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Infinitely many solutions for systems of n two-point
Kirchhoff-type boundary value problems

by SHAPOUR HEIDARKHANI (Kermanshah and Tehran)

Abstract. Using Ricceri’s variational principle, we establish the existence of infinitely
many solutions for a class of two-point boundary value Kirchhoff-type systems.

1. Introduction. Let K; : [0,400] — R for 1 < i < n be n continuous
functions such that there exist n positive numbers m; with K;(t) > m; for
all t > 0 for 1 <i < n, and denote m := min{m;; 1 <i < n}.

Consider the following double eigenvalue Kirchhoff-type system on a
bounded interval [a,b] in R (a < b):

b
. / 2 n__
(1.1) —KZQ]ul(a:)] da;)ul- =My (x,ut, .. up) + uGy, (2,01, ..o up),
ui(a) = u;(b) =0,

for 1 < ¢ < n. In , A is a positive parameter, p is a non-negative
parameter, F': [a,b] x R™ — R is a function such that F(-,¢) is continuous
in [a,b] for all t = (t1,...,t,) € R, F(x,-,...,-) is C' in R" for every
x € [a,b], F(x,0,...,0) =0 for all = € [a,b] and for every o > 0,

n
sup ) |Fy, (-, 1)] € L' ([a, b)),
[t|<e i=1
G : [a,b] x R™ — R is a function such that G(-,t) is measurable in [a, D]
for all t = (t1,...,t,) € R", G(x,-,...,-) is C' in R™ for every z € |a,b]
and G(z,0,...,0) =0 for all € [a,b], and F,, and G,, denote the partial
derivatives of ' and G with respect to u; for 1 < i < n, respectively.
Basing on the variational principle of [25], we will prove the existence of
infinitely many solutions for the system (L.1]); see [5].
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Corresponding to K; we introduce the functions K; : [0, +00[ — R by
t
Ki(t) = SKl(s) ds fort>0and1<i<n.
0
For all v > 0 we set

(12) Q) ={t=(tr,....ta) €R": 3 |1l <}
i=1

A special case of our main result is the following theorem.

THEOREM 1.1. Let f; : R™ — R be a continuous function for 1 <i<mn
such that the differential 1-form w = >0 fi(&1,...,&n)d&; is integrable
and let F be a primitive of w such that F(&1,...,&,) > 0 in R™. Assume

that
maxteQ(g) F(t)

e
and Fit b)
lim sup Lol .

(130t )= (400, 100) P iy Kz(%t?)

Then the system

b
(1.3) _Kl(s |l () ]2 d;v)u;' = fi(ui,...,un) n (a,b),

a

u;(a) = u;(b) =0,

for 1 < i < n, has a sequence of pairwise distinct positive weak solu-
tions.

Problems of Kirchhoff type have been widely investigated. We refer the
reader to [I], 13], 16120, 23, 24, 27, 29] and the references therein. For in-
stance, B. Ricceri in an interesting paper [27] established the existence of
at least three weak solutions to a class of Kirchhoff-type double eigenvalue
boundary value problems using Theorem A of [26]. In [19], motivated by [27],
based on a three critical points theorem proved in [2], the existence of two in-
tervals of positive real parameters A was established for which the boundary
value problem of Kirchhoff type

b

—K(S [/ ()2 da:)u” = Af(z,u),

a
u(a) = u(b) = 0,
where K : [0,+00[ — R is a continuous function, f : [a,b] x R — R is
a Carathéodory function and A > 0, admits three weak solutions whose
norms are uniformly bounded with respect to A belonging to one of certain
two intervals. In [I6], the authors studied the existence of infinitely many
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non-negative solutions for a p(x)-Kirchhoff-type Dirichlet problem by apply-
ing Ricceri’s variational principle [25] and the theory of variable exponent
Sobolev spaces.

By a (weak) solution of the system (1.1)), we mean any u = (uq,...,u,) €
(W, ([a,b]))™ such that

3

for every v = (vy,...,v,) € (Wy([a,b]))™

For a discussion of the existence of infinitely many solutions for some
differential equations, applying a smooth version of Theorem 2.1 of [5], which
is a more precise version of Ricceri’s variational principle [25], we refer the
reader to [5],6l [7, 10]. A non-smooth version of Ricceri’s variational principle
due to Marano and Motreanu [22] is employed in [I1]. Here, our motivation
comes from the recent paper of Bonanno and Di Bella [4].

Below we recall Theorem 2.5 of [25] which is our main tool.

THEOREM 1.2. Let X be a reflexive real Banach space, let &, ¥ : X — R
be two Gateauz differentiable functionals such that @ is sequentially weakly
lower semicontinuous, strongly continuous, and coercive, and ¥ is sequen-
tially weakly upper semicontinuous. For every r > infx @, put

g DWPuedt (o) ¥(v) —¥(u)
ued—1(]—o0,r[) r—&(u) ’

p(r) =

vy i= l;r_r)ligofap(r), d:= liminf ¢(r).

T—)(ian 45)+

Then:

(a) For every r > infx @ and every X € 10,1/¢(r)], the restriction of the
functional Iy = & — A\ to @~ 1(]—oco,r]) admits a global minimum,
which is a critical point (local minimum) of I in X.

(b) If v < +oo then, for each A € 10,1/, either

(by) I possesses a global minimum, or
(ba) there is a sequence {u,} of critical points (local minima) of I
such that
lim &(u,) = +oo.

n—oo
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(¢) If § < +oo then, for each A €0,1/6[, either

(c1) there is a global minimum of @ which is a local minimum of Iy,
or

(c2) there is a sequence of pairwise distinct critical points (local
minima) of I which weakly converges to a global minimum of ®.

For other studies on the subject, we refer the reader to [8] 9] 14 [15].

2. Main results. We state our main result as follows:

THEOREM 2.1. Assume that there exist positive constants o and 3 with
B+ a < b—a such that

(A1) F(x,t) >0 for each (z,t) € ([a,a + a]U[b — B,b]) x R™;

b "
su F(z,t)dx 4 ot do
(A2) liminf Ja SuPreq(e) F (2, 1) mo o P2 Pt
£—+o00 52 nQ(b—a) t—+00 ZZ 1K (a+5t2)
(note t — +oo means (t1,...,tn) = (+00,...,+00)). Then, for each A €
])‘17 /\2[ where
1
)\ = ’
1 2hmsupM
koo i K554
2m
Ao 1= n?(b—a)
lim inf Jo SUPreqe) F(at) dr”’
§—+o0 &2

for every non-negative function G : [a,b] x R* — R, measurable in [a,b], C*
i R™ and satisfying the condition

Sb suPseqe) G, t) da
2.1 = i =
( ) Goo 5—5{100 fz

< 400,

and for every p € [0, ug [ where

2(p — F(x,t)d
__m A=Y (b )hml fS SUPieqie F(@, f) dz ,
n?(b— a)Gso 2m oo &

system, (1.1) has an unbounded sequence of weak solutions in (1/1/01’2([617 b)))".
Proof. To apply Theorem let X = (VVO1 ’2([a, b]))™ be equipped with

the norm
n
(uts ) =D fuills
i=1

where ||u;||« = (Sz(|u;(a:)|2) dz)'/? for 1 < i < n. Arguing as in [3], fix
A € A1, A2[ and let G be a function satisfying (2.1). Since X < Mg, one

Ha o\ =
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has

b
2m n*(b—a) §o SUPreqe) F(w,t) dx
N — 1 — )\ 1‘ i f a 0
HaX "= 0200 — a)Go ( Om éetoo ¢2 ~
Fix 7 € ]0, g 5[ and put
A2

1 + 7712%;&) %)\QGOO '
]

If Goo = 0, then clearly v; = A1, o = Ay and A € Jvy, 10[. If Go # 0, since
1 < pie 5, We obtain

v1:=X\ and vy :=

A n?(b—a)
—+ —— G < 1,
A9 + 2m oo
and so
A _
1 n2(b—a§ W > A
T om x M0
that is, A < vy. Hence, taking into account that A > A = vy, one has
A E ]1/1, VQ[.
Now, set

for x € [a,b] and & = (&1,...,&,) € R". We define &, : X — R for
u=(u,...,u,) € X as follows:

n b
B(u) = % Yo Ralllul?), ¥ = @ w@), . un(@) de.

Let us prove that ¢ and ¥ satisfy the required conditions. It is well known
that ¥ is a differentiable functional whose differential at v € X is

b n
W' (w)(v) =D Hy,(z,u1(2), ..., un(2))vi(2) da
a i=1
for every v = (v1,...,v,) € X; moreover, ¥ is sequentially weakly upper
semicontinuous.

Furthermore, ¥’ : X — X* is a compact operator. Indeed, it is enough to
show that ¥’ is strongly continuous on X. For this, for fixed (uq,...,u,) € X
let (uigy .-, Unk) = (u1,...,u,) weakly in X as k — oo. Then (uyg, ..., Unk)
converges uniformly to (uj,...,u,) on [a,b] as k — oo (see [30]). Since
H(z,-,...,-)is C! in R™ for every = € [a, b], the derivatives of H are contin-
uous in R™ for every x € [a,b], so for 1 < i < n, Hy,(z,uip, ..., Unk) —
Hy,(z,u1,...,uy) strongly as k — oo, which yields ¥'(uig,...,upp) —
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V' (uq,...,uy,) strongly as k — oo. Thus we proved that ¥’ is strongly contin-
uous on X, which implies that ¥’ is a compact operator by Proposition 26.2
of [30].

Moreover, it is well known that @ is sequentially weakly lower semicon-
tinuous as well as continuously differentiable, and its differential at u € X is

ZK (S \2d$)§ wi(x)vl(z) dz

a
for every v € X.
Put I := & — AV, Clearly, the weak solutions of (l are exactly the
solutions of the equation I&(ul, ..., up) = 0. Moreover, since m; < K;(s) for
all s € [0,+00[ and 1 <14 < n, from the definition of ¢ we have

1 — m
(2.2) P(u) > o ZmiuuiH? > Z lui||>  for all u € X.
i=1 1=1
Now, let us verify that
v < +o0.
Let {&} be a real sequence such that & — oo as k — oo and
b b
su H(x,t)dx su H(x,t)dx
fn JoSUPteqe) A Ddr S Preqie H(,t) v

Put r, = ( ) for all £ € N. Since

(b - a)1/2 1,2 .
m[a>l<)] lui(z)| < THUZH* for all u; € Wy"([a,b]) and 1 <7 <mn,
reE|a

we have
b
(2.3) sup zjluZ <
z€la,b] ;.4

for each u = (uy,...,u,) € X. So, from (2.2) and ( we have

2o = {w e X: 53l < rk}

n b—
- {u € X; §:|uz(alc)|2 < W for each x € [a, b]}

_{ueX Z\ul )| < & for each x € [a, b]}

Hence, taking into account that ¢(0,...,0) = ¥(0,...,0) = 0, for every k
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large enough, one has

. SUPyed—1 (|—oo,ry]) ¥ (V) — ¥ (u)
= f
@(rk) uE@fll(I]l—oo,rk D Tk — @(u)

b
SUPyed—1(]—co,rt]) W(’U) < Sa SUPteQ(gr) H(x7 t) dx

Tk - _2mé}
n2(b—a)

B SZ SUPyeq(e,) [F(xz,t) + LG(z, t)] do
- 2mé3
n?(b—a)
_ Sz SUDseq(e,) F(2,t) d N B SZ SUDseqy(e,) G2, 1) d
- 2mé; 2 2mé;
n2(b—a) n2(b—a)

Moreover, from Assumption (A2) and (2.1)) one has
b b
$o SUDeq(e,) F,t) dx B §o SUDeq(e,) G, t) do

li lim = <
Foo z(mbﬁi) R p) g(mbi,%) +oo,
ne\o—a n<(b—a
which implies )
) sup H(x,t)dx
klirgo Ja teQ(gg% (1) < 400.
Therefore,
b
.. n2(b — a) . Sa SUPteQ(¢s) H(l’, t) dx
(2.4) ~< hkrjr_l)loréfgp(rk) < “om kli)nolo 2 < +00.
Since
b b
$o SUDteq(e,) H (2, 1) d _ $o SUDLeq (e, F (1) d
2mé? - 2mé?
n2(b—ka) n2(b—ka)
_ b
LB §o SuDeqe,) G, t) dx
A 2mé} ’
n?2(b—a)
taking ([2.1)) into account, one has
(2.5)
b b
su H(x,t)dx su F(z,t)de g
lim inf Ja SUPreqie) H (@, ) < lim inf Ja SUPreqie) F(: 1) + e
E—+o0 52 E—+o0 52 A
Moreover, since G is non-negative, from Assumption (A1) we obtain
b—3 b—3
H(x, & ...,8)dx F(x,&,...,&) dx
(2.6) lim sup SCH_O‘ (. 3 > lim sup S‘H_O‘ (z.€ 3 )
2 2
E—+oco § §—+o00 §

Therefore, from ([2.5) and (2.6)), we observe
= ]Vl,VQ[ - ])\1,/\2[.
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Assumption (A2) in conjunction with (2.4)), implies
])‘17 /\2[ - ]07 1/'7['

For fixed A, the inequality (2.4)) ensures that condition (b) of Theorem
can be applied and either I5 has a global minimum or there exists a se-
quence {ur = (uik,...,unk)} of weak solutions of the system (1.1 such
that limg oo |[(w1g, - - - unk) || = +00. B

The next step is to show that for fixed A the functional I5 has no global
minimum. Let us verify that I5 is unbounded from below. Since

b—8 b—3

1 F(x,t)dx H(x,t)dx

— < 2limsup Sa:—a ~( a+>ﬁ 5 < 2lim sup Sa:a ~( a+),8 o
t—+o00 Zi:l Ki(iag ti) t—+o00 Zi:l Ki(iag ti)

we can consider a real sequence {dj} and a positive constant 7 such that
dip — oo as k — oo and

b—p
@7 Lo ol 0 d e
A S Ki (55 dR)
for each k € N large enough. Let {wy = (w1, ..., wnr)} be the sequence in
X defined by

d
—k(ac—a) ifa<z<a+a,
a

(2.8) wig(x) = q ifata<az<b-p,
cZﬂ(b—x) ifb—pB<x<b,

for 1 < ¢ < n. For any fixed k£ € N, it is easy to see that w; € X, in
particular,

a+p :
[wir |2 = op d?2  for1<i<n,
and so
1 - a+pB o
(2.9) PD(wy) = 2 ZKz (0@3dk>'

i=1
On the other hand, bearing in mind Assumption (Al), since G is non-
negative, from the definition of ¥ we infer
b—p
(2.10) U(wp) > | H(z,d,...,dy)ds.
a+o

So, according to (2.7), (2.9) and (2.10)),

1 — a+ 3 o
- 5 _ .
I(wg) < 5 ;Ki<aﬁdk> - )‘GJSFQH(@‘,dka oo Jydi) dx

1 I
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for every k € N large enough. Hence, I5 is unbounded from below, and so
has no global minimum. Therefore, applying Theorem we deduce that
there is a sequence {uy = (uix,...,unr)} C X of critical points of I5 such
that limg_ oo |[(u1k, - - -, Unk)|| = +00. Hence, the conclusion is achieved. m

REMARK 2.2. Under the conditions

b b—p3
su F(z,t)dx F(x,t)dx
lim inf Ja pteQ(g)z (1) =0, limsup Sa;_a ~( aJr)ﬁ o = 100,
400 ¢ totoo 3oy K (G5 t7)

from Theorem [2.1| we see that for every A > 0 and p € [0 2m [

' n?(b—a)Goo
the system (1.1) admits infinitely many weak solutions in (VVO1 2([a, b))
Moreover, if G5, = 0, the result holds for every A > 0 and p > 0.

The following result is a special case of Theorem [2.1] with p = 0.

THEOREM 2.3. Assume that all the assumptions of Theorem hold.
Then, for each A in

2m
A= 1 nZ(b—a)
= b—5 ) b
. F(x,t) d .. F(x,t)d:
2 lim sup —Sa+‘*~ (xajﬁx lim inf SasuptEQ(;Q) (.,t) de
t—+00 g K (Tﬁtg) §—+o0

system li has an unbounded sequence of weak solutions in (Wol’z([a, b)))".

Now we present the following existence result in which instead of As-
sumption (A2) a more general condition is assumed.

THEOREM 2.4. Assume that all the hypotheses of Theorem [2.1] hold ex-
cept for Assumption (A2). Suppose that

(A3) there exist sequences {ay} and {by} with

" [« +08 5 4mbz
;Ki<oz[3ak> < m for every k € N

and limy,_, o by, = +00 such that

SZ SUPyeq vy £ (@, t) do — Sb_ﬁ F(x,ag,...,ax)dx

ato

khm 2mb; 1 = (ot
m n o 2
o n2(b—ka) — 5 i1 K ap a;)
b—p
F(x,t)dz
< 2limsup Jata £l

oo DI Kl(%tf)
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Then, for each A in

A=
2m
1 n2(b—a)
2 lim sup Jata Flat)dz ’ lim o SUPLeQ(n,) F (i) de—0- 0 Flw,ay,....ax) de
t—+00 Z’L lK (aa-%ﬂt?) k—o00 QEb% 1 n K( 48 2)

n2 (b—a) T2 af

system, (1.1) has an unbounded sequence of weak solutions in (W01’2([a, b)))".
Proof. Clearly, from (A3) we obtain (A2), by choosing ar = 0 for all

2
k € N. Moreover, if we assume (A3) instead of (A2) and set 1, = % for

all k € N, by the same reasoning as in the proof of Theorem [2.T| with u = 0,
we obtain

. SUPyed—1(|—o0,m] ¥ (V) — ¥ (1)
rE) = inf
e(re) u€P~1(]—00,rx) T — P(u)
b

- SUPyed—1 (]—o0,r4]) U(v) — Sa FEx, wk(x), ..., wpk(x)) do
B e = 5 2o Ki(llwir]12)

b b—
_ Sa SUPyeQ (by) F(z,t)dzx — | b F(z,ag,...,a)dz

a+o
- me a+pB 2
n2(b— a) 221 1K(a,8ak)
where wy, = (w1, ..., wpk) With w;, for 1 <i < n as given in (2.8) with ag
instead of di. So, we have the desired conclusion. =

Here we point out the following consequence of Theorem

COROLLARY 2.5. Assume that there exist positive constants o and [
with B+ a < b — a such that Assumption (A1) holds. Suppose that

S SuPteq(¢) F(z,t) dx 2m
li f —
(B1) glinigo &2 < n?(b—a)’

b—p3
(B2) limsup Jo-ra F:(x 1) dr > 1
t——+o00 ZTLIK (aoj—ﬁﬂt%) 2

Then the system
b
(2.11) K (V@) de )l = Fi(a,u, ),

forl <i <mn, has an unbounded sequence of weak solutions in (Wol’2([a, b)))".
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REMARK 2.6. Theorem[I.1]in the Introduction is a consequence of Corol-
lary obtained by setting F'(x,t) = F(t) for all x € [a,b] and t € R" for
1 <i<mn, and choosing a = 3 = (b —a)/4.

In the same way as in the proof of Theorem but using conclusion (c)
of Theorem instead of (b), we will obtain the following result.

THEOREM 2.7. Assume that all the hypotheses of Theorem [2.1] hold ea-
cept for Assumption (A2). Suppose that

b -
su F(z,t)dx 4 F(x,t)dz
(Ad) liminf Sa ptGQ(§)2 ) B L lim sup SaJra ( a—s—)ﬂ
£0+ 13 n2(b—a) or YK (%2 2 )
(note t — 07 means (t1,...,t,) — (07,...,07)).
en, Jor each A € |A3, A4| where
Th B e . A "
1
A3 1= P8 Fat)ds
21i data 7 VT
ltH—1>(S)1jp S K (ajﬁﬁtf)
2m
)\4 = m
lim inf lo suPreqe) Fla,t) da
£—0t &2

for every non-negative function G : [a,b] x R* — R, measurable in [a,b], C*
in R™ and satisfying the condition

b
(2.12) Go:= lim I Supyeq(e) G(w,t) dz

< 400,
£—0+ &2

and for every p € [0, pg [ where
2m n*(b—a) fo supieqe) Fl(x,t) dz
= ([ \POTYy, f
AT b= a)G ( m et £ ’

the system (1.1)) has a sequence of weak solutions which strongly converges
to 0 in (W~ ([a,b]))".

_ Proof. Fix A € ]A3, \4[ and let G be a function satisfying (2.12)). Since
A < A9, one has

>0

2m —n?(b—a) S SUD¢e(¢) F(z,t)dx
. S I VA BT
Hax n2(b — a)Gy ( 2m lglgclﬁ &2

Fix 7 € ]0, i, 5[ and put
A4

v1:=2A3 and 1y :i= -
1+ 2O E )Gy




144 S. Heidarkhani

If Go = 0, then clearly 11 = A3, vo = \g and X € |vg, 15[ If Gy # 0, since
I < piex, We obtain

A n?(b—a)
— G 1
" + 5 nGo < 1,
and so
Ao —

14 20 “)“)\G

that is, A < v5. Hence, bearing in mind that A > A3 = v, one has X € Jvy, 1]
Now, set

H(w,8) = F(a,6) + £6(0.0)
for x € [a,b] and & = (&1,...,&,) € R™. Since

b b
$o SUDte(e,) H (2,t) d _ $o SUDteq(e,) F(o,t) do

2mé7 - 2me}
n?(b—a) n?(b—a)
n ES Supseq(e,) G2, t) do
A 2mgy ’
n2(b—a)
taking into account (2.12)) one has
(2.13)
b
su H(z,t)dx su r,t)ydr
lim inf Sa ptEQ(QZ (@) < lim inf S PteQ(§)2 Fla.1) + iGo.
£—0+ 13 £—0+ § A
Moreover, since G is non-negative, from Assumption (Al) we obtain
b— b
"0 H(x,¢,...,6) da VP F(re,... 6 do

2.14 lim sup 2%+ > lim sup
( ) £—0t 52 £—0t 52

Therefore, from ([2.13) and (2.14),
X € 1, va[ C A3, Ml

We take @, ¥ and I5 as in the proof of Theorem We verify that
0 < 4o0. For this, let {{x} be a sequence of positive numbers such that
& — 0% as k — oo and

b
i Sa SUDteq(gp) H(x,t)dx

< +00.

2
Put r, = ng(mTf’z) for k € N. Let us show that the functional I5 does not
have a local minimum at zero. For this, let {d;} be a sequence of positive
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numbers such that di — 07 as k — oo and pick 7 > 0 such that

b—p
1 H(x,dy,...,d;)dx
(2.15) R e n( ks 2’“)
A zz‘:1 KZ( af dk;)

for each k € N large enough. Let {wy} = {(wik,...,wnk)} be a sequence in
X with w;y, defined in (2.8). According to (2.9), (2.10) and (2.15)), we have

Ii(wy) = D(wg) — AW (wy,)

b—p

1 s (atB )

§22K<aaﬁ >_Aa§aH(x,dk,...,dk)d:Jc
I~ -~ (a+p <
2§K< B d2>(1—)\7')<0

for every k € Nlarge enough. Since I5(0) = 0, this implies that the functional
I5 does not have a local minimum at zero.

Hence, part (c) of Theorem ensures that there exists a sequence
{ur = (Uik, ..., unk)} in X of critical points of Iy such that [[ug| — 0 as
k — 00, and the proof is complete. m

REMARK 2.8. Under the conditions

b—p
S suPseq(e) F(w,t) da ) Soie F(x,t)da
hrg(l)?f e =0, limsup —~ 7 (a2 = 400,
£ 10t D i ( aB z)

Theorem ensures that for every A > 0 and u € [ , ﬁ[ the system

(1.1) admits infinitely many weak solutions in (WO1 %([a, b]))™. Moreover, if
Go = 0, the result holds for every A > 0 and p > 0.

Now we present the following example to illustrate the above result:

EXAMPLE 2.9. Let F': R? — R be defined as
0 for all (z,t1,t2) € [0,1] x {0}2,
F(x,t1,t2) = { g(@)t3(1 — sin(In(|t1]))) + h(x)t3(1 — cos(In(|t2])))
for all (z,t1,t2) € [0,1] x (R — {0})?,
where g,h : [0,1) — R are non-negative continuous functions. We observe

that X
$o SUPY, |15 < F (@, t1,t2) da

lim inf =0
mi e
and 3/4
F(x,ty,ta)dz
lim sup 81/4 = +-o00.

(t1,42)— (01 0+) S(t] +13) + 32(t] + 13)
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Hence, by Remark for every (A, ) € ]0, +o00[ x [0, +00] the system
—(1 +\ [ (@)? dx)u”

= Ag(z)u(2 — 2sin(In(|u)) — cos(In(|u]))) + pGu(z, u,v),
1

_(1 +{1 (@ )|2dx>v”
0
= Mi(z)v(2 — 2 cos(In(|v])) + sin(In(|v]))) + pGy(z, u,v),

u(0) = u(1) = v(0) = v(1) =0,

O e

where
() et ()7

G(x7t17t2): 1+$

with tj = max{t;,0} for i = 1,2, and v and 7 positive real numbers, for
all (z,t1,t2) € [0,1] x R2, has a sequence of weak solutions which strongly
converges to 0 in V[/'Ol’z([()7 1]) x Wol’Q([O, 1]).

The following existence result is a special case of Theorem [2.7]with p = 0.

THEOREM 2.10. Assume that all the assumptions of Theorem [2.7] hold.
Then, for each \ in

2m
A= 1 20
21lim su M 7 lim inf 22 S supeq(e) F(x.t) dz
p Zn K (0¢+ t2 T 5
t—0t+ i=1 B li £—=0

the system (1.1) has a sequence of weak solutions which strongly converges
to 0 in (W, ([a,b]))™.

REMARK 2.11. We easily observe that by assuming, in Theorem
lim by =0
k—o00
instead of limy_so by = +o0o and replacing ¢t — +oo with t — 0T, by the

same argument, applying Theorem [2.7] u 7, for every A € A’ the system (|1.1)) has
a sequence of weak solutions which strongly converges to 0 in (W, 2([a b]))

We point out a remarkable particular case of Theorem

COROLLARY 2.12. Let f : [a,b] x R = R be an L'-Carathéodory func-
tion, and denote F(z,t) = S(t) f(z, &) d¢ for all (z,t) € [a,b] x R. Assume
that there exist four positive constants o, 8, p and q with B+ a < b—a such
that
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(Cl) F(x,t) >0 for each (x,t) € ([a,a+ a]U[b— 5,b]) x R;

b b s
(C2) liminf S“ SUPje|<¢ F(x,t) dz 4p lim sup Sa+a F(z,t)dz
5
E—+too &2 b—a 100 pt%%) n %t4%
Then, for each X € |A5, X¢| where
1
A= 21im 0 Patyde
i ok p2 el (2T
2p
g 1= b—a
: - 7
lim in 2 Pusg MO0 e

£—+o0

for every L'-Carathéodory function g : [a,b] x R — R whose potential
G(x,t) = Sf) g(x, &) d€ for (z,t) € [a,b] X R is a non-negative function satis-
fying the condition

SZ suppy<¢ G(2,t) dx

(2.16) Goo := gET e < 400,
and for every p € [0, pug \[ where
S S SR LT Jo supp<e P, 1) da
HEA = 1 " 0) G W oo e ’

the problem

(2.17) —<p +a ) (2)? dfﬂ)u" = M(z,u) + pg(z,u),
ula) = ufb) = 0,

Q e O

has an unbounded sequence of weak solutions in W01’2([a, b)).

Proof. Let n = 1. For fixed p,q > 0, set K1(t) = p + gt for all t > 0.
Bearing in mind that m; = p, all assumptions in Theorem [2.1] are satisfied,
which yields the conclusion. =

REMARK 2.13. We note that in Corollary replacing £ — +o0o and
t — +oo with & — 0" and ¢t — 0T, respectively, by the same argument,
applying Theorem for every A € ]\5, Ag[, the problem 12.17) has a

sequence of weak solutions which strongly converges to 0 in W) 2([a, B]).

We present two examples to illustrate these results:

EXAMPLE 2.14. Let o and 8 be positive constants such that f+a < b—a.
Let f :[a,b] x R — R be defined by
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g(z)t* (5 + 10sin*(Int) + 2sin(21nt))
flz,t) = if (x,t) € [a,b] x |0, +o0],
0 if (z,t) € [a,b] x ]—o0,0],
where g : [a,b] — R is a non-negative continuous function. Consider the
problem

b
(2.18) (1 S @) P d ) = Af (),

A direct calculation yields

F(z. 1) {g(x)t5(1 +2sin?(Int)) if (x,t) € [a,b] x ]0, +o0],
z,t) =
0 if (z,t) € [a,b] x |—00,0[.
Put
k if £ is even, 4 b g ke N
ap = an =e¢ or ever )
EZ ek if ks odd, g v
Then
; o supjyjcq, Flz,t)dz [0 if kis odd,
el a% | 400 if k is even,
and
_ SZ;@ F(z,t)dx
lim sup Y Rty R
koo BETE + 504 (%G5
So,
b b—p
. Sasupp<e Fa,t) dz . Soro F'(@,t)dz
lim inf 5 =0, limsup satB . L4 atB\2
§—+oo f t—+oo ¢ TB+§t (T,B)

Hence, all assumptions of Corollary with = 0 are satisfied. So, for
every A € |0, +oo[ the problem ([2.18) has an unbounded sequence of weak
solutions in W, *([a, b]).

EXAMPLE 2.15. Let o and 3 be positive constants such that f+a < b—a.
Let f:[a,b] x R — R be defined by

h(z)t(2 — 2sin(In(]¢])) — cos(In([¢])))
f(z,t) = if (z,t) € [a,b] x (R —{0}),
0 if (z,t) € [a,b] x {0},
where h : [a,b] — R is a non-negative continuous function. A direct calcula-
tion shows

Fa,t) = {h(x)t2(1 — sin(ln(\t\))) if (x,t) € [a,b] x (R —{0}),

0 if (1) € [a,b] x {0},
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and so
b b—p
sup F(z,t)dx F(x,t)dx
lim inf Sa |t‘§§2 (z,1) =0, limsup Sa;a E ) i +00.
€0+ 3 t0t 12505 4 314 (%7

Hence, taking into account Remark [2.13] with © = 0, we see that for all
A € ]0,+00[ the problem (2.18) has a sequence of weak solutions which
strongly converges to 0 in Wy*([a, b]).

REMARK 2.16. We point out that the result of Example holds with
f as given in [4, Example 3.1] for every A € |0, +oo[. Indeed, by the same
reasoning as in [4, Example 3.1], one has

1
§osuppy<¢ F(2,t) dx

1—
lim inf 5 =0, limsup Jo ’BF(x,t) dz 5 = +00.
€~0+ 3 o+ 12950 4 (o)

Finally, we give the following consequence of the main result:
COROLLARY 2.17. Let g1 : [a,b] — R be a non-negative continuous func-

tion, and denote G1(t) = Sg g1(&) d¢ for all t € R. Assume that there exist
positive constants o, B, p and q with 5+ o < b — a such that

.. G1(§)
D1) 1 f :
PV I " <t
Gq(t
(D2) limsup 1t)
I pn g ()
Then, for every oy € L'([a,b]) for 1 < i < n, with mingep p{oi(z); 1 <
i <n} >0 and with oy # 0, and for any non-negative continuous functions
gi : R = R for 2 <1 <n satisfying

max{squi(f); 2<4< n} <0
EER

2:—i—oo.

and

min { lim inf Gi(g); 2<3< n} > —00
E—+o0 52
where G;(t) = Sg 9i(&) d¢ for allt € R and 2 <1i < mn, for each X in

2p
0 b—a
’ (SZ a1 () dr) lim inf Gégf) ’

=400

the problem , §
(2.19) *(p+ a) |“'(f”)|2d$>u" = A ai(x)gi(u),
a =1
u(a) = u(b) =0,

has an unbounded sequence of weak solutions in W01’2([a, b)).
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Proof. Set f(x,t) = > 1" a;(x)g;(t) for all (z,t) € [a,b] x R. Assumption
(D2) along with the condition

min { lim inf Gi(g); 2<1 < n} > —00

{—+o0 52
ensures
b— b—
y o2 F(z,t)de y S Gi€) §oy i) dn
1msup 20+ qpa(at+B\2 1msuP 2048 | gqua(atB\2 oo
—teo pt? O + 44 (5) —teo pPUF + 34 (%F)
Moreover, Assumption (D1) together with the condition
max{squi(f); 2<4< n} <0
£eR
implies
b b
su F(z,t)dx G
lim inf b p|t\§§2 (=) < (Sal(a:) dx) lim inf 125) < 400
£—+o0 13 ; E—+oo &

Hence, applying Corollary with ¢4 = 0 we obtain the result. m

REMARK 2.18. In Corollary replacing ¢t — +oo and £ — +oo with
t — 07 and & — 0T, respectively, by the same reasoning we find that for
every A in
2p
0, b—a

b - Gh(8)
(Sa a1 (x) dx) hég(l)rlf 2

the problem ([2.19) has a sequence of weak solutions which strongly converges
to 0 in Wy ([a, b)).

REMARK 2.19. Our statements mainly depend upon the choice of the
test function wy. With our choice of wy = (wig, ..., wyr) with wy given
in (2.8) we have the present structure of the results. Other candidates for
wy, can be considered to have other versions of the statements.
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