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Linear liftings of symmetri
 tensor �elds of type (1, 2)to Weil bundlesby Jacek Dębecki (Kraków)Abstra
t. This paper 
ontains a 
lassi�
ation of all linear liftings of symmetri
 tensor�elds of type (1, 2) on n-dimensional manifolds to any tensor �elds of type (1, 2) on Weilbundles under the 
ondition that n ≥ 3.Introdu
tion. Let A be a Weil algebra indu
ing the Weil fun
tor TA(see [3℄) and let n be a non-negative integer. We will denote by TeM theve
tor spa
e of all tensor �elds of type (1, 2) on a manifold M. Of 
ourse,
t ∈ TeM is 
alled symmetri
 if tx(y2, y1) = tx(y1, y2) for every x ∈ M andall y1, y2 ∈ TxM. The ve
tor spa
e of all symmetri
 tensor �elds of type
(1, 2) on M will be denoted by SyTeM.A lifting of symmetri
 tensor �elds of type (1, 2) to tensor �elds of type
(1, 2) on TA is, by de�nition, a family of maps LM : SyTeM → TeTAMindexed by all n-dimensional manifolds and satisfying(1) LM (φ∗t) = (TAφ)∗(LN (t))for all n-dimensional manifolds M,N, every embedding φ : M → N andevery t ∈ SyTeN. Of 
ourse, here φ∗t is de�ned by the formula (φ∗t)x =
(Txφ)−1 ◦ tφ(x) ◦ (Txφ, Txφ) for every x ∈ M. Su
h a lifting is said to belinear if LM is linear for every n-dimensional manifold M. Obviously, alllinear liftings form a subspa
e of the ve
tor spa
e of all liftings in question.Our purpose is to give a 
omplete des
ription of all these linear liftings.We hope that this result 
an be applied in the study of a�ne liftings oftorsion-free linear 
onne
tions to any linear 
onne
tions on Weil bundles.Constru
tion of liftings. Our �rst task is to 
onstru
t some liftingsin question. We will use four known 
onstru
tions whi
h we now re
all.There is a unique lifting C of tensor �elds of type (1, 2) to tensor �eldsof type (1, 2) on TA su
h that Ci

U (t)X(Y1, Y2) = (TAtijk(X))Y j
1 Y

k
2 for every2000 Mathemati
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ki
i ∈ {1, . . . , n}, every open subset U of R

n, every t ∈ TeU , every X ∈ TAUand all Y1, Y2 ∈ An (see [2℄).For ea
h a ∈ A there is a unique natural tensor �eld ã of type (1, 1) on
TA su
h that (ãi

U )X(Y ) = aY i for every i ∈ {1, . . . , n}, every open subset Uof R
n, every X ∈ TAU and every Y ∈ An.Let CsA, where s is a non-negative integer, denote the ve
tor spa
e ofall (s + 1)-linear maps G : A × · · · × A → R whi
h are skew-symmetri
with respe
t to the last s variables and su
h that G(a, bc, d2, . . . , ds) =

G(ab, c, d2, . . . , ds) + G(ac, b, d2, . . . , ds) for all a, b, c, d2, . . . , ds ∈ A when-ever s ≥ 1. Note that elements of C0A are nothing but linear maps A→ R.If p, q are two non-negative integers su
h that p ≥ q, then for ea
h G ∈
Cp−qA there is a unique lifting Gp,q of p-forms to q-forms on TA su
h that
Gp,q

U (ω)X(Y1, . . . , Yq) = G((TAωi1...ip(X))Y i1
1 . . . Y

iq
q , Xiq+1 , . . . , Xip) for ev-ery open subset U of R

n, every p-form ω on U , every X ∈ TAU and all
Y1, . . . , Yq ∈ An (see [1℄).An R-linear map D : A → A is said to be a derivation of A if D(ab) =
D(a)b+aD(b) for all a, b ∈ A. Let us denote by DerA the ve
tor spa
e of allderivations of A. For ea
h D ∈ DerA there is a unique natural ve
tor �eld
D̃ on TA su
h that (D̃i

U )X = D(X i) for every i ∈ {1, . . . , n}, every opensubset U of R
n and every X ∈ TAU (see [3℄).We 
an now 
onstru
t six types of linear liftings of symmetri
 tensor�elds of type (1, 2) to tensor �elds of type (1, 2) on TA.Let P ∈ A. De�ne PM (t) = P̃ ◦ CM (t) for every n-dimensional mani-fold M and every t ∈ SyTeM . Thus P is the only lifting su
h that(2) P i

U (t)X(Y1, Y2) = P (TAtijk(X))Y j
1 Y

k
2for every i ∈ {1, . . . , n}, every open subset U of R

n, every t ∈ SyTeU , every
X ∈ TAU and all Y1, Y2 ∈ An.For every n-dimensional manifold M and every t ∈ TeM we will denoteby tr t the 1-form on M su
h that for every x ∈ M and every y ∈ TxM ,
(tr t)x(y) is the tra
e of the endomorphism TxM ∋ z 7→ tx(y, z) ∈ TxM. If
G ∈ C0A and a ∈ A, then the formula LM (t) = G1,1

M (tr t) ⊗ ãM for every
n-dimensional manifold M and every t ∈ SyTeM de�nes a lifting L wewant. Sin
e any sum of su
h liftings is also a lifting, we 
an 
arry out a moregeneral 
onstru
tion. Let Q ∈ C0A⊗A. Clearly, Q may be interpreted as an
R-linear map A → A and it is easy to see that there is a unique lifting Qsu
h that(3) Q i

U (t)X(Y1, Y2) = Q((TAtjkj(X))Y k
1 )Y i

2for every i ∈ {1, . . . , n}, every open subset U of R
n, every t ∈ SyTeU , every

X ∈ TAU and all Y1, Y2 ∈ An.



Linear liftings of symmetri
 tensor �elds 15The last 
onstru
tion may be repeated with ãM ⊗ G1,1
M (tr t) instead of

G1,1
M (tr t) ⊗ ãM . Let Q′ ∈ A ⊗ C0A. Clearly, Q′ may be interpreted as an

R-linear map A → A and it is easy to see that there is a unique lifting Q′su
h that(4) Q′
i

U (t)X(Y1, Y2) = Q′((TAtjkj(X))Y k
2 )Y i

1for every i ∈ {1, . . . , n}, every open subset U of R
n, every t ∈ SyTeU , every

X ∈ TAU and all Y1, Y2 ∈ An.Let d denote the exterior derivative. If G ∈ C0A and D ∈ DerA, thenthe formula LM (t) = G2,2
M (d(tr t))⊗D̃M for every n-dimensional manifoldMand every t ∈ SyTeM de�nes a lifting L we want. More generally, let R ∈

C0A⊗DerA. Clearly, R may be interpreted as an R-bilinear map A×A→ Awith the property that R(a, bc) = R(a, b)c + bR(a, c) for all a, b, c ∈ A andit is easy to see that there is a unique lifting R su
h that(5) Ri
U (t)X(Y1, Y2) =

1

2
R

((
TA

(
∂tjlj
∂xk

−
∂tjkj

∂xl

)
(X)

)
Y k

1 Y
l
2 , X

i

)

for every i ∈ {1, . . . , n}, every open subset U of R
n, every t ∈ SyTeU , every

X ∈ TAU and all Y1, Y2 ∈ An.If G ∈ C1A and a ∈ A, then the formula LM (t) = G2,1
M (d(tr t)) ⊗ ãM forevery n-dimensional manifoldM and every t ∈ SyTeM de�nes a lifting L wewant. More generally, let S ∈ C1A⊗A. Clearly, S may be interpreted as an R-bilinear map A×A→ A with the property that S(a, bc) = S(ab, c)+S(ac, b)for all a, b, c ∈ A and it is easy to see that there is a unique lifting S su
hthat(6) Si

U (t)X(Y1, Y2) =
1

2
S

((
TA

(
∂tjlj
∂xk

−
∂tjkj

∂xl

)
(X)

)
Y k

1 , X
l

)
Y i

2for every i ∈ {1, . . . , n}, every open subset U of R
n, every t ∈ SyTeU , every

X ∈ TAU and all Y1, Y2 ∈ An.The last 
onstru
tion may be repeated with ãM ⊗ G2,1
M (d(tr t)) insteadof G2,1

M (d(tr t)) ⊗ ãM . Let S′ ∈ A ⊗ C1A. Clearly, S′ may be interpreted asan R-bilinear map A×A→ A with the property that S′(a, bc) = S′(ab, c) +
S′(ac, b) for all a, b, c ∈ A and it is easy to see that there is a unique lifting
S′ su
h that(7) S′

i

U (t)X(Y1, Y2) =
1

2
S′

((
TA

(
∂tjlj
∂xk

−
∂tjkj

∂xl

)
(X)

)
Y k

2 , X
l

)
Y i

1for every i ∈ {1, . . . , n}, every open subset U of R
n, every t ∈ SyTeU , every

X ∈ TAU and all Y1, Y2 ∈ An.Classi�
ation theorem. We are now in a position to formulate ourmain result.
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ki
Theorem. If n ≥ 3, then for ea
h linear lifting L of symmetri
 tensor�elds of type (1, 2) to tensor �elds of type (1, 2) on TA there are uniquelydetermined P ∈ A, Q ∈ C0A ⊗ A, Q′ ∈ A ⊗ C0A, R ∈ C0A ⊗ DerA,

S ∈ C1A⊗A and S′ ∈ A⊗ C1A su
h that
L = P +Q+Q′ +R+ S + S′.

The remainder of the paper will be devoted to the proof of this theorem.Lemma. We �rst prove an auxiliary result.
Lemma. If n ≥ 2 and L, L̃ are two linear liftings of symmetri
 tensor�elds of type (1, 2) to tensor �elds of type (1, 2) on TA, then
LRn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)
= L̃Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)
⇒ L = L̃.

Proof. It su�
es to show that if(8) LRn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)
= 0,then L = 0.From (8) and (1) with φ : R

n ∋ x 7→ (x1, x2 + 1, x3, . . . , xn) ∈ R
n and

t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that(9) LRn

(
∂

∂x1
⊗ dx1 ⊗ dx1

)
= 0,be
ause φ∗t = (x2 + 1) ∂

∂x1 ⊗ dx1 ⊗ dx1.From (9) and (1) with φ : R
n ∋ x 7→ (x1 + λx2, x2, . . . , xn) ∈ R

n, where
λ ∈ R, and t = ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that
LRn

(
∂

∂x1
⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1)

)
= 0,(10)

LRn

(
∂

∂x1
⊗ dx2 ⊗ dx2

)
= 0,(11)be
ause φ∗t = ∂

∂x1 ⊗ (dx1 +λdx2)⊗ (dx1 +λdx2) and be
ause all 
oe�
ientsof the zero polynomial are zero.Let α ∈ N
n. Put U = {x ∈ R

n : x1 > 0, x2 6= 0, . . . , xn 6= 0} and
ψ : U ∋ x 7→ (ψ1(x), x2, . . . , xn) ∈ R

n, where
ψ1(x) =





(x1)−α1+1

(−α1 + 1)(x2)α2 . . . (xn)αn if α1 6= 1,

ln |x1|

(x2)α2 . . . (xn)αn if α1 = 1.



Linear liftings of symmetri
 tensor �elds 17From (11) and (1) with ψ instead of φ and with t = ∂
∂x1 ⊗ dx2 ⊗ dx2 itfollows that LU

(
xα ∂

∂x1 ⊗ dx2 ⊗ dx2|U
)
= 0. Repla
ing U by V = {x ∈ R

n :

x1 < 0, x2 6= 0, . . . , xn 6= 0} in the same manner we 
an see that LV

(
xα ∂

∂x1 ⊗

dx2 ⊗ dx2|V
)

= 0. Sin
e U ∪ V is a dense subset of R
n,(12) LRn

(
xα ∂

∂x1
⊗ dx2 ⊗ dx2

)
= 0.If n ≥ 3, then (10) and (1) with φ : R

n ∋ x 7→ (x1 + x3, x2, . . . , xn) ∈ R
nand t = ∂

∂x1 ⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1) imply(13) LRn

(
∂

∂x1
⊗ (dx3 ⊗ dx2 + dx2 ⊗ dx3)

)
= 0,be
ause φ∗t = ∂

∂x1 ⊗ ((dx1 + dx3) ⊗ dx2 + dx2 ⊗ (dx1 + dx3)).If n ≥ 3 and α ∈ N
n, then as in the proof of (12), from (13) and (1) with

φ = ψ and t = ∂
∂x1 ⊗ (dx3 ⊗ dx2 + dx2 ⊗ dx3) it follows that(14) LRn

(
xα ∂

∂x1
⊗ (dx3 ⊗ dx2 + dx2 ⊗ dx3)

)
= 0.We now prove that for every α ∈ N

n,(15) LRn

(
xα ∂

∂x1
⊗ dx1 ⊗ dx1

)
= 0.We 
onsider two 
ases: α2 6= 0 and α2 = 0.If α2 6= 0, then we obtain (15) from (8), (12) with x1 and x2 inter-
hanged and (1) with φ : U ∋ x 7→ (x1, xα, x3, . . . , xn) ∈ R

n, where U =
{x ∈ R

n : x1 6= 0, x2 > 0, x3 6= 0, . . . , xn 6= 0}, and t = x2 ∂
∂x1 ⊗dx

1⊗dx1, be-
ause φ∗t =
(
xα ∂

∂x1 −
α1

α2 (x1)α1
−1(x2)α2+1(x3)α3

. . . (xn)αn ∂
∂x2

)
⊗dx1⊗dx1|U .If α2 = 0, then we obtain (15) from (8), (12) with x1 and x2 inter
hangedand (1) with φ : R

n ∋ x 7→ (x1, x2 + xα, x3, . . . , xn) ∈ R
n and t = x2 ∂

∂x1 ⊗

dx1 ⊗dx1, be
ause φ∗t = (x2 +xα)
(

∂
∂x1 −α

1(x1)α1
−1(x3)α3

. . . (xn)αn ∂
∂x2

)
⊗

dx1 ⊗ dx1.From (8), (12) with x1 and x2 inter
hanged and (1) with φ : R
n ∋ x 7→

(x1, x1 + x2, x3, . . . , xn) ∈ R
n and t = x2 ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that(16) LRn

(
x1 ∂

∂x1
⊗ dx1 ⊗ dx1

)
= 0,be
ause φ∗t = (x1 + x2)

(
∂

∂x1 − ∂
∂x2

)
⊗ dx1 ⊗ dx1.From (16), (8) and (1) with φ : R

n ∋ x 7→ (x1 + λx2, x2, . . . , xn) ∈ R
n,where λ ∈ R, and t = x1 ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that(17) LRn

(
x1 ∂

∂x1
⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1)

)
= 0,be
ause φ∗t = (x1 + λx2) ∂

∂x1 ⊗ (dx1 + λdx2) ⊗ (dx1 + λdx2).



18 J. D�be
kiFrom (17) and (1) with φ : U ∋ x 7→
(
x1, 1

α2+1
(x2)α2+1, x3, . . . , xn

)
∈ R

n,where U = {x ∈ R
n : x2 > 0} and α ∈ N

n, and t = x1 ∂
∂x1 ⊗ (dx1 ⊗ dx2 +

dx2 ⊗ dx1) it follows that(18) LRn

(
x1(x2)α2 ∂

∂x1
⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1)

)
= 0.We now prove that for every α ∈ N

n,(19) LRn

(
xα ∂

∂x1
⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1)

)
= 0.We 
onsider two 
ases: α1 6= 0 and α1 = 0.If α1 6= 0, then (19) 
an be dedu
ed immediately from (18), (14), (14)with x3 and xi, where i ∈ {4, . . . , n}, inter
hanged and (1) with φ : U ∋

x 7→ ((x1)α1

(x3)α3

. . . (xn)αn
, x2, . . . , xn) ∈ R

n, where U = {x ∈ R
n : x1 > 0,

x3 6= 0, . . . , xn 6= 0}, and t = x1(x2)α2 ∂
∂x1 ⊗ (dx1⊗dx2 +dx2⊗dx1), be
ause

φ∗t =
∂

∂x1
⊗

((
xαdx1+

n∑

i=3

vi(x)dx
i
)
⊗dx2+dx2⊗

(
xαdx1+

n∑

i=3

vi(x)dx
i
))∣∣∣

U
,

where vi(x) = αi

α1 (x1)α1+1(x2)α2

. . . (xi−1)αi−1

(xi)αi
−1(xi+1)αi+1

. . . (xn)αnfor every i ∈ {3, . . . , n}.If α1 = 0, then we obtain (19) from (17), (12), (14), (14) with x3 and
xi, where i ∈ {4, . . . , n}, inter
hanged and (1) with φ : R

n ∋ x 7→ (x1 + xα,
x2, . . . , xn) ∈ R

n and t = x1 ∂
∂x1 ⊗ (dx1 ⊗ dx2 + dx2 ⊗ dx1), be
ause

φ∗t= (x1+xα)
∂

∂x1
⊗

((
dx1+

n∑

i=2

vi(x)dx
i
)
⊗dx2+dx2⊗

(
dx1+

n∑

i=2

vi(x)dx
i
))
,

where vi(x) = αi(x2)α2

. . . (xi−1)αi−1

(xi)αi
−1(xi+1)αi+1

. . . (xn)αn for every
i ∈ {2, . . . , n}.Finally, we 
an take φ : R

n ∋ x 7→ (xσ(1), . . . , xσ(n)) ∈ R
n, where σ isany permutation of the set {1, . . . , n}, in (1) to 
on
lude from (12), (14),(15) and (19) that LRn

(
xα ∂

∂xi ⊗ dxj ⊗ dxk
)

= 0 for every α ∈ N
n and all

i, j, k ∈ {1, . . . , n}. This for
es LRn = 0 a

ording to the Peetre theorem(see [3℄), whi
h proves the lemma.
Proof of the 
lassi�
ation theorem. Fix a linear lifting L of sym-metri
 tensor �elds of type (1, 2) to tensor �elds of type (1, 2) on TA. Clearly,for every p ∈ {1, . . . , n}, every open subset U of R

n, every embedding
φ : U → R

n, every t ∈ SyTe R
n, every X ∈ TAU and all Y1, Y2 ∈ An,
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ondition (1) 
an be rewritten as
(20)

(
TA ∂φp

∂xq
(X)

)
Lq

U (φ∗t)X(Y1, Y2)

= Lp
Rn(t)T Aφ(X)

((
TA ∂φ

∂xq
(X)

)
Y q

1 ,

(
TA ∂φ

∂xq
(X)

)
Y q

2

)
.Formula (20) with φ : R

n ∋ x 7→ (λ1x1, . . . , λnxn) ∈ R
n, where λ1, . . . , λn

∈ R \ {0}, and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 implies

(21) λ1λ2λpLp
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) =

Lp
Rn

(
x2 ∂

∂x1
⊗dx1⊗dx1

)

(λ1X1,...,λnXn)

((λ1Y 1
1 , . . . , λ

nY n
1 ), (λ1Y 1

2 , . . . , λ
nY n

2 )).By 
ontinuity, (21) still holds if λ1, . . . , λn ∈ R. Using the homogeneousfun
tion theorem (see [3℄) together with (21) and keeping in mind that forevery X ∈ An the map LRn

(
x2 ∂

∂x1 ⊗ dx1 ⊗ dx1
)
X

is R-bilinear we dedu
ethat there are unique R-trilinear maps a, b, c : A×A×A→ A su
h that
(22) L1

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= a(X1, Y 1
1 , Y

2
2 ) + b(X1, Y 2

1 , Y
1
2 ) + c(X2, Y 1

1 , Y
1
2 ),there are unique R-trilinear maps d, e, f : A×A×A→ A su
h that

(23) L2
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= d(X1, Y 2
1 , Y

2
2 ) + e(X2, Y 1

1 , Y
2
2 ) + f(X2, Y 2

1 , Y
1
2 )and for every p ∈ {3, . . . , n} there are uniquely determined R-trilinear maps

gp, hp, ip, jp, kp, lp : A×A×A→ A su
h that
(24) Lp

Rn

(
x2 ∂

∂x1
⊗dx1⊗dx1

)

X

(Y1, Y2) = gp(X1, Y 2
1 , Y

p
2 )+hp(X1, Y p

1 , Y
2
2 )

+ ip(X2, Y 1
1 , Y

p
2 ) + jp(X2, Y p

1 , Y
1
2 ) + kp(Xp, Y 1

1 , Y
2
2 ) + lp(Xp, Y 2

1 , Y
1
2 ).If q ∈ {4, . . . , n}, then from (24) and (20) with p = 3, φ : R

n ∋ x 7→
(x1, x2, xq, x4, . . . , xq−1, x3, xq+1, . . . , xn) ∈ R

n and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 itfollows that

gq(X1, Y 2
1 , Y

q
2 ) + hq(X1, Y q

1 , Y
2
2 ) + iq(X2, Y 1

1 , Y
q
2 )

+ jq(X2, Y q
1 , Y

1
2 ) + kq(Xq, Y 1

1 , Y
2
2 ) + lq(Xq, Y 2

1 , Y
1
2 )

= g3(X1, Y 2
1 , Y

q
2 ) + h3(X1, Y q

1 , Y
2
2 ) + i3(X2, Y 1

1 , Y
q
2 )

+ j3(X2, Y q
1 , Y

1
2 ) + k3(Xq, Y 1

1 , Y
2
2 ) + l3(Xq, Y 2

1 , Y
1
2 ).



20 J. D�be
kiTherefore gq = g3, hq = h3, iq = i3, jq = j3, kq = k3, lq = l3. De�ne g = g3,
h = h3, i = i3, j = j3, k = k3, l = l3. Thus for every p ∈ {3, . . . , n}, we 
anrewrite (24) as
(25) Lp

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = g(X1, Y 2
1 , Y

p
2 )+h(X1, Y p

1 , Y
2
2 )

+ i(X2, Y 1
1 , Y

p
2 ) + j(X2, Y p

1 , Y
1
2 ) + k(Xp, Y 1

1 , Y
2
2 ) + l(Xp, Y 2

1 , Y
1
2 ).From (25) and (20) with p = 3, U = {x ∈ R

n : x3 > 0}, φ : U ∋ x 7→
(x1, x2, (x3)2/2, x4, . . . , xn) ∈ R

n and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that

(26) X3(g(X1, Y 2
1 , Y

3
2 ) + h(X1, Y 3

1 , Y
2
2 ) + i(X2, Y 1

1 , Y
3
2 )

+ j(X2, Y 3
1 , Y

1
2 ) + k(X3, Y 1

1 , Y
2
2 ) + l(X3, Y 2

1 , Y
1
2 ))

= g(X1, Y 2
1 , X

3Y 3
2 ) + h(X1, X3Y 3

1 , Y
2
2 ) + i(X2, Y 1

1 , X
3Y 3

2 )

+ j(X2, X3Y 3
1 , Y

1
2 ) + k((X3)2/2, Y 1

1 , Y
2
2 ) + l((X3)2/2, Y 2

1 , Y
1
2 )for every X ∈ TAU. Repla
ing U by V = {x ∈ R

n : x3 < 0} in the samemanner we 
an see that (26) holds for every X ∈ TAV. Sin
e U ∪ V is adense subset of R
n, (26) holds for every X ∈ An. Carrying out polarizationif ne
essary we see from (26) that for all w, x, y, z ∈ A,

wg(x, y, z) = g(x, y, wz),(27)
wh(x, y, z) = h(x,wy, z),(28)
wi(x, y, z) = i(x, y, wz),(29)
wj(x, y, z) = j(x,wy, z),(30)

wk(x, y, z) + xk(w, y, z) = k(wx, y, z).(31)From (25) and (20) with p = 3, φ : R
n ∋ x 7→ (x1, x2+1, x3, . . . , xn) ∈ R

nand t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that(32) L3

Rn

(
∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = i(1, Y 1
1 , Y

3
2 ) + j(1, Y 3

1 , Y
1
2 ),be
ause φ∗t = (x2 + 1) ∂

∂x1 ⊗ dx1 ⊗ dx1.From (32) and (20) with p = 3, φ : R
n ∋ x 7→ (x1+λx2, x2, . . . , xn) ∈ R

n,where λ ∈ R, and t = ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that(33) L3

Rn

(
∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = 0,be
ause φ∗t = ∂
∂x1 ⊗ (dx1 +λdx2)⊗ (dx1 +λdx2) and be
ause the respe
tive
oe�
ients of two equal polynomials are equal.



Linear liftings of symmetri
 tensor �elds 21From (33) and (20) with p = 3, U = {x ∈ R
n : x1 6= 0}, φ : U ∋ x 7→

(−1/x1, x2, . . . , xn) ∈ R
n and t = ∂

∂x1 ⊗ dx2 ⊗ dx2 it follows that(34) L3
Rn

(
(x1)2

∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = 0.From (34) and (20) with p = 3, φ : R
n ∋ x 7→ (x2, x1, x3, . . . , xn) ∈ R

nand t = (x1)2 ∂
∂x1 ⊗ dx2 ⊗ dx2 it follows that(35) L3

Rn

(
(x2)2

∂

∂x2
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0.From (25), (35) and (20) with p = 3, U = {x ∈ R
n : x1 6= 0}, φ : U ∋

x 7→ (x1, x1x2, x3, . . . , xn) ∈ R
n and t = x2 ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that
(36) L3

Rn

(
x1x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= g(X1, X2Y 1
1 +X1Y 2

1 , Y
3
2 )+h(X1, Y 3

1 , X
2Y 1

2 +X1Y 2
2 )+i(X1X2, Y 1

1 , Y
3
2 )

+ j(X1X2, Y 3
1 , Y

1
2 )+k(X3, Y 1

1 , X
2Y 1

2 +X1Y 2
2 )+l(X3, X2Y 1

1 +X1Y 2
1 , Y

1
2 ),be
ause φ∗t =

(
x1x2 ∂

∂x1 − (x2)2 ∂
∂x2

)
⊗ dx1 ⊗ dx1|U .From (25) and (20) with p = 3, U = {x ∈ R

n : x1 > 0}, φ : U ∋ x 7→
((x1)2/2, x2, . . . , xn) ∈ R

n and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that

(37) L3
Rn

(
x1x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= g((X1)2/2, Y 2
1 , Y

3
2 ) + h((X1)2/2, Y 3

1 , Y
2
2 ) + i(X2, X1Y 1

1 , Y
3
2 )

+ j(X2, Y 3
1 , X

1Y 1
2 ) + k(X3, X1Y 1

1 , Y
2
2 ) + l(X3, Y 2

1 , X
1Y 1

2 ).Carrying out polarization if ne
essary we see from (36) and (37) that forall w, x, y, z ∈ A,
g(w, xy, z) + g(x,wy, z) = g(wx, y, z),(38)
h(w, x, yz) + h(y, x, wz) = h(wy, x, z),(39)
g(w, xy, z) + i(wx, y, z) = i(x,wy, z),(40)
h(w, x, yz) + j(wy, x, z) = j(y, x, wz),(41)

k(w, x, yz) = k(w, yx, z),(42)
k(w, x, yz) + l(w, yx, z) = 0.(43)De�ne R(y, z) = −2k(z, y, 1) for all y, z ∈ A. A

ording to (31), we have

xR(y, z) + zR(y, x) = R(y, xz) for all x, y, z ∈ A, and so R ∈ C0A⊗ DerA.By (5),(44) Rp
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) =
1

2
R(Y 2

1 Y
1
2 − Y 1

1 Y
2
2 , X

p).
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kiFrom (42) it follows that k(x, y, z) = −1
2R(zy, x) for all x, y, z ∈ A andfrom (43) it follows that l = −k. Combining these with (44) gives, for every

p ∈ {1, . . . , n},(45) Rp
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = k(Xp, Y 1
1 , Y

2
2 ) + l(Xp, Y 2

1 , Y
1
2 ).De�ne S(y, z) = 2g(z, y, 1) for all y, z ∈ A. A

ording to (38), we have

S(xy, z)+S(zy, x) = S(y, zx) for all x, y, z ∈ A, and so S ∈ C1A⊗A. By (6),(46) Sp
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) =
1

2
(S(Y 2

1 , X
1) − S(Y 1

1 , X
2))Y p

2 .From (27) it follows that 1
2xS(y, z) = g(z, y, x) for all x, y, z ∈ A. Combiningthis with (46) gives, for every p ∈ {1, . . . , n},(47) Sp

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = g(X1, Y 2
1 , Y

p
2 ) − g(X2, Y 1

1 , Y
p
2 ).De�ne S′(y, z) = 2h(z, 1, y) for all y, z ∈ A. A

ording to (39), we have

S′(xy, z) + S′(zy, x) = S′(y, zx) for all x, y, z ∈ A, and so S′ ∈ A ⊗ C1A.By (7),(48) S′
p

Rn

(
x2 ∂

∂x1
⊗dx1⊗dx1

)

X

(Y1, Y2) =
1

2
(S′(Y 2

2 , X
1)−S′(Y 1

2 , X
2))Y p

1 .From (28) it follows that 1
2xS

′(y, z) = h(z, x, y) for all x, y, z ∈ A. Combiningthis with (48) gives, for every p ∈ {1, . . . , n},(49) S′
p

Rn

(
x2 ∂

∂x1
⊗dx1⊗dx1

)

X

(Y1, Y2) = h(X1, Y p
1 , Y

2
2 )−h(X2, Y p

1 , Y
1
2 ).Put L′ = L − R − S − S′ as well as a′ = a − k − h, b′ = b − l − g,

c′ = c+ g + h, d′ = d− g − h, e′ = e− k + g, f ′ = f − l + h, i′ = i+ g and
j′ = j + h. From (45), (47) and (49) we see that (22), (23) and (25) lead to
(50) L′1

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= a′(X1, Y 1
1 , Y

2
2 ) + b′(X1, Y 2

1 , Y
1
2 ) + c′(X2, Y 1

1 , Y
1
2 ),

(51) L′2
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= d′(X1, Y 2
1 , Y

2
2 ) + e′(X2, Y 1

1 , Y
2
2 ) + f ′(X2, Y 2

1 , Y
1
2 ),

(52) L′p
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= i′(X2, Y 1
1 , Y

p
2 ) + j′(X2, Y p

1 , Y
1
2 )for every p ∈ {3, . . . , n}. Sin
e (29), (30), (40) and (41) hold for every linearlifting satisfying (22), (23) and (25), upon 
omparing (22), (23) and (25)



Linear liftings of symmetri
 tensor �elds 23with (50), (51) and (52) we 
an assert that for all w, x, y, z ∈ A,
wi′(x, y, z) = i′(x, y, wz),(53)
wj′(x, y, z) = j′(x,wy, z),(54)
i′(wx, y, z) = i′(x,wy, z),(55)
j′(wx, y, z) = j′(x, y, wz).(56)De�ne Q(z) = i′(z, 1, 1) for every z ∈ A. Of 
ourse, Q ∈ C0A⊗A. By (3),(57) Qp

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = Q(X2Y 1
1 )Y p

2 .From (53) and (55) it follows that xQ(yz) = i′(z, y, x) for all x, y, z ∈ A.Combining this with (57) gives, for every p ∈ {1, . . . , n},(58) Qp
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = i′(X2, Y 1
1 , Y

p
2 ).

De�ne Q′(z) = j′(z, 1, 1) for every z ∈ A. Of 
ourse, Q′ ∈ A ⊗ C0A.By (4),(59) Q′
p

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = Q′(X2Y 1
2 )Y p

1 .From (54) and (56) it follows that xQ′(yz) = j′(z, x, y) for all x, y, z ∈ A.Combining this with (59) gives, for every p ∈ {1, . . . , n},(60) Q′
p

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = j′(X2, Y p
1 , Y

1
2 ).

Put L′′ = L′−Q−Q′ as well as a′′ = a′, b′′ = b′, c′′ = c′− i′− j′, d′′ = d′,
e′′ = e′ − i′ and f ′′ = f ′ − j′. From (58) and (60) we dedu
e that (50), (51)and (52) lead to
(61) L′′1

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= a′′(X1, Y 1
1 , Y

2
2 ) + b′′(X1, Y 2

1 , Y
1
2 ) + c′′(X2, Y 1

1 , Y
1
2 ),

(62) L′′2
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= d′′(X1, Y 2
1 , Y

2
2 ) + e′′(X2, Y 1

1 , Y
2
2 ) + f ′′(X2, Y 2

1 , Y
1
2 ),

(63) L′′p
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0for every p ∈ {3, . . . , n}.
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kiFrom (63) and (20) with p = 3, φ : R
n ∋ x 7→ (x1, x2 + x3, x3, . . . , xn) ∈

R
n and t = x2 ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that(64) L′′3
Rn

(
x3 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0,be
ause φ∗t = (x2 + x3) ∂
∂x1 ⊗ dx1 ⊗ dx1.From (62) and (20) with p = 2, φ : R

n ∋ x 7→ (x1, x3, x2, x4, . . . , xn) ∈ R
nand t = x2 ∂

∂x1 ⊗ dx1 ⊗ dx1 it follows that
(65) L′′3

Rn

(
x3 ∂

∂x1
⊗ dx1 ⊗ dx1)X(Y1, Y2

)

= d′′(X1, Y 3
1 , Y

3
2 ) + e′′(X3, Y 1

1 , Y
3
2 ) + f ′′(X3, Y 3

1 , Y
1
2 ).Comparing (64) with (65) we see that d′′ = 0, e′′ = 0 and f ′′ = 0, whi
henables us to rewrite (62) as(66) L′′2

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0.If φ : R
n ∋ x 7→ (x1, x2 + 1, x3, . . . , xn) ∈ R

n and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1,then φ∗t = (x2 +1) ∂

∂x1 ⊗dx
1⊗dx1. Taking su

essively p = 1, 2, 3 and these

φ and t in (20) and 
ombining this with (61), (66) and (63) respe
tivelywe get
L′′1

Rn

(
∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = c′′(1, Y 1
1 , Y

1
2 ),(67)

L′′2
Rn

(
∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0,(68)
L′′3

Rn

(
∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0.(69)If φ : R
n ∋ x 7→ (x1 + λx2, x2, . . . , xn) ∈ R

n, where λ ∈ R, and t =
∂

∂x1 ⊗dx
1 ⊗dx1, then φ∗t = ∂

∂x1 ⊗ (dx1 +λdx2)⊗ (dx1 +λdx2). Upon taking
p = 1, 2, 3 (2 before 1) and these φ and t in (20) and 
ombining this with(67), (68) and (69) respe
tively we get

L′′1
Rn

(
∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = c′′(1, Y 2
1 , Y

2
2 ),(70)

L′′2
Rn

(
∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = 0,(71)
L′′3

Rn

(
∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = 0.(72)From (70) and (20) with p = 1, U = {x ∈ R
n : x1 > 0}, φ : U ∋ x 7→

(ln |x1|, x2, . . . , xn) ∈ R
n and t = ∂

∂x1 ⊗ dx2 ⊗ dx2 it follows that
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(73) L′′1

Rn

(
x1 ∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = X1c′′(1, Y 2
1 , Y

2
2 ).From (73) and (20) with p = 1, φ : R

n ∋ x 7→ (x2, x1, x3, . . . , xn) ∈ R
nand t = x1 ∂

∂x1 ⊗ dx2 ⊗ dx2 it follows that(74) L′′2
Rn

(
x2 ∂

∂x2
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = X2c′′(1, Y 1
1 , Y

1
2 ).From (61), (74), (66) and (20) with p = 2, φ : R

n ∋ x 7→ (x1, λx1 + x2,
x3, . . . , xn) ∈ R

n, where λ ∈ R, and t = x2 ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that

(75) L′′2
Rn

(
x1 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

= −a′′(X1, Y 1
1 , Y

2
2 ) − b′′(X1, Y 2

1 , Y
1
2 ) − c′′(X2, Y 1

1 , Y
1
2 ) +X2c′′(1, Y 1

1 , Y
1
2 ),be
ause φ∗t = (λx1 + x2)

(
∂

∂x1 − λ ∂
∂x2

)
⊗ dx1 ⊗ dx1.From (68) and (20) with p = 2, U = {x ∈ R

n : x1 > 0}, φ : U ∋ x 7→
((x1)2/2, x2, . . . , xn) ∈ R

n and t = ∂
∂x1 ⊗ dx1 ⊗ dx1 it follows that(76) L′′2

Rn

(
x1 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = 0.Comparing (75) with (76) we see that a′′ = 0 and b′′ = 0, whi
h enablesus to rewrite (61) as(77) L′′1
Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2) = c′′(X2, Y 1
1 , Y

1
2 ),and that for all x, y, z ∈ A,(78) xc′′(1, y, z) = c′′(x, y, z).If φ : R

n ∋ x 7→ (x1, x2 + λx3, x3, . . . , xn) ∈ R
n, where λ ∈ R, and

t = ∂
∂x1 ⊗ dx2 ⊗ dx2, then φ∗t = ∂

∂x1 ⊗ (dx2 + λdx3) ⊗ (dx2 + λdx3). Upontaking p = 1, 2, 3 (3 before 2) and these φ and t in (20) and 
ombining thiswith (70), (71) and (72) respe
tively we get
(79) L′′

1

Rn

(
∂

∂x1
⊗ (dx2 ⊗ dx3 + dx3 ⊗ dx2)

)

X

(Y1, Y2)

= c′′(1, Y 2
1 , Y

3
2 ) + c′′(1, Y 3

1 , Y
2
2 ),

(80) L′′2
Rn

(
∂

∂x1
⊗ (dx2 ⊗ dx3 + dx3 ⊗ dx2)

)

X

(Y1, Y2) = 0,

(81) L′′3
Rn

(
∂

∂x1
⊗ (dx2 ⊗ dx3 + dx3 ⊗ dx2)

)

X

(Y1, Y2) = 0.If U = {x ∈ R
n : 1 + x2x3 6= 0}, φ : U ∋ x 7→

(
x1

1+x2x3 , x
2, . . . , xn

)
∈ R

nand t = ∂
∂x1 ⊗(dx2⊗dx3 +dx3⊗dx2), then φ∗t = (1+x2x3) ∂

∂x1 ⊗(dx2 ⊗ dx3
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ki
+ dx3 ⊗ dx2)|U . Taking p = 1, 2, 3 (2 and 3 before 1) and these φ and t in(20) and 
ombining this with (79), (80) and (81) respe
tively we get
(82) L′′1

Rn

(
x2x3 ∂

∂x1
⊗ (dx2 ⊗ dx3 + dx3 ⊗ dx2)

)

X

(Y1, Y2)

= X2X3(c′′(1, Y 2
1 , Y

3
2 ) + c′′(1, Y 3

1 , Y
2
2 )).If φ : R

n ∋ x 7→
(

x1

1+(x3)2
, x2, . . . , xn

)
∈ R

n and t = ∂
∂x1 ⊗ dx2 ⊗ dx2, then

φ∗t = (1 + (x3)2) ∂
∂x1 ⊗ dx2 ⊗ dx2. Taking p = 1, 3 (3 before 1) and these φand t in (20) and 
ombining this with (70) and (72) respe
tively we get(83) L′′1

Rn

(
(x3)2

∂

∂x1
⊗ dx2 ⊗ dx2

)

X

(Y1, Y2) = (X3)2c′′(1, Y 2
1 , Y

2
2 ).From (83) and (20) with p = 1, φ : R

n ∋ x 7→ (x1, x3, x2, x4, . . . , xn) ∈ R
nand t = (x3)2 ⊗ ∂

∂x1 ⊗ dx2 ⊗ dx2 it follows that(84) L′′1
Rn

(
(x2)2

∂

∂x1
⊗ dx3 ⊗ dx3

)

X

(Y1, Y2) = (X2)2c′′(1, Y 3
1 , Y

3
2 ).From (83), (82), (84), (70) and (20) with p = 1, U = {x ∈ R

n : x3 6= 0},
φ : U ∋ x 7→ (x1, x2x3, x3, . . . , xn) ∈ R

n and t = ∂
∂x1 ⊗ dx2 ⊗ dx2 it followsthat

(85) (X3)2c′′(1, Y 2
1 , Y

2
2 ) +X2X3(c′′(1, Y 2

1 , Y
3
2 )

+ c′′(1, Y 3
1 , Y

2
2 )) + (X2)2c′′(1, Y 3

1 , Y
3
2 )

= c′′(1, X3Y 2
1 +X2Y 3

1 , X
3Y 2

2 +X2Y 3
2 ),be
ause φ∗t = ∂

∂x1 ⊗ (x3dx2 +x2dx3)⊗ (x3dx2 +x2dx3)|U . From (85) we seethat for all w, x, y, z ∈ A,(86) wxc′′(1, y, z) = c′′(1, wy, xz).De�ne P = c′′(1, 1, 1). Of 
ourse, P ∈ A. By (2),(87) P
p
Rn

(
x2 ∂

∂x1
⊗dx1⊗dx1

)

X

(Y1, Y2) =

{
PX2Y 1

1 Y
1
2 if p = 1,

0 if p∈{2, . . . , n}.From (86) and (78) it follows that xyzP = c′′(x, y, z) for all x, y, z ∈ A.Combining this with (87) gives
(88) P

p

Rn

(
x2 ∂

∂x1
⊗ dx1 ⊗ dx1

)

X

(Y1, Y2)

=

{
c′′(X2, Y 1

1 , Y
1
2 ) if p = 1,

0 if p∈{2, . . . , n}.From (88) and the lemma we see that (77), (66) and (63) lead to L′′ = P .Analyzing (44), (46), (48), (57), (59) and (87), one easily �nds that R, S,
S′, Q, Q′ and P are uniquely determined, whi
h 
ompletes the proof.
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