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On infinitesimal automorphisms of foliated manifolds

by JAN KUREK (Lublin) and WroDZIMIERZ M. MIKULSKI (Krakow)

Abstract. Let F' : Fol — FM be a product preserving bundle functor on the cate-
gory Fol of foliated manifolds (M, F) without singularities and leaf respecting maps. We
describe all natural operators C' transforming infinitesimal automorphisms X € X (M, F)
of foliated manifolds (M, F) into vector fields C'(X) € X(F(M,F)) on F(M,F).

Introduction. The class of product preserving bundle functors on the
category Fol of foliated manifolds without singularities and their leaf re-
specting maps is a wide class of bundle functors. For example, the normal
bundle functor N : Fol — FM sending foliated manifolds (M, F) to their
normal bundles N (M, F) and leaf respecting maps f : (M1, F1) — (Ma, Fa)
to the induced maps N(f) : N(My,F1) — N(Ma, F2) is product preserving.
More generally, for any Weil algebra A the bundle functor A: Fol - FM
of transverse A-points sending foliated manifolds (M, F) to their bundles

A(M, F) of transverse A-points in the sense of [5] and leaf respecting maps f :
(My, F1) — (Ma, F») to the induced maps A(f) : A(My,F1) — A(Ma, F»)
is product preserving. Also, the usual Weil bundle functor 74 : M f — FM
on manifolds can be considered as the product preserving bundle functor
T4 : Fol — FM satisfying TA(M,F) = TAM for any foliated manifold
(M, F). In particular, the tangent bundle functor on manifolds can be con-
sidered as the product preserving bundle functor T : Fol — FM satisfying
T(M,F) = TM for any foliated manifold (M,F). In [3|, the second au-
thor described all product preserving bundle functors on the category Fol in

terms of Weil algebra homomorphisms. He deduced

THEOREM A ([3]). There is a bijection between the isomorphism classes
of product preserving bundle functors on Fol and the isomorphism classes of
Weil algebra homomorphisms.
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THEOREM B ([3]). Given two product preserving bundle functors on Fol
there is a bijection between natural transformations of them and morphisms
of the corresponding Weil algebra homomorphisms.

Let (M,F) be a foliated manifold (a Fol-object). A vector field X on
M is called an infinitesimal automorphism of (M,F) if its flow Exp(tX) is
formed by local Fol-isomorphisms. We denote by X' (M, F) the Lie algebra
of infinitesimal automorphisms of (M, F).

Let F : Fol — FM be a product preserving bundle functor. Let u :
A — B be the Weil algebra homomorphism corresponding to F' : Fol —
FM (Theorem A). In this paper we study the problem how an infinites-
imal automorphism X € X(M,F) can induce canonically a vector field
C(X) € X(F(M,F)) on F(M,F). This problem is reflected in the con-
cept of natural operators C' : X (M,F) — X(F(M,F)) in the sense of [2].
(X is an infinitesimal automorphism of F if its flow preserves F, or equiv-
alently, [X,Y] is tangent to F for any vector field Y tangent to F.) In the
present note we explicitly describe all natural operators C' in question. More
precisely, we have the flow operator transforming any infinitesimal auto-
morphism X € X(M,F) into a vector field FX € X(F(M,F)) with the
flow Exp(tFX) := F(Exp(tX)). Given a € A one can define canonically
an affinor af(a) : TF(M,F) — TF(M,F) on F(M,F) (see Section 5).
Any derivation D € Der(u) = Lie(Aut(p)) of p yields the corresponding
one-parameter group D; : p — p of automorphisms of p. Then (see The-
orem B) we have the corresponding flow Dy : F(M,F) — F(M,F) which
defines op(D) € X(F(M,F)). Our main result can be stated as follows.

THEOREM C. Let F : Fol — FM be a product preserving bundle func-
tor. Let p: A — B be the Weil algebra homomorphism corresponding to F'.
Let p > 1 and g > 1 be integers. Let Fol,, be the subcategory of foliated
(p + q)-dimensional manifolds with p-dimensional leaves and their leaf re-
specting local diffeomorphisms. Any Fol, ,-natural operator C' transforming
infinitesimal automorphisms X € X(M,F) of Fol, 4-objects into vector fields
C(X) e X(F(M,F)) on F(M,F) is of the form

C(X) = af(a) o FX + op(D)
for some unique a € A and D € Der(pu).

We remark that Theorem C is a generalization of the well known result
by I. Kolar ([1]) on natural operators lifting vector fields from manifolds to
product preserving bundles over manifolds.

All manifolds are assumed to be finite-dimensional. All manifolds and
maps are assumed to be smooth, i.e. of class C*°. All foliations are assumed
to be without singularities.
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1. Product preserving bundle functors on foliated manifolds.
For the reader’s convenience we cite (without proofs) some facts from [3].
We start from the following definitions (see e.g. [2]).

Let F' : Fol — FM be a covariant functor. Let Brpas : FM — Mf be
the base functor and Bz, : Fol — Mf be the forgetful functor.

A bundle functor on Fol is a functor F' as above satisfying:

(i) (Base preservation) Braqo F' = Bry. Hence the induced projections
form a functor transformation 7 : F' — Bg,.

(ii) (Localization) For every inclusion iy, ) : (U F|IU) — (M, F) of an
open subset, F(U, F|U) is the restriction 7=1(U) of 7 : F(M,F) —
M over U and Fi(y r1) is the inclusion 7~ 1(U) — F(M, F).

Given two bundle functors Fi, F» on Fol, by a natural transformation
v : F1 — F5 we shall mean a system of base preserving fibered maps v :
Fi\(M,F) — F3(M, F) for every foliated manifold (M, F) satisfying F» fov =
vo Fy f for every Fol-morphism f.

A bundle functor F on Fol is product preserm'ng if for any product pro-
jections (Ml,}"l) L (M, Fy) (Mg,}"g) % (Ms,F2) (in the category

Fol), F(My,F1) plt F((My,Fy) x (Ms, Fs)) ki F(M,, F3) are product

projections in the category FM. In other words, F'((My, F1) x (Ma, Fs)) =
F(M,F1) x F(Ma, F2) modulo (F pry, F pry).

Some examples of product preserving bundle functors on Fol have been
mentioned above. Now, we present the most general example of such a functor.

Let A be an associative algebra over the field R with unit 1. The algebra
A is called a Weil algebra if it is commutative, of finite dimension over R, and
if it admits a unique maximal ideal A of codimension 1 such that Al =
for some non-negative integer h.

Let 4 : A — B be a homomorphism of Weil algebras. We are going to
construct a product preserving bundle functor T+ : Fol — FM.

ExXAMPLE 1 ([3]). For a foliated manifold (M,F) and z € M we de-
note the algebra of germs at = of smooth maps M — R by C°(M), and
the algebra of germs at x of smooth maps M — R constant on leaves by
C°(M,F). Let T4 (M, F) be the set of pairs (¢,1) of algebra homomor-
phisms ¢ : C°(M,F) — A and ¢ : C3°(M) — B such that

(%) P(uv) = p(e(u)P(v)

for any uw € C°(M,F) and any v € C°(M). Let us define TH(M,F) =
Uyens T# (M, F). Then the obvious projection 7 : TH(M,F) — M is a
smooth bundle. More precisely, for an adapted chart (z!,..., 2%, y', ... o)

n (M, F), where F is p-dimensional and M is p + ¢-dimensional, we have a
set of induced coordinates (z',...,29, 3%, ..., 9%) : TH(M, F)|U — A4 x BP
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such that F(p) = ¢([z'],) € A and F () = ¥([y7].) € B for any (p,) €
Ty (M, F),z € M. (Condition () implies that (p,v) € T4 (M, F) is uniquely
determined by its induced coordinates). Every Fol-map f : (M;,F1) —
(My, F3) induces a fibered map T# f : TH(M;, Fy) — TH(Ma, F2) covering f
such that TFf(p,v) = (B,%) for any (p,1) € TH(My,F1), * € My, where
B : 0% (M, Fy) — Ais defined by B(u) = ¢(uo f) and ¢ : Cj??m)(Mz) — B

Fly (M2, F2
is defined by (v) = ¢(vo f), u € CX, (M2, ), v € C’}’fx)(M). If in

(x)
adapted coordinates a foliated map is of the form f : RY x RP — RY x RP,
f@i,y5) = (fi(w:), f2(ws,y;)) for some fi : R? — R7 and f : R? x R? — RP,
then in the corresponding induced coordinates T#f : A7 x BP — A% x BP,
TH(ai, bj) = (Tafi(ai), T fa(p(a;),b;)), where Ty : M f — FM is the Weil
functor [2]. The correspondence T* : Fol — FM is a product preserving
bundle functor. It is called the product preserving bundle functor on Fol

corresponding to the Weil algebra homomorphism .

REMARK 1. Let us observe that given a p-dimensional foliation F on
a p + ¢g-dimensional manifold M the bundle T#(M,F) admits a canonical
pdimp B-dimensional foliation F* m-related to F. In the induced coordinates
the leaves of F* are of the form {a} x BP C AY x BP.

Let F' : Fol — FM be a product preserving bundle functor. We are
going to construct a Weil algebra homomorphism pf" : A" — BF.

ExampLE 2 ([3]). We put A = F(R,F') and B = F(R,F"), where
F' is the 0-dimensional foliation on R and F” is the foliation on R with one
leaf R. The sum mappings are given by +,4r = F(+) : AF x AT — AF
and +zr = F(+) : BY x B — BY, where + : R x R — R is the sum
map treated as the respective Fol-morphisms. Similarly, the multiplications
of A" and BY are obtained by applying F to the multiplication of R being
respective Fol-morphisms. The zero maps and the unity maps are obtained
by applying F' to the zero map and the unity map of R. The homomorphism
pt AT — BF is F(idg) : F(R,F') — F(R,F"), where idg is the identity
map of R treated as the appropriate Fol-morphism. *

For example, the Weil algebra homomorphism corresponding to the nor-
mal bundle functor N : Fol — FM (see Introduction) is the unique algebra
homomorphism kp : D — R, where D = R x R is the Weil algebra of
dual numbers ((a,b) + (¢,d) = (a + ¢,b+ d), (a,b)(c,d) = (ac, ad + be) for
(a,b),(c,d) € D). The Weil algebra homomorphism corresponding to the
bundle functor A : Fol — FM of transverse A-points (mentioned in Intro-
duction) is the unique algebra homomorphism k4 : A — R. The Weil alge-
bra homomorphism corresponding to the product preserving bundle functor
T4 . Fol — FM of A-near points (see Introduction) is the identity map
idg : A — A.
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The following classification proposition shows that any product preserv-
ing bundle functor on Fol is equivalent to some product preserving bundle
functor as in Example 1.

PROPOSITION 1 ([3]). Let F' : Fol — FM be a product preserving bun-
dle functor. Let u* : A" — BT be the corresponding Weil algebra ho-
momorphism. Then we have an explicitly constructed natural equivalence
oF . F=1r",

More precisely, the equivalence OF : F(M,F) — " (M, F) is the fol-
lowing. Given a point y € F,(M,F), x € M, we define OF (y) = (¢,,%,),
where ¢, : C2°(M,F) — AF, Yy O (M) — B, ey([fle) = Ff(y),
Uy(lgle) = Fygly) for [fl. € C*(M, F) and [g], € C°(M), where f and g
are treated as the corresponding Fol-morphisms. Using the respective def-
initions, O (y) € TfF(M, F). In [3], it is proved that ©F : F(M,F) —
" (M, F) is a diffeomorphism.

REMARK 2. Let F': Fol — FM be a product preserving bundle functor.
By Proposition 1 we have the canonical diffeomorphism ©F : F(M,F) —
T+ (M, F) for any foliated manifold (M, F). It is known that T+ (M, F)
admits the foliation F#* (see Remark 1). Then F(M, F) admits the foliation
FF = (©F)~17#"  Hence F has values in the category Fol. Therefore we can
compose two product preserving bundle functors on Fol. This composition
is again a product preserving bundle functor on Fol.

The following proposition shows that any Weil algebra homomorphism
is isomorphic to the Weil algebra homomorphism corresponding to some
product preserving bundle functor on Fol.

PROPOSITION 2 ([3]). Let pn: A — B be a Weil algebra homomorphism.
Let F=T". Then we have an explicitly constructed isomorphism OF: =2 pt’
of Weil algebra homomorphisms.

We recall that a morphism pu; — puo of Weil algebra homomorphisms
u1: Ay — By and uo : As — Bs is a pair 1 of Weil algebra homomorphisms
m : A1 — As and 1o : By — By such that 72 0 1 = e o ny.

More precisely, O* : u — pf is the pair of Weil algebra isomor-
phisms O} : A =2 THR,F') — F(M,F') = AF and OF : B~ TH(R, F") —
F(R,F") = BY, where 2 is the induced coordinates Z and ¥ (see Example 1)
respectively.

Let F1,Fy @ Fol — FM be product preserving bundle functors. Let
pfr o AP BF and uf% . AP2 — B be the corresponding Weil algebra
homomorphisms. Let v : F}; — F5 be a natural transformation.

ExaMPLE 3 ([3]). Define a morphism n* = (n¥,n%) : uf1 — pf2 of Weil
algebra homomorphisms by 7y = v 7 : AP — AP and 0y = VR,
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Bt — B If v is an isomorphism, then so is 7. We call 7* the morphism
of Weil algebra homomorphisms corresponding to v.

Let 1 : A1 — By and uo : Ay — B be Weil algebra homomorphisms.
Let n = (n1,m2) : p1 — pe be a morphism of Weil algebra homomorphisms.

EXAMPLE 4 ([3]). Given a Fol-object (M,F) define a base preserving
fibered map v : TF (M, F) — TH2(M,F) by v"(p,%) = (n1 0 @, m2 0 1),
(p,0) € TE'(M,F), v € M. The family v" : TF — TH2 is a natural
transformation. If n is an isomorphism, then so is v"7. We call v" the natural
transformation corresponding to v.

Summing up we have the following object classification theorem corre-
sponding to Theorem A.

THEOREM 1 ([3]). The correspondence F +— u* induces a bijective corre-
spondence between the equivalence classes of product preserving bundle func-
tors on Fol and the equivalence classes of Weil algebra homomorphisms. The
inverse correspondence is induced by the correspondence p — TH.

Let F} and F5 be two product preserving bundle functors on Fol. Let
pfr o AP — BFand uf? 0 AP2 — B2 be the corresponding Weil algebra
homomorphisms.

LeMMA 1 ([3]). Let n = (m,m2) : pft — uf? be a morphism of Weil
algebra homomorphisms. Let vl . Fy — F5 be a natural transformation

given by the composition F} @—Fl> et Yt (@Fi: Fy, where OF is
as in Proposition 1 and v" is described in Ezample 4. Then v = v is the
unique natural transformation Fy — Fy such that n¥ = n, where 0¥ is as in
FEzxample 3.

Summing up we have the following morphism classification theorem cor-
responding to Theorem B.

THEOREM 2 ([3]). Let Fy and Fy be two product preserving bundle func-
tors on Fol. The correspondence v — 1" is a bijection between natural trans-
formations F| — Fy and morphisms u™* — uf? of the corresponding Weil
algebra homomorphisms. The inverse correspondence is 1 — vl (where ll
is defined in Lemma 1).

Let F} and F5 be product preserving bundle functors on Fol. According
to Remark 2, the composition Fj o F5 is again a product preserving bundle
functor on Fol. Let p', pf? and pf1°F2 be the corresponding Weil algebra
homomorphisms. Using the tensor product we get the Weil algebra homo-
morphism pf1 ® pf2.

PROPOSITION 3 ([3]). pufof2 = ' @ pf®,
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COROLLARY 1 ([3]). We have the isomorphism Fy o Fy = F5 0 Fy corre-
sponding to the exchange isomorphism of tensor products.

COROLLARY 2. Let F : Fol — FM be a product preserving bundle
functor. Let T : Fol — FM be the tangent bundle functor. For any Fol-
object (M, F) we have the Fol-natural isomorphism vy ) : F(T (M, F)) —
T(F(M,F)) (see Corollary 1) satisfying the flow property

AT(F(M,F)) Ve = FrTOMF),

where 7T FMF) - T(F(M,F)) — F(M,F) and x7MF) - T(M,F) —
(M, F) are the projections of the tangent bundles (with the respective folia-
tions as in Remark 2).

2. The Lie algebra of Aut(u). Consider a Weil algebra homomorphism
p: A — B. We note that the group Aut(u) of all automorphisms of p is a
closed (and hence Lie) subgroup in GL(A) x GL(B).

We have the Lie algebra

Der(u) ={D = (D1, D32) € Der(A) x Der(B) | Dyou=poD;}
of derivations of p. It is a subalgebra in the product Der(A) x Der(B) of the
Lie algebras Der(A) and Der(B) of derivations of A and B. A derivation
of A is a linear map D; : A — A such that D;(ab) = Di(a)b+ aD;(b) for
all a,b € A. The bracket of the Lie algebra Der(A) is given standardly by
[Dl,D ] DloD, DioDl.
PROPOSITION 4 ([4]). Lie(Aut(n)) = Der(u).

Proof. By [2|, Lie(Aut(A)) = Der(A). Clearly, (D1,D3) € Aut(u) iff
Dy € Aut(A), Dy € Aut(B) and po Dy = Dyop. =

3. Natural automorphisms of Fiz,,, — FM into itself. In this
section we prove the following result.

PROPOSITION 5. Let F : Fol — FM be a product preserving bundle
functor and p : A — B be its algebra homomorphism. Let p > 1 and ¢ > 1 be
integers. Every natural automorphism v of Firy,  can be extended uniquely
to a natural automorphism of F. In particular, Aut(Fry, ) = Aut(p).

Proof. Let z',...,29,y',...,y” be the adapted coordinates on the stan-
dard Folp 4-object (Mo, Fo) = (R? x RP, {{a} x RP},cRa).

Consider a natural automorphism v of F|z,, . into itself. Since F' is prod-
uct preserving, F'(My, Fy) = A% x BP. By the Folp g-naturality, v is uniquely
determined by v = vy, 7)) + AT x BP — A7 x BP. Write

V(. g, i1, Agip) = a1, .. agip)s - VTP (a1, . agip))

for a1,...,a4 € A and ag41,...,aq4+p € B.



8 J. Kurek and W. M. Mikulski

By the invariance of v with respect to the Fol, ,~-morphisms (rizt,. ..,

Tqx, Tq+1ylA, ooy TggpyP) for Ti, ..., Tg+p € Ry we get the homogeneity con-
ditions 717 (a1, ..., aq+p) = VI (1101, ..., Tg4pag+p) for j =1,...,¢ + p and
any ai,...,aq € A, ag41, - .- saq+p € B and any 71, ..., 74p € Ry. This type

of homogeneity implies that 1/ depends linearly only on a; because of the
homogeneous function theorem ([2]).

Using permutations of adapted coordinates we deduce that v = o x - - - x
oxox---Xp:AIxBP — AixBPforc =v': A— Aand p =19 : B — B.
We prove that (o, ) € Aut(u).

STEP 1: ¢ is an algebra isomorphism. We know that ¢ is R-linear. Using

the invariance of v with respect to the local Fol, ;-morphism (z!,..., 29,

yt+ (yh2, 92, ..., yP) we derive that o(b+ b%) = o(b) + (0(b))?, i.e. o(b?) =
(0(b))? for any b € B. Then o((b1 + b2)?) = (o(b1 + b2))?, ie. o(b1be) =
o(b1)o(be) for any b1,by € B. So, o is multiplicative. Using the invariance of
v with respect to the Fol,,map (z!,...,2% y' + 1,42, ...,yP) we derive
that o(b+1) = o(b) + 1, i.e. o(1) = 1. These facts show that p is an algebra
homomorphism. Since 7 is an isomorphism, so is p.

STEP 2: o is an algebra homomorphism. The proof is quite similar to
Step 1. (Now, we use the Fol, ;map (z! + (x1)%, 21, ... 29yt ..., yP).)

STEP 3: popu = poo. We use the invariance of v with respect to the
Foly gqmap ¢ = (2!, ... 29,y + 21,92 ..., yP). Then
(o(a),0,...,0,u(c(a)),0,...,0) = Fporv(a,0,...,0,0,...,0)
=voFy(a,0,...,0,0,...,0)
= (0(a),0,...,0,0(u(a)),0,...,0).
Hence o(u(a)) = p(o(a)) for a € A.
We have proved that n = (0,0) € Aut(p). By Theorem 2 we have the
natural transformation v : F — F corresponding to 7. Clearly, v is the

restriction of v, If U : F — F is another such transformation, then 7 = v/
because v coincides with v on AP x BY. u

4. Canonical vector fields on product preserving bundles over
foliated manifolds. Let F' : Fol — FM be a product preserving bundle
functor and let p : A — B be its corresponding Weil algebra homomorphism.
Let p > 1 and ¢ > 1 be integers.

A Foly, 4-canonical vector field on Fjry,  is a family of vector fields V =
Veu,F) on F(M,F) for any Foly, s-object (M, F) such that for any Foly, .-
objects (M7, F1) and (M, F2) and any Foly, -map ¢ : (M, F1) — (M, Fa)
the vector fields V' on F(My,F1) and V on F(Mas, F2) are Fp-related.

We have the following example of canonical vector fields on Fjz,, -
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ExAMPLE 5 (The operators op(D)). Let D € Der(u) = Lie(Aut(p))
be an element from the Lie algebra of the Lie group of all automorphisms
of u (see Proposition 2). Let D; be the one-parameter subgroup in Aut(u)
corresponding to D. By Theorem 2 we have the corresponding one-parameter
subgroup D, of natural equivalences of F'. So, for every Fol,, ,-object (M, F)
we have the flow D; on F(M,F). This flow defines a vector field op(D) on
F(M,F). Clearly, op(D) is canonical.

For example, let F' = N : Fol, , — F M be the normal bundle functor. As
we mentioned, the Weil algebra homomorphism p corresponding to N is the
unique algebra homomorphism xp : D — R, where D = R x R is the algebra
of dual numbers, (a,b)+(c,d) = (a+c¢, b+d), (a,b)(c,d) = (ac,ad+bc). Then
(it is easy to see that) Aut(kp) = {(idg X7 idg,idg) | 7 € R\ {0}} = R\ {0}.
Then Der(kp) = R. For D =1 € R = Der(kp), the one-parameter group
corresponding to D = 1 is D; = (idg x exp(t) idg,idr) € Aut(kp). Then
op(D) = L is the Liouville vector field on the vector bundle N (M, F) for any
foliated manifold (M, F) (here L(v) = [v+tv] € T,Ny(M,F) C T,N(M,F),
ve N, (M,F), zeM).

PROPOSITION 6. Let F' : Fol — FM be a product preserving bundle
functor and i : A — B be its Weil algebra homomorphism. Let p > 1 and

q > 1 be integers. Every Foly, q-canonical vector field V' on Fir,,  1s of the
form V = op(D) for some D € Der(u).

Proof. For every Fol, ,-object (M,F) we have some vector field V' on
F(M,F) invariant with respect to Fol, ;-maps. The flow Exp(tV') of V is
Fol, 4-invariant. Using Theorem 1 we can easily show that there exists v €
F(M,F) such that F/(M, F) is the orbit of U with respect to Fol, ,-maps for
any open neighborhood U C F(M, F) of v. This implies that V' is complete.
Thus Exp(tV) corresponds to some one-parameter subgroup in Aut(Fr,, ).
By Proposition 4 and Theorem 2 it corresponds to some D € Der(u). Then
V=op(D). =

5. Some canonical affinors on product preserving bundle func-
tors. Let F' : Fol — FM be a product preserving bundle functor and
i A — B be its Weil algebra homomorphism.

A Fol-natural affinor on F is a family of affinors (tensor fields of type
(1,1)) t = tp,F) on F(M,F) for any Fol-object (M, F) such that for any
Fol-map ¢ : (My,F1) — (Ma, F2) the tensor fields ¢ on F(M;,F;) and ¢ on
F(Ms, F») are Fp-related.

ExXAMPLE 6. Let (M, F) be a Fol-object. By Corollary 2 we have the
natural isomorphism vy ) : F(T(M,F)) — T(F(M,F)) satistying the
flow property. The fiber multiplication m : R x T'(M,F) — T(M,F) can
be treated as a Fol-map, where R is foliated by points and T'(M,F) is a
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foliated manifold (see Remark 2). Applying the functor F' we obtain F'm :
FR x F(T(M,F)) — F(T(M,F)). Using the above flow isomorphism and
observing that FR = A (see Example 2) from F'm we obtain Fm : A X
T(F(M,F)) — T(F(M,F)). Thus given a € A we have

af(a) := Fm(a,-) : T(F(M,F)) — T(F(M,F)).

Using the flow property of v(,s ) we observe that af(a) is a Fol-natural
affinor on F'.

6. Natural operators lifting infinitesimal automorphisms of foli-
ated manifolds to vector fields on product preserving bundles. Let
F : Fol - FM be a product preserving bundle functor and 1 : A — B be
its Weil algebra homomorphism. Let p > 1 and ¢ > 1 be integers.

A Foly, 4-natural operator C' transforming infinitesimal automorphisms X
of Fol, 4-objects (M, F) into vector fields C(X) on F(M,F) is a family of
regular Fol, ,-invariant operators

Cou,ry: X(M,F) — X(F(M,F))

from the space X (M, F) of all infinitesimal automorphisms of (M, F) into
the space X (F(M,F)) of all vector fields on F(M, F) for any Fol,, ,-objects
(M, F). The Fol, 4-invariance means that for any Fol, ;-map ¢ : (M;, F1) —
(Ms, F3) and any infinitesimal automorphisms X; € X (M, F1) and X, €
X (M, Fr), if Xi and Xo are ¢-related then C(X;) and C(X32) are F-
related. The regularity means that C' transforms smoothly parametrized
families of infinitesimal automorphisms into smoothly parametrized families
of vector fields.

EXAMPLE 7 (The flow operator). Let (M, F) be a Fol, 4-object. Let X €
X (M, F). Then the flow Exp(tX) of X is formed by Fol, ,-maps. So we can
apply a functor F' : Fol — FM to Exp(tX) and obtain the flow F(Exp(tX))
on F(M,F). Then we have the vector field X on F'(M,F) corresponding
to the flow F(Exp(tX)). Clearly, the correspondence F : X — FX is a
Fol, q-natural operator in question.

The main result of this note is the following classification theorem.

THEOREM 3. Let F': Fol — FM be a product preserving bundle functor
and |t : A — B be its Weil algebra homomorphism. Let p > 1 and ¢ > 1
be integers. Any Fol, 4-natural operator C' transforming infinitesimal auto-
morphisms X € X(M,F) into vector fields C(X) € X(F(M,F)) is of the
form

C(X) =af(a) o FX + op(D)

for some unique a € A and D € Der(pu).
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Proof. Let C be an operator in question. Let (M, F) be a Foly 4-object.
Let 0 be the zero infinitesimal automorphism on (M, F) for any Fol,, ,-object.
Then C(0) is a Fol, 4-canonical vector field on F| Fol, .- Lhus replacing C' by
C — C(0) and applying Proposition 6 we can assume that C'(0) = 0.

Since any automorphism X on (M, F) with non-vanishing transversal
vector field is 0/0z' on (Mo, Fo) = (R? x RP, {{a} x RP},crq) in some
adapted coordinates, C' is uniquely determined by C(0d/dz') : A1 x BP —
A% x BP, p € R. Using the invariance with respect to the homotheties be-
ing Fol, ,~-morphisms (M, Fo) — (Mo, Fp) and the homogeneous function
theorem ([2]) and C(0) = 0 we deduce that for any o the map C(Q%) :
AY x BP — AY x BP is constant and linearly dependent on ¢. Then using
the invariance with respect to JFol, ;-maps (z!,tz?, ... tz? ty', ... tyP) for
t # 0 we deduce that the map C(pd/dz') : A9 x BP — A x {0} x {0} is
constant and linearly dependent on p. Hence the vector space of all natural
operators C' in question with C'(0) = 0 is at most dimg A-dimensional. But
all natural operators af(a)oF form a dimg A-dimensional vector space. Thus
the proof is complete by a dimension argument. =

REMARK 3. Let FM,, be the category of fibered manifolds with ¢-
dimensional bases and p-dimensional fibers and their local fibered diffeomor-
phisms. The category FM,, is in an obvious way a subcategory in Fol,, ,.
The categories M, , and Fol, , have the same skeleton. Any projectable
vector field X on an FM, -object Y is in an obvious way an infinitesi-
mal automorphism of the Fol, ,-object Y. By [3], any product preserving
bundle functor F' : FM — FM can be uniquely extended to a product
preserving bundle functor F' : Fol — FM. In [4], J. Tomas classified all
F Mg p-natural operators C' transforming projectable vector fields X on an
F Mg p-object Y into vector fields C'(X) on FY for any product preserving
bundle functor F : FM — FM and deduced the corresponding formula
C(X) =af(a) o FX + op(D). Therefore it seems that Theorem 3 can also
be deduced from the result of [4].

7. An application to the normal bundle. Let N : Fol, , — FM be
the normal bundle functor (see Introduction). Its corresponding Weil algebra
homomorphism is the unique algebra homomorphism xp : D — R, where D
is the algebra of dual numbers (see the text after Example 2). It is easily seen
(see [2]) that dimg D = 2 and dimg Der(kp) = 1. Therefore (because of The-
orem 3) the vector space of all Fol, ,-natural operators transforming infinites-
imal automorphisms X € X (M, F) into vector fields C(X) € X(N(M,F))
is of dimension 3. On the other hand, given X € X' (M,F) we have the
following vector fields on the (vector) normal bundle N (M, F):

1. The flow vector field NX of X on N(M,F).
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2. The vertical lifting X" of X to N(M,F) defined as follows. Given
v € Ny(M,F), x € M, we have [X(x)] € Ny(M,F) = T, M/T,F.
Then we put XV (v) := [X(2)] € No(M,F) = To(N.(M,F)) C
Ty(N(M,F)).

3. The Liouville vector field L on the vector bundle N(M,F), L(v) =
[v+tv] € Ty(Ngy (M, F)), v € Ny(M,F), x € M.

Thus we have the corresponding natural operators: N, ( )V and L.
These operators are linearly independent. So (by a dimension argument)
they form a basis in the vector space of all Fol, ,-natural operators C' trans-
forming infinitesimal automorphisms X € X' (M, F) into vector fields C(X)
€ X(N(M,F)). Then we have

COROLLARY 3. Any Foly 4-natural operator C transforming infinitesimal
automorphisms X € X(M,F) into vector fields C(X) on the normal bundle
N(M,F) is of the form

C(X)=aNX +bX" +cL

for some real numbers a, b, c.
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