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An improvement of Hayman’s inequality
on an angular domain

by CAI-FENG Y1 (Nanchang), YU WANG (Nanchang) and
HONG-YAN XU (Jingdezhen)

Abstract. We investigate the properties of meromorphic functions on an angular
domain, and obtain a form of Yang’s inequality on an angular domain by reducing the co-
efficients of Hayman’s inequality. Moreover, we also study Hayman’s inequality in different
forms, and obtain accurate estimates of sums of deficiencies.

1. Introduction. We use C to denote the open complex plane, C (=
C U {o0}) to denote the extended complex plane, and D (C C) to denote
a domain. It is assumed that the reader is familiar with the notations of
Nevanlinna theory such as T'(r, ), m(r, f), N(r, f), N(r, f) and so on, that
can be found, for instance, in [4} 1T].

In [4], W. K. Hayman obtained the following well-known theorem by
investigating the characteristic functions of a meromorphic function and its
derivative in the complex plane.

THEOREM 1.1 (see [4]). Let f be a transcendental meromorphic function
on complex plane. Then for any positive integer k, we have

T(r, f) < <2+;)N<r, }) - <2+2>N<r, f(k)l_1> +5(r, f),

where S(r, f) is a remainder term satisfying

(i) S(r, f) =O(logr) (r — o) if the order of f(z) is finite;
(ii) S(r, f) = O(log(rT(r, f))) (r — oo, r € E) if the order of f(z) is

infinite, where E is a set with finite linear measure.
REMARK 1.2. Theorem 1.1 is called Hayman’s inequality.
THEOREM 1.3 (see [II], the Second Fundamental Theorem). Suppose

that f(z) is a nonconstant meromorphic function in the complex plane and
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ai,...,aq are q (> 3) distinct values in the extended complex plane. Then
q
1
(4= 2T(r 1) < ZN(r, -~ ) N + 50 £),
j=1 J

where S(r, f) is a remainder term with the same properties as in Theorem

1.1 and Ny(r) =2N(r,f) = N(r, f') + N(r,1/f").

REMARK 1.4. From Theorem 1.1, we know that the characteristic func-
tion T'(r, f) is controlled by only two counting functions, and without the
counting function of the derivative function we cannot obtain a better con-
clusion than the one of Theorem 1.1. Moreover, to contrast the above two
theorems, the coefficients of the counting functions in Theorem 1.1 are larger
than the ones in Theorem 1.3.

In view of Remark 1.4, W. K. Hayman [4] put forward the question
whether the coefficients of the counting functions N(r,1/f) and
N(r,1/f%*) —1) are best possible in Theorem 1.1. In [I0], Yang further
investigated the above question and established the well-known Yang in-
equality, in which the coefficients of the counting functions are more precise
than the ones in Hayman’s inequality.

THEOREM 1.5 (see [11]). Let f be a transcendental meromorphic func-
tion on the complex plane. Then for any € > 0 and positive integer k, we
have

T(r, f) < <1 + ;)N(h }) + <1 + ;)N(r, f(k)l 1> — N<r, f(klﬂ))
+eTl(r, f)+ S(r, f),

where S(r, f) is as in Theorem 1.1. Furthermore, if a, b are two finite complex
numbers and b #£ 0, then

where

. N(Ta ﬁ) (k) . N(T’ f(k%_a)
0(a, f)=1 hf«isogp o) ok(a, f*) =1 llirls;.jp T )

It is also of interest to extend some important inequalities and results
of value distribution of meromorphic functions in the whole complex plane
to angular domains. Yang [10] extended Theorem 1.1 to angular domains.
Recently, Zheng [13| [14], Xu and Yi [9], Xu and Cao [§], Lin [5] and others
investigated the uniqueness of meromorphic functions in an angular domain
and obtained some important results (see also [I], [6, [7]).

To state our results, we require the following basic notations and defini-
tions (see [4, 13, [14]).
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Let f be a meromorphic function on the angular domain 2(a, 3) = {z :
a<argz <} and 0 < 8 — « < 27. Define

c/1 w , oo d
Aualr ) = 2 (3 ) g™ 16+ o 1)
% ¢ ;
Bog(r, f) = — S log™ | f(re?)|sinw(f — ) db,

67

1 bul“\ .
Co,p(r, f) =2 Z <|bu\“’ - |rgn|u )Slnw(eu - a),

1<|bu|<r
Da,ﬁ(rv f) = Aa,ﬂ(T7 f) + Ba,ﬂ(T7 f)a
Soz,ﬁ(ra f) = Da,ﬁ(ra f) + Caﬂ(’l", f)a
where w = 7/(8 —a) and b, = |bule® (u = 1,2,...) are the poles of f
in £2(c, B) counted according to their multiplicities. S, g(r, f) is called the
Nevanlinna angular characteristic, and C, g(r, f) is the angular counting
function of the poles of f in 2(a, 3); if we only consider the distinct poles

of f, we denote the corresponding angular counting function by Cy g(r, f).
Similarly, when a # oo, we will use the notations A, g (r, ﬁ), B,z (r, ﬁ),

C&ﬁ (T’ ﬁ)a Sa,ﬁ (7', ﬁ) and so on.
For a € @, we define

Ca @(’F, ! )
Ougla, f) =1—limsup 77]%,
7B( f) r—00 Sa7ﬂ(r, f)

Cas(r, 5=
8k (a, f#)) =1 — limsu A Kl
ap(a, f) m s e

In 1990, Yang [10] obtained the following result which extended Theorem
1.1 to angular domains.

THEOREM 1.6 (see [10]). Let f be a transcendental meromorphic func-
tion on the complex plane, and 2(«, 3) be an angular domain. Then for any
positive integer k, we have

Sa,ﬂ(n f) < <2 + lt) Ca,,B <T7 }) + (2 + z)ca,ﬁ <T7 f(k)1_1> + Qa,ﬁ(ry f)7

where

9 (k+1)
Qa,ﬁ('ry f) = (2 =+ k)Da,ﬁ (Tv ]‘:}zk)—1>

1 (k+1) (k)
+ <2 + ]{3) |:Da’ﬁ <’f’, ff(k:)> + Da”g (T, ff):| + O(].)
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In this paper, we continue the study of meromorphic functions in angular
domains and obtain the following results.

THEOREM 1.7. Let f be a transcendental meromorphic function on the
complex plane, and 2(a, ) = {z : a < argz < [} be an angular domain
with 0 < B — «a < 2. Then for any € > 0 and positive integer k, we have

N

1
- Caﬁ (Tv f(k"'l)) + 880475(7", f) + Ra,,@(ﬁ f)

Throughout, we use R, g(r,*) to denote a quantity satisfying
Rop(r,%) = O(log(rT'(r, %)), r¢&E,

where E is a set with finite linear measure.
Furthermore, when a,b are two finite complexr numbers with a # b and

b# 0, and f satisfies

. Sa,/@(ra f) _
then -
k )y < P2
6&,5(a7f)+5a,,8(b7f ) < Erl

Moreover, we also consider another kind of precise inequalities, and ob-
tain an accurate estimate of the sum of deficiencies as follows.

THEOREM 1.8. Let f be a transcendental meromorphic function on the
complex plane, and 2(a, ) = {z: a < argz < B} an angular domain with
0 < B —a < 2m. Then for any finite complex numbers a,b (a # b), € > 0
and positive integer k, we have

1 1 1 1
(k)
S0 < (14 5) oo = ) + (145 ) o (0 5)
1 k
o Caﬂ <T’, f(k)> + 5Sa,ﬁ(ra f) + Ra,ﬁ(rv f( ))a

Furthermore, if f satisfies (1.1), then
1

(k) (k)) <
5a,ﬁ(a7f )+5ayﬁ(b’f >_1+2k+1

2. Some lemmas. To prove our results, we require the following lem-
mas.

_ LEMMA 2.1 (see [2]). Let f be a nonconstant meromorphic function on
Q(a, ). Then for every complex number a, we have
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1
Su (7 7y ) = Sl ) + e(r0),

where £(r,a) = O(1) as r — oo.

LEMMA 2.2 (see [3, p. 138]). Let f be a nonconstant meromorphic func-
tion on C and Q(a,p) = {2z : a < argz < B} be an angular domain with
0< B —a<2r. Then for any 1 <r < R, we have

wR
I R log™ T'(t, f) r R
A — ) <Kq|— _— logt —— +log— +1
aﬁ(r,f < " § Ry dt + log R—r+ ogr+ ;

() < 2n(c ),

where w = /(8 — ) and K is a positive constant not depending on r and R.

and

REMARK 2.3. Nevanlinna conjectured that

@) Duotr 1) =Auo )+ Boa(n 7 ) =o( 500 (r 75

when 7 tends to +00 outside an exceptional set of finite linear measure, and
he proved that D, g(r, f'/f) = O(1) when the function f is meromorphic in
C and has finite order. In 1974, Gol’dberg constructed a counter-example to
show that (2.1) is not valid in general (see [2| [14]). However, it follows from
Lemma 2.2 that

Da,ﬁ (T‘, ff) = Aa,,@ (1", ?) + Baﬁ (T‘, ;) = Raﬂ(’l“, f),

where Ry g(r, f) = O{log(rT'(r, f))} as r — oo (r € E) and E is a set with
finite linear measure.

LEMMA 2.4 (see [I5]). Let f be a transcendental meromorphic function
on C, and 2(a,p) = {z : a < argz < (B} be an angular domain with
0 < B —a<2xw. Then for any positive integer k, we have

_ 1 1
Sa,ﬁ(ry f) < Ca,,@(ra f) + Ca,,@ <T7 f) + Ca,ﬁ (7’, f(k)_1>

1
—Cap (7"7 f(k“)) + Rag(r, f)-

_ LEMMA 2.5. Let f be a transcendental meromorphic function on C, and
e, B) ={z:a < argz < B} be an angular domain with 0 < 8 — o < 2.
Then for any € > 0 and positive integer k, we have
_ 1
(k= D81 ) < (1 2)Cas (7 77 ) + (L) Capr )
- 60[,5(7‘7 f)) + Ra,ﬁ(ﬁ f)
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Proof. For any given € > 0 and positive integer k, we choose a positive
integer n > k/e, and let z € 2(a, B). Let W(z) = W(1,z,2%,..., 281
f,zf,...,2"f) be the Wronskian determinant of 1,z,22,..., 2k 1 f »f,

, 2" f. We may assume W (z) # 0 because f is a transcendental mero-
morphic function. It is easy to see that W(z) is a homogeneous differential
polynomial of degree n+1 in f with polynomial coefficients of z and without
fY) (j < k) in each term of W(z).

Set A(z) = W(z) - (f*¥)(2))~™"1. From Lemma 2.1, we have

(22)  Casglry 1/A) < Saplr, A) + O(1) = Corp(r, A) + Dol 4) + O(1)
< Ca7g<7", A) -+ Raﬁ@“, f)

Now we estimate the number of zeros and poles of A on 2(«, 3). A simple
property of Wronskians gives

Wi(z) = fEEntlyy(f=L o=t o Mt 2 2.
If zg is a pole of f of order p, then
W(z) = O((z — 20) PFH2H) 2 2,

Therefore

(2.3) A(2) = O((z — 29)m+DU+p)—p(kt20+1)y
= O((z — zo)" =D~ (k) (p=1))

as z — 20.

Let 62(@ 6;0 (r) and 6;(7") be the counting functions of poles of f of
order p on (2(«,3), where A(z) has a zero, pole or finite nonzero value,
respectively, each pole being counted only once. From (2.2) and (2.3), we
get

24 3 (k +m)(p — 1)Ty(r)
< Cop(r,1/A) < Cyu5(r, A) + Rop(r, f)

)

< D ((kn)(p—1) —n(k—1)C; (1)

+(n+1)C,, ( ¥ ) + Ros(r, f).

If a pole of f contributes to 6;(7“), then by (2.3) we get n(k — 1) —
(k+n)(p—1) <0 and

n(k — 1)6;(7“) <(k+n)(p-— 1)6;(7’).
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Summing for p = 1,2, ... above and substituting to (2.4), we obtain

(2.5) n(k=1)Y Cp(r) < (k+n) Y (p—1)Cp(r)

+ (’I’L + 1)004,/3 (T’ f(k)) Ra,ﬁ(ra f)a

[

where C,(r) = . (7 )—l—@o(r)—l—C (r).
1

~ Noting 3272, (p = DCp(r) = 3275 [pCp(r) — Cp(r)] = 3,2[Cp(r) —
Cp(r)] = Coplr, f) — Cap(r, f), n > k/e and (2.5), we have proved Lem-
ma 2.5. m

_ LEMMA 2.6. Let f be a transcendental meromorphic function on C, and
Qa,pf) ={z:a <argz < S} be an angular domain with 0 <  — a < 27.
Then for any € > 0 and positive integer k, we have

(2:6) Caplr,f) < ;Ca,ﬂ< ) >+ 7 Cap(r, ) +Sa,5(r, [) + Rap(r, f)-

Proof. Replacing ¢ with £/3 in Lemma 2.5, we have

B 1
(27) Ca,,@(rv f) < C 75( f(k ) + Ca ﬁ( f) + ica,ﬁ (T, f(k)>

+ @Cocﬂ(ra f) + Roc,ﬁ(ra f)

Since

Cas (1 53 ) < Sl %)+ 011
<D & (k)
< Do\ 17 | + Das(rs ) + Caplr, £7) + OQ1)
< Dag(r, f) + Cap(r, f) + kCap(r, f) + Ras(r, f)
< (k + 1)5,1’5(7’, f) + Ra,ﬁ(T, f)7
from (2.7), we have

e 1 € k+2
%Ca,ﬁ <7°, f(k)> + @Ca,ﬁ(ﬂ f) < 3k 5Sa,ﬁ(7"» f) + Ra,ﬁ(ﬂ f)

< SSa,ﬁ(rv f) + Ra,ﬁ(rv f)
From (2.7) and (2.8), we get (2.6) easily. m

(2.8)

~ LEMMA 2.7. Let f be a transcendental meromorphic function on C, and
Q(a,pB) ={z:a <argz < S} be an angular domain with 0 < f — o < 2.
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Then for any € > 0 and positive integer k, we have

(2.9) ﬁaﬁ(r, f) < ]10@75< }) + —-C, ﬂ( f(k ) +eSa8(r, f)

+ Ra,ﬁ(rv f)

Proof. From Lemma 2.6 we have

1
)

> (k+1)Cap(r, f) — Cap(r, f) - €5a,8(r, ) = Ra,p(r, f)-

Substituting the above inequality back into Lemma 2.4, we obtain

_ 1 1
ol f) < (117 ) + Coi (1 57— ) + (Coplrs) = Saslr. )
k41

9 €Sa7ﬁ(7", f) + Ra,ﬁ(r7 f)

k—l—l

+
Therefore

— 1 1 1 1
Cap(r, f) < ECa,B (7", f> + ECa’ﬂ <Ta f(k)—1>

k+1

+ 5 €Sap(r ) + Rap(r. f)

1 1 1 1
< %Ca,ﬁ (T7 f> + ECa,ﬁ <Ta f(k) — 1) +5/So¢,ﬁ('r7 f) +Ra,ﬁ(T’ f)

This completes the proof of Lemma 2.7. m

From Theorem 1.4 in [10], we can deduce

_ LEMMA 2.8. Let f be a transcendental meromorphic function on C, and
Qa,p) ={z:a<argz < (8} be an angular domain with 0 <  — « < 27.
Then for any finite complex number a,b (a # b), we have

1 1
Sa,,@(ra f) < Ca,,@(ra f)+ Cap <7’7 f—a) +Cap <7"7 f—b>
g”@(r) + Ra,ﬁ(rv f)7
where Cgﬂ(r) =2Ca8(r, f) — Caplr, f') + Cap(r,1/f").

LEMMA 2.9. Let f be a transcendental meromorphic function on C, and
Do, ) = {2z : a < argz < B} be an angular domain with 0 < 3 — a <
27. Then for any finite complex numbers a,b (a # b), € > 0 and positive
integer k,
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1 1 1 1
Cap(r, f) < ﬁCa,ﬁ (7“, f(k)—a> + %Ca,ﬂ <Ta f(k)—b>
+ 65047@(7’, f) + Ra,ﬁ(ra f)

Proof. By using Lemma 2.8 for f(*) and three distinct complex numbers
a,b, o0, we have

1 1
(k) (k) _— -
Soz,ﬁ(ra f ) < Ca,ﬁ(ra f ) + Ca,ﬂ <T7 f(k) _ a> + Ca,,@ <T7 f(k) _ b)
- C&/B(r) + Ra,p(r, f(k))7
where C9 5(r) = 2Cq(r, f¥)) — Cog(r, fET) 4 Co 5(r, 1/ f*D). Thus,

we get

(2.10) Sap(r, fM) < Cop(r, f) + Cap (7“7 70 —a) TG\

1
—Cap (7“7 W) + Rap(r, f®).

Since Sag(r, f*)) = Dap(r, f*¥)) + Cap(r, f) + kCap(r, f), by applying
Lemma 2.6 for f*+1) we have
1 _
Cos (s ) > (6 1Cossr 1) = o) = (h-+ DSl )

— (k+1D)Rap(r, ).
Substituting the above two inequalities back into (2.10), we get

1 1 1 1
Cap(r, f) < %Ca,ﬁ (7", f(k)—a> + %Ca,ﬂ <Ta f(k)—b>

kE+1 k+2 (k)
+ 72]/; 550675(7", f) + - ok Ra,ﬁ(raf )

1 1 1 1
< %Ca,g (T, 7!}0(]@) — a> + ﬂcawg <7’, 71’(1@) — b)
+ EISa,ﬁ(Ta f) =+ Ra,ﬁ(ra f(k))

From the definition of R, (7, %) and T(r, f) < T(r, f*)) < (k+ 1)T(r, f) +
S(r, f), where S(r, f) is as in Theorem 1.1, we get the conclusion of Lemma
29. =

3. Proof of Theorem 1.7. From Lemmas 2.4 and 2.7, we get

e oufed) (1l =)

1
—Cap (7”, f(k-&-1)> +&50,8(r, f) + Ra,(r, f).



190 C. F. Yietal

Next, we prove the inequality for the sum of deficiencies. First, using the
above inequality for the function (f — a)/b, we get

1 1 1 1
14— —— 14— S
Soeﬂ(r?f) < ( + k>Ca,ﬁ(r7 f_a> + < + k->Ca’B<T’ f(k) —b>
1
- Ca,,@ <T7 f(k+l)> + €Sa”3(7", f) + Ra,,@(ru f)
1 1 1 1
14 - 1+ - S
<(rrg)ens(nre) + ()0 gm )
+ €Sa,ﬁ(rv f) =+ Ra,ﬁ(ﬁ f)
Dividing both sides by S, g(7, f), we have

oo (1)1 Cortort) |, Costemdly

k Sa.(r; f) Sa(r, f)
2 R 5(r, f)

From (3.1) and the definitions of d, (a, f), 5’025(&, %), we get
1
(14 1) Gupan) + 8 500,59

1 Ca,ﬂ (7"7 ﬁ) Caﬂ (7’, f(kl)_b) )
<(14+ - liminf(l— +1-—
< k) =00 Soz,ﬁ(ra f) Soz,,B (T, f)

2 Ry 5(r,
< lim sup (1 + - +5> + liminfM.
r—00 k T—=00 OB (ra f)

From (1.1), we get

. Ra B(ra f)
3.2 lim ———= =0.
(3:2) 7200 S a(r, f)
From (3.2), since ¢ is arbitrary we get
k+2

k k)y « X2
6a,,@(a7f)+5a,6(b7f )— k+1

Thus, we have completed the proof of Theorem 1.7.

4. Proof of Theorem 1.8. From Lemma 2.9 and (2.10), we get

1 1 1 1
(k) il - il
Sozﬂ(raf ) < <1 + 2]{:)0047/3 (T, f(k) _ (I> + (1 + 2k>0a7/6 <T’ f(k) — b)

1
~ s <r’ f(kr+1)> +&80,5(r, f) + Rap(r, fV).
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The above inequality implies

(4.1) <1 + 1> <2 — Cass (T, f(’“lTa) - Ca,p (7’7 f(kl)_b)>
| * Saﬂ(r7 f(k)) SQ,B(T, f(k))

1
<1+p+e+

Thus, from (4.1) and the definition of §, g(a, f), we get

RQ’B(T, f(k))
Sa,p(r, f®)

1
(14 35 ) Gasta £9) + B0, £
1 Ca,p (T7 f(kﬁfa) Ca,8 (7‘, f(kl)fb)
<{14+—)liminf(ll-——M4+1— —L ___~*
—< +2k> et ( Sop(r f®) T TS, 5 1) )

. 1 .. Raﬁ(’l“,f(k))
<1 14+ - 1 f—
< lillgp< + 2 +€> + 1}2%)1.} Sa,g(hf(k))

From (1.1), we easily get

(k)
(4.2) liminf Zed )
r—00 Saﬁ@”’ f(k))
From (4.2), since ¢ is arbitrary,
(k) (k)Y «
(4'3) 60476((17 f ) + 6067B(b7 f ) — 1 + Qk + 1 *

This completes the proof of Theorem 1.8.
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