ M + logr;

T
in L™ (C) having Laplacians supported on circles |t —¢;| = r; of smaller and

smaller radii r; with centers ¢; marching to infinity in such a way that an
infinite sum

u(t) = eju;(t)
J
gives us the desired function. To make this precise, we first choose a sequence
{t;} of positive numbers with ¢; > 2 and ¢; T oo and with
(1.4) U; <ty < At
for all j. Next, choose a sequence {¢;} of positive numbers with

(15) €j 10, ZEJ' =1, ZEJ‘ logtj < oQ.
; -

J

Finally, define the sequence {r;} of positive numbers by

(1.6) T 1= 1/|:k1:[1t§j/€ki|'
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Note that by the choice of ry in (1.6), we have

(1.7) €k log— ZEJ logt;.

Now let

t—1;
u;(t) :=log" ‘Tij’ +logr; and w(t):= Zajuj (t)
J -

as above. We show this u satisfies the conditions stated in the proposition.
(i) w is in LT(C). If ty < |t| < tg41, then

2|t| for j <k,

—t] < i <
|t t]|_|t|+t.7—{2tj for j > k.

Hence
) < Zs] log 2|t| + ZEJ log2t; < [logQ + ZEJ logt; ] + log |t|
i<k i>k

by (1.5). In the other direction, if we write

t—t,;
u(t) = | Z ejlog|t| + | Z gjlog | m i + epur(t) + epr1ups(t)
7k, k+1 7k, k+1
and we use the estimates

lt—t;| _ |t —t; _ 1 . :
> = f <k t| >t > 2t;,
m m 5 forj since [t| > tg j
t—1; t; — |t 1
| |t|J| > |t]| | > 3 for j > k+1 since t; > 2tp41 > 2|t];
we obtain
u(t)> Y ejloglt] +log 1/2 + eun(t) + ehprupa(t)
J#k k1

1
> log|t| + log = + &k log

+5k+1 log
2 \ \

\t\

1
> log |t| + log = 5 + €k log + Eht+1 1og Dkl (from (1.4))
trt1
1
> log|t| + log = — ex log4 — 2ej41 log bt
2 Tk+1
k41
> log|t| —log8 — 22@ logt;
j=1
> log |t| —log 8 — QZsj logt; = log|t| + c1,

j=1
where the last two lines follow from (1.5) and (1.7).
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(ii) There exists 6 > 0 with iminfy_, o [u(—tx) — u(ty)] > d. For

u(—tx) — u(ty) > exlur(—ty) — up(te)] = ex log 2%:

k

t

> gy, log i = Zej logt; (from (1.7))
j=1

and the result follows from convergence of Z]Oil gjlogt; (see (1.5)).

(iii) u is continuous on C. It suffices to show that the series ., e;u;
converges uniformly on compact sets in C since each u; is continuous on C.
Fix t € C. If there exists r > 0 so that the disk A(t,r) :={z: |z —t| < r}

avoids each of the disks A(t;,7;), then clearly the series ) e;u; converges

uniformly to u on A(t,7/2). Otherwise we can choose r > 0 sufficiently small
so that the disk A(t,r) := {z : |z — t| < r} meets at most one of the disks

A(t;,r;), say A(t,r) N A(ty,ry) # 0. Then for z € A(t,r),

u(z) = e logry + Z gjlog |z —t;| if z € A(t,r) N A(ty, ri),
=1, j#k

while

u(z) = Zsj log |z —t;| ifz€ A(t,r)\ A(tg, k).
j=1

Note that |[t—t;| > 1 for j > k; thus, for z € A(t,r), we also have [z —t;| > 1;
hence if N > k we obtain the estimate

N 0o 0o
(u(z)—zgjuj(z)‘: 3 glogle—t1< Y ejloglr+ |t — 1))
j=1 J=N+1 J=N+1

o0 o0 o0
< Z gjlog M|t —t;| = log M Z gj + Z gjlog |t —t;]
j=N+1 j=N+1 J=N+1

where M = M (r). Thus given € > 0, we choose N > k sufficiently large so
that

Nt € = €
Z €j<210gM and Z sjlog\t—tj]<§.
j=N+1 j=N+1
This yields
N
‘u(z) - ZsjUj(z)‘ <e
7=1
for all z € A(t,r); i.e., the partial sums un(z) = Zjvzl £ju;(z) converge

uniformly to u(z) on A(t,r). m
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REMARK. Siciak has pointed out how to construct lots of examples us-
ing facts from complex potential theory: start with a compact, nonpolar,
polynomially convex set K C C such that 0 € K is the only irregular point
of K. Then the extremal function V}: belongs to L™ (C) and is continuous
on C\ {0}. The function u(z) := V3 (1/z) +log |z| for z # 0 extends contin-
uously to z = 0 upon setting «(0) := lim,_.o, -0 u(2) = —log cap K, where
cap K denotes the logarithmic capacity of K, and this u provides another
example of a function satisfying the criteria of Proposition 1.2. As a concrete
example of such a set K, take K := {0} U, [e" 23" e=3"].

We still recover a one-sided estimate for general functions u € L*(C).
We claim that we may write u as the sum of the logarithmic potential of its
Laplacian plus a constant:

(1.8) u(t) = | log |t — s| dya(s) + [U(O) — [ log s| dﬂ(s)]
where
du(t) = 4_—1 Aut)dt A dE

™

is the probability measure associated to the Laplacian Au(t). Recall that
we defined

n(r):= | du(t)

lt]<r

for r > 0. Since we are only concerned with asymptotic behavior of u, we
may assume there exists § > 0 with n(r) = 0 for r» < . The following facts
follow from arguments similar to those used in Proposition 1.1:

(i) Vlog|s| du(s) = {logrdn(r) is finite;
(ii) lim, oo n(r) = 15
(iii) lim, oo §; (1 = n(t))t~! dt exists (and is finite).

The representation (1.8) follows. For simplicity we assume

(1.9) u(0) — Slog |s|du(s) = 0.
LEMMA 1.3. Under the hypothesis (1.9) on wu,
t —
limsupxlog | ’ ’8’ du(s) <0.
[t]—o0

Proof. Fix t € C with |¢t| > 1 and a positive integer k. We split the
integral into two parts:
|t — s < t] + |s] < k—l—l;
I 2] k
t=sl _lt+lsl _ (k+Dls
I 2] 2]

if |s| < |t|/k, then

if |s| > |t|/k, then
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Then for the first part we have
t— kE+1 k+1
| oton o) < oy (%) n(Jtl/%) < log (%)
Is|<[t|/k

while for the second part,

o111/
< | logl(k+D)slldu(s) = | log|t] dpu(s)

|s|>[t]/k Is|>[t]/%

= log(k+1) - [L—n(ltl/k)]+ | logls|du(s) —loglt| - [L — n(|t|/k)]
Js|=t]/k

< log(k+1)-[L=n(tl/k)]+ | logls|du(s).
Is|=[t]/k
Using (i) and (ii) we obtain
t— E+1
limsuppog | " sl du(s) < log (%)

[t]—o0 ‘ ’

and the result follows. m

We now show that by suitably averaging the function u, we will get exis-
tence of the limit above with u replaced by this averaged version. Precisely,
fix r > 0 and define

2m
T 1 10
u'(t) == — S u(t+re')do.

27TO

Then u” € LT (C) N C(C) and u" satisfies (1.9) if r < § with
—1 _
du”(t) = — Au' (t)dt A dt;
4me

thus
: |t _ S| r
lim supSlog e du”(s) <0.
[t]—o0

LEMMA 1.4. limjy_oo[u"(t) — log|t|] = 0.
Proof. 1t suffices to show
lim inf[u"(t) — log |t|] > 0.

[¢]—o0

Fix ¢t € C with |¢| > 1. For simplicity, take r = 1. By (ii), (iii) and Fubini’s
theorem, we can write
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(1.10)  w'(t) —log|t| = SlogJr |t — s|du(s) — Slog [t] du(s)
|t — 5]
1|
The second term is equal to n(¢; 1) log |t| where n(t;1) := S|t_s|<1 du(s) is

the mass of the measure p in the disk of radius 1 centered at ¢; clearly

n(t; 1) <n(|t] +1) —n(|t] - 1)

du(s)— | loglt|du(s).

lt—s|<1

S log

|t—s|>1

so that
[t]+1

n(t;1)loglt| < C S log rdn(r)
[t]—1

for some constant C' which is independent of ¢. By (i), we see that

lim n(t;1)log|t| = 0.

[t]—o0

Let

G(t) = S log

lt—s|>1

From (1.10), we must show liminf;_. G(t) > 0. Clearly we need only
consider the nonpositive part

G~ (t) = S log

1<|t—s| <[t

and show that lim inf|, . G~ (t) > 0.
To this end, fix € > 0 and split up G~ (¢) into two parts:

t —
(1.11) G (t) := | log | . | dus)
1< t—s|<[t], |s|<elt] 4
t—s
+ S log| i |du(s)
1<[t—s|<t], |s|>elt]
In the first integral, we have
sl =lsl
I 2]

so that log(|t — s|)/|t| > log (1 — ) = O(e). We split up the second integral
in (1.11) into two parts: one with |s| > |t| and one with |s| < |¢|. Defining

Ue,t) :={s: 1 <|t—s| < |t| and ¢|t| < |s]| < |t|},
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for s € U(e, t) we have

|t—s\ 1 €
> — > —
= el T sl
Thus
|t — |
| log - dule) 2 | logedu(s)— | log|s|du(s)
Ule,t) Ule,t) Ul(e,t)

[l

> loge - [n(|t]) — n(elt))] — | logrdn(r).
elt|

We may assume ¢|t| > 1 since we are interested (fixing € > 0) in the behavior
of G~ (t) for |t| large. For s satisfying |s| > |t| and 1 < [t — s| < |¢],
|t—s] _ 1 1
> 2
2| [l ]

Hence

|t — s
lt]

Altogether, we obtain the estimate

lim inf G (1) > Tim inf {O(e)n(s|t|) Floge - [n(Jt]) — n(elt])]

[t|—o0

du(s) > — S log |s| du(s) = — S logrdn(r).

s|>1t] r>|t|

S log

1<|t—s|<[t], |s|>]t]

[t]
- S logrdn(r) — S logrdn(r)}.
elt| r>|t|
Again using (i) and (ii), we have
l‘itrlrii?of G~ (t) > lliﬂgofO(e)n(e\t]) =0(¢e)

and the result follows. m

We will use these results in Section 4 when we discuss the existence of
directional limits for Robin functions g, associated to functions u € L in
CN, N > 1.

2. Computing Vi using one-variable methods. This section is es-
sentially contained in [BCL]. It contains the primary motivation for our
results; for omitted proofs we refer the reader to [BCL]. Let K C C¥ be
compact. We recall that K is nonpluripolar as a subset of CV if and only
if Vi € L (equivalently, V% # oo0) and that K is regular if and only if
Vi = Vi (equivalently, Vi is continuous on CV). Moreover, if we let

K:={zeC" :|p(z,...,2n)| < |pllx for all polynomials p}
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denote the polynomial hull of K, then K = {z € CV : Vi (z) = 0} and
Vi = Vk.

We recall from [BCL] how to relate the notions of regularity and (pluri-)
polarity in one and several variables for K and p(K') when p is a nonconstant
polynomial.

LEMMA 2.1 [BCL]. Suppose that E C C¥ is a bounded Borel set and that
p: CN — C is a nonconstant polynomial. Then (a) if E is nonpluripolar,
p(E) is nonpolar, and (b) if E is a reqular compact set, then p(E) is regular.

If K is compact and regular and pg is a polynomial of degree d, then

1

p Via(x)(pa(2)) < Vi (2);
conversely, if ||pal]lx < 1, then pys(K) C U, the unit disk in C, so that
Vpa(i)(w) > Vy (w) :log’L(\w]) for allwe C, so V,,,(k)(pa(2)) Zlog’L(\pd(z)\),
from which it follows that

1
Vi (2) < sup 7 Vea() (pa(2)).
Pd
Thus
1

(2.1) Vi (z) = Sup Vpa(x)(Pa(2))-

If d = 1, this implies that for any complex affine function ¢(z), we have
Vi (6(2)) < Vie(2).

Define

(2.2) VO (2) = sup{Vigaoy(€(2)) : £ € (CV)Y, £ 40}

where (C™)* is the class of all complex-linear functionals on CV. Note that
if we replace £ by a scalar multiple ¢/, then Viygy o t¢ = V) o £. Thus
considering upper envelopes over all complex-linear functionals or simply,
e.g., over all linear functionals normalized to have norm 1, yields the same
function V(1); similarly, if £ € (CV)* and a € C is constant, then we have
Vieray) (L + a)(2)) = Vi) (€(2)). If E C CV is a bounded Borel set, we
define
VI (z) = sup{V(p)(£(2)) : £ € (CN)*, £ # 0}

and by [K, Corollary 5.2.5] it follows that V' (1)* < V3.

Returning to the case where K is compact and regular, note that V)
is lower semicontinuous as the upper envelope of a family of continuous
functions. Since we will show (Proposition 3.5) that in this setting, v
is actually continuous, it is natural to ask for the most general situation

under which we have the equality V1) = V. A necessary condition is given
in [BCLJ.
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PROPOSITION 2.2 [BCL]. Let N > 1. Suppose K C C¥ is compact,
regqular, and polynomially convex (K = I?) Define VU (2) using (2.2). If
VD (2) = Vk(2) in CN, then K is lineally convex; i.e., the complement
of K is the union of complex hyperplanes.

For each positive integer n, we can define

1
Vi (z) = VI((n)(z) := sup {@ Vo) (p(2)) : 1 < degp < n}
Equation (2.1) shows that, for any regular compact set K, the functions
V(") increase monotonically to Vi i.e.,

v <yt =120 and  lim VW (2) = Vk(2), zeCN

n—oo

We study the functions V(™ in the rest of the paper.
Note that if K is nonpluripolar, then V* := V(1)* (and hence V(™)* for
each n =1,2,...) is in the class L™ where

LT :={ue L:log"|z|+Ci <u(z) <log" |z| + Oy for some Cy, Cy}.

For it is well known that V2 € L™ if K is nonpluripolar; letting ¢;(z) = z;,
j=1,...,N, we have

Vi) 2 Vie() 2 V() > max Vi, 50 (65(2)).
J

-----

But max;—1,.. .~ Ve, (r)(0j(2)) = Vey(ryx..xen i) (2) and Vi ey ooy
€ LT since each ¢;(K) is nonpolar by Lemma 2.1.
Finally, we note that if N = 1, then V(1) = Vi for all compact sets K.

3. Continuity of V(™. In this section, we will always assume that
K c CY is compact and regular; moreover, we may assume K C B, the
unit ball. Our main task in this section is to show that each of the functions
v = V]((n), n=1,2,..., is continuous. We first work with V1) and see
which results generalize. Recall that we may assume our linear functionals £
are normalized to have norm 1; in the case of V(™ for n > 1, since Vip(K) ©
tp = V() o p, we are again free to normalize in an appropriate fashion. For
example, writing p = H, + H,_1 + ... + Hy where H} is a homogeneous
polynomial of degree k, we may require that ||H,||[z = 1. We begin by
stating a lemma which will be useful in the next section in proving continuity
of Oy ).

LEMMA 3.0. Fiz a positive integer n. If K C CV is compact and reqular,
then
inf cap(p(K)) > 0
P

where the infimum is taken over all nonconstant polynomials p = H, +
H,_1+ ...+ Hy of degree at most n with ||H,|p = 1.
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Proof. We know from the previous section that V(™ e L*; in particular,
there exists a constant C' so that for |z| > 1, we have V(") (2) < C 4 log |z|.
Thus for any p,

1

~ Vo) (p(2)) = C +loglz], 2] > 1.

For motivational purposes, we first give a proof for the case n = 1 (lin-
ear case) using this normalization: for a linear functional ¢(z) = aiz; +
...+ anzy, we suppose |a1]? + ... + |any|? = 1. Given t € C, setting
2 = tay,...,zy = tay yields a point z € CV with £(z) =t and |z| = |t|.
Thus for such z and ¢ with |z| = [¢t| > 1, we have

z
Vit (1) = Vigo (£)) < €'+ gt + log 1 = €'+ g
Letting [t| — oo, we conclude that gyx) < C so that cap({(K)) > e C.
For the general case, write p(z) :=t, t € C. Then if |z| > 1 and ¢ # 0,

Ed
‘Hl/n :

Vi) (1) = Vi) (p(2)) < nC + log [t + nlog

Now since ||H,|p = 1, for any R > 1, |H,| g(r) = R™ and hence
lpllBry = R", R>1.

Choose a sequence { Ry} of radii each larger than Ry and increasing to oo,
and choose corresponding points {z;} with |zx| = Ry such that |p(zg)| =:

lte| = llpllB(R,) = Rj- Then [t]| T co and, since
’2k’ < & =1,
t|1/m = Ry

for the points t; we have
Vp(K)(tk) S TLC + log ’tk‘

Letting k — oo, we have g,(x) < nC so that cap(p(K)) > e~ "¢ Note we are
using the fact that for planar (nonpolar) compact sets, such as E = p(K),
the limit

Jim [Vis(t) — log t]] = o5
exists. m

In the next few results, we use the fact that for regular compact sets
E,Fin CY (even N = 1),

(3.1) Ve = Vellen = Ve = Vel por = max[|VE|r, [|VF | £].
For K ¢ CVN and § > 0, we define
K°®:={z e CV :dist(z,K) < §}.
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LEMMA 3.1. Let K C CN be compact and reqular. Given € > 0, there
exists 6 > 0 such that if K’ is compact and reqular and

(3.2) Kc (K'Y, K cK?,
then ||VK — VK’”(CN <e.

Proof. Since K?,(K")? decrease to K, K’ as § decreases to 0, we can
choose 4 so that

K c{zeCV :Vg(z)<e} and (K')’ c{zeCV:Vki(z)<e}
Then for all z € CV,
Vik(2) —e < Vis(z) and Vi/(2) —e < Vigrys(2).

By (3.2), Vigr)s < Vi and Vs < Vi; combining with the above equation,
we obtain

Vi(2) —e < Vks(2) S Vii(2) and Vigi(2) —e < Vigrys(2) < Vi (2);
i.e., ||VK — VK/H(CN <e. m

COROLLARY 3.2. Given ¢ > 0, there exists § > 0 such that if T : CN —
C¥ s an invertible linear transformation with |T —I||,||T~* —I|| < 8, then

IV — Ve lley <e.

Proof. We know that given € > 0, there exists § > 0 such that if K’ is
compact and regular and

K c (K, K cK°,
then |[Vk — Virleny < e. If |T = I|, ||~ = I|| < 6, since K C B, for
z € T(K) we have
dist(z, K) < |T7!(2) — 2| < 6.
This says that T'(K) C K°. Similarly, for z € K we have
dist(z, T(K)) < |T(z) — z| < 0.
This says that K C (T(K))° and the result follows. =

LEMMA 3.3. Let T : CV — CV be an invertible linear transformation.
For any C-linear ¢ : CN — C with { # 0,
Ve = Veraop lle < Vi = Ve llew
Proof. From (3.1), we need only estimate |V x)(w) — Vyrxy)(w)| at
points w € ((K) UL(T(K)). Fix w € ((T(K)). Then Vypxy)(w) = 0, and,
writing w = ¢(T'(z)) for some z € K, we have
Vi) (w) = Vo) (U(T'(2))) = [Vix)  4(T'(2))
< Vi (T(2)) < Vk(T(2)) < Vicllrer-
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Similarly, if w € £(K), we obtain the inequality Vypxy)(w) < [Vl k-
The result follows from (3.1). m

We will need the following linear algebra lemma.

LEMMA 3.4. Fiz z € CVN \ {0} and 0 < § < 1/2. For each 2' €
B(z,6|z]) := {7 : |z — 2/| < 6|z|}, there exists an invertible linear trans-
formation T : CN — CN with T(2) = 2’ and |T —I||,|| T~ - I|| < 24.

Proof. For simplicity, we take z = (21,0, ...,0). Define T on the standard
basis vectors e; := (0,...,0,1,0,...,0) (1 in the jth slot) by
T(e1)=T(2)/z1:=2"/z1, T(ej)=ej, j=2,...,n.
For a vector w = (w1, ...,wy) € CV, we have |w — T(w)| = |1 — 2] /21| |wi]
so that

z1— 2

1T =1l < |1 =z1/z] = < |z = 2|/l2] < 6]2l/12| = 6.

Since ||T7! — I| <§/(1 —§) < 26, the result follows. m

ProposITION 3.5. For K regular, VI((I) is continuous on CV .

Proof. Given ¢ > 0, choose § > 0 as in Corollary 3.2. Then for T :
CN — C¥ an invertible linear transformation with | T —I|,||T~! - I|| < 6,
we obtain

IV = Vrylley <e.
For such a T, by Lemma 3.3, if £ : CV — C is linear with £ # 0,
(33) IVey = Veery lle < IV = Ve ller <e.
We claim that (3.3) implies that

1 1
(3.4) IV = Vi llex <.
For, given any z € CV, (3.3) gives
Vo) (€(2)) = Voerxy) (€(2))] < e.

Thus
Vi) (£(2)) < € + Vieraey (62)) < €+ Vi (2)-

As this holds for all £: CV — C with £ # 0,
1 1
VD (2) < €+ Vi (2).

Reversing the roles of K and T'(K) together with the above inequality
yields (3.4).
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However,
Vit (2) = sup{Vier(iey (U(=)) : £ # 0}

= sup{Viqr(xn (Lo T(T(2))) : £ £ 0} = VI (T7(2)).
Combining with (3.4) gives

(3.5) Vi () - Vi (T () < e

for all z € CV. Fixing z € CV \ {0}, and setting &' = §'(z,¢) := d|z|/2, by
Lemma 3.4, for each 2’ with |z — 2’| < ¢’ = §|z|/2, we can find T as above
with T71(z) = 2/. Thus, applying (3.5), we have shown that |z — 2'| < ¢’
implies that |VI((1)(Z) — V[((l)(z’)] < g ie., V[((l) is continuous at z. For z = 0,
we observe that for any a € CV, V]((l)(z) = VI((lJ)ra(z + a); hence continuity

of V]((l) at 0 follows from continuity of VI(;_)HZ at a. m

Note that this argument generalizes to show that VI((n) is continuous for
n=1,2,... Lemmas 3.1, 3.4 and Corollary 3.2 are general facts about linear
transformations and (usual) extremal functions. Lemma 3.3 remains valid
upon replacing ¢ by a nonconstant polynomial pg; hence the argument of
Proposition 3.5 can be repeated virtually line-by-line to obtain continuity
of VI((n) (note that T, T~ invertible, p; a nonconstant polynomial implies
pg o T,pgoT~1 are nonconstant polynomials of the same degree as p,). Thus
we may state the following.

PROPOSITION 3.5". For K reqular, V[({") is continuous on CN, n =
1,2,...

4. Existence of directional limits and continuity of oyu). We
begin with a general fact about extremal functions in one variable. Let A
denote the unit disk in C.

LEMMA 4.1. Let X C A be nonpolar. For |n| <1, [¢] > 1,
V(€ +n) = VZ(©] = Inl/I€] + O(Inl/1€]?)
where O(|n]/|€|?) is independent of X.
Proof. Consider
€ +n—t]

V(€ +1) = V()| = Slogfduxw'
Jlos Py
1€+ 7 1€+ n—t||¢ ‘
=11 log=>— > (
81+ Vo8 iy gy @
=: |log 1~|—% —I—R(&,n)‘




72 T. Bloom et al.

where
€+ n—tllel
R = | log 21— 71IST .
(&m) Sog,“§ e o] ex(®
Now
E+n—tllEl _ 162 +E&m—1)]
E—tl1E+n] €24+ Em—1t) —tn]

&2 +E&m—-t) 1
TN+ EMm ==t 1 —[tn|/|€2 + & —1)]
=1+ 0(|nl/I¢))

(note that ||, |¢| < 1). Similarly,
S —tlie] ! —onl/I€P).

E—tlE+n ~ T+ [ml/[E@+Em—10]
Thus, since pux(X) =1,

[R(&,m)| = log(1 + O(lnl/[¢]%)) = O(Inl/I€]*).-
Finally,

log

WH Inl < Il
1 O( o)
+ €| |§! + O(|In?/1€1%) |§! +O(Inl/I€1%)

and the result follows. We only use 1 x (X) = 1 and X nonpolar so O(|n|/|£]?)
is independent of X. m

We write V = VI((l) below for simplicity.

COROLLARY 4.2. Let K C B C C¥ be a regular compact set. There
exists M > 1 such that given any € > 0, there exists R = R(K,e) > 1 with

V(z+n) = V()| < Mnl/lzl +e forall [n| <1, |2[ > R.

Proof. Note that for ¢ normalized so that ||| = 1, each set ¢(K) is a
compact, nonpolar subset of A. Thus, by the lemma,

Veeroy (8 + 8) = Vigey (O] < [sl/1t1 + O(lsl/[H17), 1] <1, [t > 1.
Since O(|s|/[t|?) is independent of ¢, we can choose R’ > 1 so that
Vecr) (t+5) = Vigry (O] < 2[sl/[E], |s] <1, [t] > R,

for all /.
Since K is nonpluripolar, V € LT (cf. Section 2); thus, there exist C7, Co
with

(4.1) log™t |z| + C1 < V(2) <log™ |z| + Cso
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in all of CV. By Lemma 3.0, cap(¢(K)) > a for some a > 0 if ||¢|| = 1. Thus,
there exists ¢’ = ¢/(a) > 0 such that

(4.2) log™ Jw| < Vi) (w) < log™ |w| + ¢

for all ||¢]| =1 and all w € C.
Next, choose R > R’ so that log R > max[|C4|, |C2|, ¢, ¢]. Given |z| > R,
choose ¢ = ¢, such that

(43) V(2) 2 Vigo () 2 V(2) <.

Combining (4.1), (4.2) and (4.3) for £ = ¢, at the point z we obtain
log* [(2)| + (¢ = C1) > log™ |2 —e.

By the choice of R, we have

|2
[£(2)] > g gl b12|

where by = by(a) := 1/e!T¢ =1 (we may assume ¢ < 1). Note that as long
as € < 1, the constant b; depends only on K (from (4.1)) and hence a (from
(4.2)). Thus we are free to take R = R(K, ¢) sufficiently large so that, e.g.,
R > 4/by. This we do.

Now given [n| <1, |z| > R, choose ¢ = £, so that (4.3) holds and ¢, so
that

(4.4) V(z+mn) > Vi, ) (n(z+1) > V(2 +mn) —€
and |, (z +n)| > bi|z + 1| so that
[0n(2)] = bz = biln| =1 > bifz] = (b1 + 1) > blz]

where b = b(by) (since we may assume R > 4/b; (so |z| > 4/b;) and take
b = b1/2). Using (4.3), (4.4) and the fact that

Ve, i) (n(2)) <V(2), Vi) (U(z +n)) < V(z+n),

we obtain

e I o LY [l L)
Viz+n) - Viz)l < Lé(z)ﬁ()(re(z)P)’wn<z>r+0<ren<z>\2>}“

1[|n| ]
< Z | AN
—b[\z\w(m? e

where we have used the facts that |¢(z)|, |¢,(2)] > b|z| and |[€(n)|, |¢,(n)] <
In]. Since O(|n|/|z|*) < O(|n|/|z|) and this quantity is independent of ¢, ¢,,,
the result follows. m

REMARK. Note that the constant M in the corollary is independent of e.
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PROPOSITION 4.3. Let K C B be regular. For each o € 9B, the direc-
tional limat

lim [V (i) —log[A[] = ov(a)

[A|—o0
exists.
Before proving the proposition, we recall what information we already

know from the results in Section 1. Given a function u € L*(C) (one vari-
able), we assume that

u(t) = Slog |t — s|du(s);

i.e., using (1.8) and (1.9), we assume u(0) = {log|s| du(s), where

-1 _

Then we showed in Section 1 that
(1) limsupy,|_, oo [u(2) —log|z[] <0, and
(2) for r > 0, lim),| o [u"(2) — log |2]] = 0 where
1 2m
u'(z) = 5 (SJ u(z +re't) dt.
Thus, to verify for a given u € L (C) that the limit lim,|_,, [u(z) —log |z|]
exists (recall that by Proposition 1.2, this is NOT always the case, even if
u is continuous), it suffices to verify that
lim [u'(2) —u(2)] = 0.
|z|—o0
Moreover, since u is subharmonic, u*(z) > u(z) for all z so that
>

liminf[u'(2) — u(z2)]

0.
|z| =00
Thus we must show:
(%) lim sup[u'(z) — u(z)] < 0.
|z|—o00

Proof of Proposition 4.3. Fix a € 0B and consider u(\) := V (Aa). Given
g > 0, from the corollary we have
27
1 : M
u'(A) —u(d) = — [[u(A+ ") —u(N)]dt < 7 +¢

2 |A|
0

for [\| > R = R(K,¢). Letting |\| — oo, we obtain (x); i.e.,
limsup[u'(\) —u(N\)] < e

[A| =00

valid for all e > 0. m
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COROLLARY 4.4. Let K C B be regular. Then oy is continuous. More-
over, we have uniformity in the limits defining the Robin function: given
e > 0, there exists R depending only on € such that for all o € 0B,

ov(a) = [V(Aa) —log|A|]] < e
for |\| > R.

Proof. We first prove the continuity. Fix o« € 9B. Given ¢ > 0, choose
§ > 0 as in Corollary 3.2; then for T : C¥ — CV an invertible linear
transformation with ||T — I||, [T~ — I|| < §, we obtain

(3.5) V() = V(T™L(2))] < e.

In particular, for o/ € 0B with |a—a’| < 0, choose T" unitary with T'(o) = «
and ||T — I|, [T~ — I|| = |@ — &/| < 6. Then if we choose R = R(e, o, )
so that for all |\| > R,

[V(Aa) —=log |\l = ov(a)| <& and [V(Aa') —log|)| — ov (/)| <&,
then

/!

lov(a) = ov ()] < [V(Aa) = V(Aa')| + 2.
Since T(A\a/) = A and | T — I||, [T~ — I|| < §, from (3.5) we obtain
[V(Aa) =V (A)| <e.
Thus, given ¢ > 0, choosing § > 0 as in Corollary 3.2 gives
lov (@) — ov ()] < 3e
provided |a — /| < 0.
For the uniformity in the limits defining the Robin function, we first note
that gy is uniformly continuous on 0B; hence, given € > 0, there exists 6 > 0
such that o/, o € OB with |o/ — | < ¢ implies |oy (a') — oy (@”)| < €. By

compactness of 0B, we can choose finitely many points aq,...,q,, € 0B
with

0B C | J{a € 0B : |a — ay] < 6}.

i=1
Then
ov(a;) = 1|1>\1|n inf[V () — log |A|]
— lim [ inf {VOay) —log|A\}, i=1,....m,
Am [ inf {V(dei) —log |AlY, 4 m

so that there exist R;, « = 1,...,m, such that
V(Aa;) —log || > ov(ai) —e, |\ > R;.
Set R := max[Ry,..., Rp].
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Now fix a € OB and choose i € {1,...,m} with | — a;| < 0. Choose a
unitary map T with T(a) = «; and ||T — I||,||T~! — I|| < §. Again, as in
the proof of Proposition 3.5, we obtain

(3.5) V(z) = V(T 2)| < e
for all z € CV. In particular, since T'(Aa) = Aa;, we have
V(Aa) = V()| < e
for all A € C. Then
{ov(a) = [V(Aa) —log |A]]} —{ev(a:) — [V(Aas) —log |A]]}
=ov(a) —ov(a) + V(Aa;) — V(da) < 2,
which gives gy (a) — [V (Aa) — log|A|] < 3e for [A\| > R. =

For completeness, we give a proof of the analogous (known) result for
the Robin function gx := oy, associated to the extremal function Vx of a
regular compact set. We begin with a lemma in the spirit of Corollary 4.2.
We assume K C B.

LEMMA 4.5. Let 29 € CN with |zg| > 1. For any n € CN with |n| < 1,
Vi (20 +1) = Vi (20)| < w([nl/[z0l)
where w = w(d) is the modulus of continuity of Vi on {z:|z] < 2}.

Proof. First of all, following the idea in the proof of Lemma 3.4, we
can find an invertible linear transformation 7 with T(zp) = 29 + n and
1T — I|| < |n|/|z0]- We may assume that Vi (zo + 1) > Vi (z0). Define

v(z) = (Vi o T)(2) — w(|nl/lz0)-
Then v € L and if |z| < 1, we have |T(2)| < 2 so that
(Vi 0 T)(2) = Vic(2)| < w(lal/lzol)  for |#] < 1.

Since K C B, this implies v(z) < Vg (z
gives the result. =m

(
) for all z € CV and setting z = zg

COROLLARY 4.6. Let K C CV be regular. For each o € OB, the direc-
tional limat
\Al|imoo[VK()\a) —log|A|] = ok (@)

exists. In addition, ox is continuous on CV.

Proof. The existence of the directional limit follows as in the proof of
Proposition 4.3 with Lemma 4.5 in place of Corollary 4.2. The continuity
of ok is then shown as in the proof of Corollary 4.4 with (3.5) replaced by
||VK — VT(K)H(CN <E. m
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REMARK. Corollary 4.6 also follows from [S1] by using the formula
Vi (z) = Vi (1,2) (see [S1)).

The previous result generalizes to the case of a weighted extremal func-
tion and a locally L-regular set K. Let K C C" be a compact set and let w
be an admissible weight function on K i.e., wis usc and {z € K : w(z) > 0}
is not pluripolar. Let Q) := — log w and define the weighted extremal function

Vi,o(z) :=sup{u(z) :u € L, u < Q on K}.

Next, a set £ C CV is said to be locally L-reqular at a point a € E if for
each r > 0, Vgnp(, ) is continuous at a where

Bla,r)={zeCN : |z —a| <r}.

The set E is locally L-regular if it is locally L-regular at each point a € E
(cf. [S2]). Clearly if E is a locally L-regular compact set then E is regular.

COROLLARY 4.6". Let K be a locally L-reqular compact set and let w > 0
be a continuous weight function on K. Then Vi g and 9x.q = 0vk, are
continuous. Moreover, for each o € OB, the directional limit
i [Vi.o(Aa) —log|Al] = ox.q(a)

. — 00
exists.

Proof. The continuity of Vi ¢ follows from [S2, Proposition 2.16]. Next,

let
Z=2(K):={2€C" :Vgq(z) <M =MK) = ||Vkolx}

Then Vik.o(z) = Vz(z) + M for 2 € CV \ Z since both functions are
mazimal outside Z and agree on 0Z (cf. [K]). Thus the function u(z) :=
max|0, Vi, o(z) — M] belongs to L and is equal to 0 at all points of Z; hence
u = Vz on all of C"V. In particular, V is continuous; this implies the conti-
nuity of px. = 0z + M ([S1, Proposition 2.3(ii)]) and the existence of the
directional limits. m

We would like to adapt the arguments used to prove Proposition 4.3 and
Corollary 4.4 to study oy = Oy for n = 2,3, ... To this end, we need a
modified version of Corollary 4.2, which in turn requires a generalization of
Lemma 4.1.

LEMMA 4.7. Fiz a positive integer n > 2 and m > 1. There exist con-
stants C1, Cy and R depending on n and Cs depending on n and m such that
for each nonpolar set X C A, := {t € C : |t| < m} and all nonconstant
polynomials p : CN — C of degree at most n,

[V (p(= + 1)) = VZ (p(2))| < Cilnl Ipll5/1og 2] + Calnl?|lpl 5/ (log|2])*

+Cslnlllpll /(12" " (log |21)*)

for all |n| <1 and all |z| > R with |p(z)| > log|z| - |2|" L.
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Proof. Let p : CV — C be a polynomial of degree n. We have the
following Cauchy estimate for p:

allpllp(z,1/n)

/n)e
where P(z,1/n) is the polydisc A(z1,1/n) x ... x A(zn,1/n).

If z€ B:= B(0,1) and w € P(2,1/n) then w € B(0,1+ /N /n), hence,
by the Bernstein-Walsh inequality (cf. [S2]),

Pl p(=1/my < 1Pl + VN /n)".

[Dp(2)] <

Putting these estimates together for an arbitrary z € B, and using the fact
that ! < nl*l, we get

IDpliz < n**1(1 + VN /n)"|Ipl 5
for all multi-indices a; hence, again by the Bernstein—Walsh inequality,
|Dp(2)| < n?l 1+ VN/n)"|z|"1|pll5, where z € CN with |z] > 1.
Now fix a polynomial p with ||p||z =1 and write
p(z +n) = p(2) +nVp(2) + O(|n|*)p2(=)

where po(z) involves at least second-order partial derivatives of p. From the
above inequality, we have

[p(z40)=p(2)] < [P2Nnllz|" " ealnl?|=* =2+ Aealn]"|(L+VN /0)" [Ip] 5

for each such p where co = c3(n, N),...,c, = cp(n, N) are independent of p.
Thus, for |z| > R = R(n) and |n| <1,
(4.5) p(z +n) = p(2)| < An?[n| [z]" " ipll 5

where A = A(n, N). Hence, if we write p(z+n) = p(2)+¢,(2) := p(2) +q(2),
then (4.5) can be written as

(1.6) ()] < An?la 21" [pl] 5
To estimate
Vi + 1)~ Vi) = | Jog PE D o).
X

we estimate
p(z+n) —t] _  Ip(x) +a(z) — |
Ip(2) — 1| Ip(2) — 1|
el el Fal) — p(e)
=l TOl T e — k() e

log
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First, for |z| > R with |p(z)| > log|z| - [2|"~! and |n| < 1, using (4.6) we
have )
(=) _ An[n| llpll5

() = logle]
e (2)| _ An2lnl o] nf2p] 2
gz n=n\Pls n-plg

log |1+ < O<7>
p(z)| = logl (log [2)2

for such z,7. Then
p(2) +a(2) —tlIp()| _ _ Ip(2)* +p(2)q(2) — tp(2)]
Ip(z) = tl|p(2) + a(2)| ~ |p(2)* + p(2)q(2) — tp(2)] — [ta(2)|

~1eof ta(2) )

PP T p()alz) — ()]
~ro( ey,

Ip(2)[?
Hence
1Og<lzv(2’) +q(z) — ¢ Ip(2)|> _ 0( \tq(2)2|> _ 0( mﬁl?l Ipll 5 2)_
Ip(2) = t][p(2) + q(2)] p(2)] |2~ (log |2|)
The “big-O” terms in these estimates depend on ||p|| 5; note, however, that

the points z for which these estimates hold depend on p(z) (since we require
p(2)| > log 2] - [2[*). m

Now we modify Corollary 4.2. For m > 1, we define
n(2) = ) (2)
1
= w0 {1 Vo0 (0(2)) 19 = H+ B o [l = 1l <o)

Note that {tm, }m=2,3,... increases pointwise to V' := V() on all of CN: more-
over, if each u,, is continuous, then by Dini’s theorem, u,, — V uniformly
on compact subsets of CV.

COROLLARY 4.8. Fix a positive integer n > 2 and m > 1. Let K C B be
a reqular compact set. There exists C' > 1 depending on n,m and K such
that for any € > 0, there exists R = R(m,n, K,&) > 1 with
[um(z + 1) = um(2)| < Clnl/loglz| +&  forall [n] <1, |z| > R.

Proof. We first make a remark on the use of Lemma 4.7 for p of degree
n with [[p/lz < m. By Lemma 4.7, since Cy, Cy and C5 are independent

of p, and ||p||z < m, we can choose R' = R'(n,m) sufficiently large and
C = C(n,m) so that
(+) Vo) (p(2 +1)) = Vi) (p(2))] < Clnl/log | 2]

for all such p if |n| <1, |z] > R/, and |p(2)| > log |2| - |2|* 1.
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Since K is nonpluripolar, V' € LT (cf. Section 2) and hence u,, € L™;

thus, there exist C7, C4 with
(4.7) log™t |2| + Cf < upm(2) <log™ |z| + C4

in all of CV; indeed, we can take C; = 0 since K C B. Now, to begin
the actual proof of Corollary 4.8, given € > 0, we choose R > R’ so that
log R > max[|C]|, |C%],€]. Given |z| > R, choose p=p, = H, + H,—1 + ...
with |H, ||z =1 and ||p||g < m such that

1
(48) Un(2) 2 = Vi) (0(2)) 2 w(2) —<.
Using Lemma 3.0, for some a > 0 we have cap(p(K)) > a if |H, |5 = 1.
Thus there exists ¢ = ¢/(a) > 0 such that
(4.9) log™ |w| < V) (w) < log™ [w] + ¢/

for all p with ||H, ||z = 1 and all w € C; combining (4.7), (4.8) and (4.9) for
p = p, at the point z we obtain

log® |p(2)| + (¢" = nCY) > nlog™ |z| — ne.
By the choice of R, we have

2"
Ip(2)] > e oDt > by |2|"

where by = by(a) := 1/e"1=CD+¢" (we may assume e < 1). Note ¢/ > 0 and
recall we can take C'] = 0 since K C B; hence 0 < by = e~ (mte) <1,

Now given |n| < 1, |z| > R, choose p = p, so that (4.8) holds and
Py = H, + H,_ i+ ... with |H,|5 =1 and lpyllz < m so that

(410) (e 1) 2 2 Voo (palz + 1) > um(z 4 7) —

and [p,(z +n)| > bi]z + n|™ > b|z|™ where b = b(b1) (as in the proof of
Corollary 4.2). Since b; (and hence b) depends only on K (from (4.7)) and
a (from (4.9)), we can assume from the beginning that b1 R > log R so that
(4) is valid. Using (4.8), (4.10) and the fact that

V0 a() S (), Voo (= 4 ) < (= 4 1),

we obtain
(1) — ()] < - max([ Vi, ) (2 1)) = V) (),
Voo 0z + 1)) — Vs ()] + ¢

1
<~ Clnl/log|z| +¢. =
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Finally, the analogue of Proposition 4.3 follows by applying Corollary 4.8.

COROLLARY 4.9. For K C B a regular compact set, for n = 2,3,...,
and m > 1, define

Uy (2) = sup {1

~ Vo) (0(2)) 1 p = HotHya+os [ Hallg =1, HPHESm}.
Then for each o € OB, the directional limit

lim [ty () —log |A|]] = ou,, (@)

[A]—o0
exists.

REMARK. It seems likely that Corollary 4.9 is valid for V(" n =
2,3,..., but we have been unable to verify this.

5. Final remarks. We give an explicit example of a compact set K in
CN, N > 1, such that px is not continuous. Note from Corollary 4.6 that
K cannot be regular. Indeed, we construct such an example with K circled,
i.e., z € K if and only if e’z € K. Let

H:={u € L:u(\z) =u(z)+log|\| for A € C, z € CN}
be the log-homogeneous psh functions. For K circled,

Vi (z) = max[0,sup{u(z) : v € H, u <0 on K}
1
= max [O, sup {@ log |p(2)| : p homogeneous polynomial, ||p||x < 1}];
egp

moreover, we have the following.

LEMMA 5.1. Let K C CN be compact, circled, and nonpluripolar. Then
Vie(2) = max]0, o (2)].
Proof. This follows from the above formula for Vi and the definition
of o If V£ (z) > 0, then
ok () i= limsup[Vi£(A2) — log |

[A]|—o0
= limsup[V(z) + log |\| — log |A|]] = Vi (2).
[A]|—o0
Thus ok € H and g (2) = Vi (2) if Vi (2) > 0; hence {z € CV : gi(2) <0}
differs from K by at most a pluripolar set and the result follows. m

The following example is due to Cegrell [C]; we elaborate on the de-
tails. Let {a;} be a countable dense sequence of points in the unit circle
and let {a;} be a sequence of positive numbers with > a; < oo. We
can reorder the {a;} and choose the {a;} accordingly so that, in addi-
tion, > . ajlog|l —a;[ > —oo. For example, for n = 1,2,... and j =
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2"41,...,2"" we can take a; = 272"; and we take aj, j = 2"+1,...,2" "1,
to be the 2"-roots of unity (omitting 1 and repeating any other). Define

g(z1, 22) = exp { Zaj log|z1 — ajzg|}.
J

Then g is discontinuous at all points (z1, z2) with |z1| = |22| and
Zaj log |21 — ajza| > —o0.
J
Moreover, log g € H(C?). Next, let
h(z1,22) := g(21, 22) + max(|z1], |22]).

Then

N(h) :={(21, 22) € C?: h is discontinuous at (21, z2)}

{ 21,29) € C? 1 |21| = | 22| and Zoz] log |21 — ajza| > oo}
j

Note that N(h) # () by the assumption that >, a;log|l —a;| > —o0; in-
deed,
{(re’,re™):0<r<1,0<t <21} C N(h).
Now, in C?, we define
W (z1, 22, 23) := exp { Z a; max(log |21 — ajzz|,log |23|]}
J
+ ma’X(’21’7 ’22’7 ’ZBD
Then logW € H(C?) and from the discussion on N(h), we see that
N(W) := {(z1, 22, 23) € C*: W is discontinuous at (21, 29, 23)} C {23 = 0}

and
{(21,22,23) € (C3 : (21,22) S N(h), 23 = 0} C N(W)

so that N(W) is nonempty and pluripolar. Let
D :={(21, 20, 23) € C® : W (21, 22, 23) < 1}

Then by a result of Siciak [S3], K := D is a compact, circled, and non-
pluripolar subset of C3 with

Vi = max|[0,log W] = max|0, ox|.

More generally, the above argument is valid for any W € H(CY) with
W(z) > ¢|z|, ¢ > 0 and N(W) # () to yield a compact set K = D such that
ok is not continuous; here, D = {z € CV : W(z) < 1}.

We end the paper with the following relationship on the asymptotic
behavior of gy (») for K C B a regular compact set.
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THEOREM 5.2. For K C B a regular compact set,
Jim. oy (2) = 0k (2)
for gq.e. z € CN.
Proof. Note for n =1,2,... that

n 1
v )(2> = sup {@ Vi) (p(2)) 1 1 < degp < n}

sup{ ! log™ Ip(2)] 11 <degp < n}
degp 1Pl

(since p(K) C {t € C: [t| < [|]pllx})
> sup{ log |pa( )| 1< |Oé| = degpa < TL}
laf 7 [pallx

where {p,} is any sequence of polynomials with 1 < degp, < n. Thus we
have

Pa
(5.1) Oy (z) > sup {| | log ‘HP (” 2|, 1 <|a|=degp, < n}

where p, denotes the top degree homogeneous part of p,. On the other
hand, if we take a family of Chebyshev-type polynomials {Q,} as in, e.g.,
[Bl, Theorem 2.3], then

v

Q] e,

hmsup—l og
[ lal 7 [|Qallx

loe| =00

Thus

lim [sup—log Pa(2)]
n—oo ol [lpallx

which, together with (5.1), shows that lim, . 0y (2) = 0x(2) q.e. m

< la| = degpa < n] =0k (2) qe,

REMARK. It is not always true that if u,,u € L and wu, increases
pointwise to u, then g, increases q.e. to g, (as a simple example, take
un(z) = (1 —1/n)log|z|). A necessary and sufficient condition that this oc-
curs, even with u,,u € LT, is given in [BT, Theorem 6.6]; a condition that
is admittedly very difficult to verify in practice.

6. Open questions. 1. Compute ,u( . (ddCV(n))N for K regular.

Does ,ug() have compact support?

2. Let
K={(z,y) eR® 12,y >0,z +y < 1}

In [BCLY, it was shown that VI((I) # Vi. Compute VI((I) explicitly.
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3. Compute u%) = (alalCVI(gL))2 for the set
K={(z,y) eR? 2,y >0,z +y < 1}.

Does ,ugg) have compact support?
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