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Existence of three solutions for a class of
(p1,- -, pn)-biharmonic systems with
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Abstract. We establish the existence of at least three weak solutions for the
(p1,...,pn)-biharmonic system

{ A(|Awi|Pi 72 Aug) = AFy, (z,u1, ..., u,)  in £2,
u; = Au; =0 on 012,

for 1 <4 < n. The proof is based on a recent three critical points theorem.

1. Introduction. In this work, we study the existence of at least three
weak solutions for the nonlinear elliptic system of (pi,...,p,)-biharmonic
type under Navier boundary conditions

(11) { A(|Aui[Pi=2 Aug) = AFy, (z,u1, ..., up)  in £2,

' uw; = Au; =0 on 02,
for 1 < i < n, where 2 ¢ RY (N > 2) is a non-empty bounded open set
with smooth boundary 962, p; > 1for1 <i<n,A>0, F: 2xR"* - Risa
function such that F(-,t1,...,t,) is continuous in §2 for all (t1,...,t,) € R",
F(x,-,...,-)is Ctin R™ for every z € 2 and F(z,0,...,0) = 0 for all z € §2;
finally F}; denotes the partial derivative of F' with respect to t.

Here and in the next section, X will denote the Cartesian product of n

Sobolev spaces W2Pi(2) "W, P (02) for i =1,...,n, i.e., X = (W2P1(£2) N
Wol’pl(Q)) x - x (WP (02) N Wol’p"(Q)) endowed with the norm

n
I,y un) | = D il
i=1
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where y
il = (§ 18us(@) do) ™
9]

for 1 <i<n.

We say that u = (u1,...,u,) is a weak solution to the system if
u=(ug,...,uy) € X and

n
VD [ Aui(@) P2 Auy(z) Avi () d
2i=1

for every (vi,...,v,) € X.

There seems to be increasing interest in studying fourth-order boundary
value problems, especially because the static form change of beam or the
support of a rigid body can be described by a fourth-order equation, and a
model to study travelling waves in suspension bridges involves a fourth-order
nonlinear equation (for instance, see [15]), so this subject is important to
physics. More general nonlinear fourth-order elliptic boundary value prob-
lems have been studied [1, 4, 5, 7, 8, 10-13, 16-20, 22, 26, 28] in recent years.
In [12], using variational methods and under a suitable set of assumptions
involving two parameters o and 3 (for instance, a® — 43 > 0) the authors
obtained two nontrivial solutions to the problem

u + o’ + fu = f(x,u), e (0,1),
(12 u(0) = u(1) =0,

u”’(0) =u"(1) =0
where «, (3 are real constants and f : [0, 1] x R — R is a continuous function.
In [I3], applying Morse theory, the existence of three solutions to problem
(1.2) with « = 8 = 0 was proved. In [I7], by also using the fixed-point index

in cones and under the assumption o — 48 = 0, multiple solutions to the
problem

uV +au” + Bu = Af(z,u), x€(0,1),
(1.3) u(0) =u(1) =0,

u’(0) =4"(1)=0
were obtained, where «, 8 are real constants, \ is a positive parameter and
f:]0,1]xR — R is a continuous function, while in [7] the authors established
multiple solutions for problem (|1.3]) by using a three critical points theorem

(see Theorem 2.1) established in [3]. In [I] based on Ricceri’s three critical
points theorem [23] the existence of at least three (weak) solutions of the
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fourth-order boundary value problem

uV + au” + Bu = \f(z,u) + pg(w,u), =z € (0,1)
u(0) =u(1) =0,
u”(0) =u"(1) =0,

was considered where «, [ are real constants, f,g : [0,1] x R — R are
L2-Carathéodory functions and A, > 0. In [I8], the authors studied the
following superlinear p-biharmonic elliptic problem with Navier boundary
condition:
(1.4) {A(iAurp-QAm = g(e,uw) i 2,

. u=Au=0 on 0f2,

where (2 is a bounded domain with smooth boundary 92 in R™, n > 2p+1,
p>1,and ¢g: {2 x R — R is a Carathéodory function. By means of Morse
theory, the authors proved the existence of a nontrivial solution to problem
(1.4) having a linking structure around the origin. Moreover, in the case of
both resonance near zero and nonresonance at 400, the existence of two
nontrivial solutions was shown. Very recently, Li and Tang [19], employing
Ricceri’s three critical points theorem [23] investigated the problem

(L5) {A<|Au\pmu> — M (u) + pg(e,u) in 2,

' u=Au=0 on 0f2,
where 2 € RV (N > 1) is a non-empty bounded open set with C'* boundary,
p > max{1l, N/2}, \,p > 0 and f : 2 x R — R is a continuous function,
establishing the existence of an open interval A C [0,00[ and a number
q > 0 with the following property: for every A € A and every Carathéodory
function g : 2 x R — R satisfying

sup |g(-,t)| € L'(2)
[tI<¢

for all ¢ > 0, there is a § > 0 such that, for each u € [0, d] equation (|1.5)
admits at least three weak solutions in W?2P(£2)N VVO1 P(£2) whose norms are
less than ¢; Li and Tang in [20] generalized these results to the system

A(|AuP=2 Au) = AF, (2, u,v) + puGy(z,u,v) in 2,
A(JAv|972 Av) = A, (z,u,v) + puGy(z,u,v) in £2,
u=Au=v=A4v=0 on 0f2,
where 2 C RY (N > 1) is a non-empty bounded open set with smooth
boundary, p > max{1, N/2}, ¢ > max{1, N/2}, \,u >0, F : 2 x R? - R

is a function such that F(-,t1,t2) is continuous in (2 for all (t1,t2) € R2,
F(z,-,-) is C* in R? for every z € 2 and F(x,0,0) = 0 for all x € {2, and
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G : 2 x R? = R is a measurable function with respect to z in §2 for every
(t1,t2) € R?, and is a C'-function of (t1,t2) € R? for every z in £2.

We point out that our results extend in several directions the previous
work of [1], [16], [20] and [19] by relaxing some hypotheses and sharpening
the conclusion. The applicability of our results is illustrated by an example.

2. Main results. Our analysis is based on the following three critical
points theorem (see also [24], [23], [6] and [21] for related results), which
transfers the existence of three solutions of the system into the exis-
tence of critical points of the Euler functional.

THEOREM 2.1 (see [9, Theorem 3.6]). Let X be a reflexive real Banach
space, let @ : X — R be a sequentially weakly lower semicontinuous, coercive
and continuously Gateaux differentiable functional whose Gateaur derivative
admits a continuous inverse on X*, and let ¥ : X — R be a sequentially
weakly upper semicontinuous and continuously Gateaux differentiable func-
tional whose Gadteauzr derivative is compact. Assume that there exist r € R
and w € X with 0 <r < &(w) such that

4
(1) SUPyed—1(j—oos]) ¥(u) < T@EZ?’
(ii) for each X in

b (w) r
P(w) SUPyeqp-1(—oo,]) ¥ (1)

the functional ® — AV is coercive.

A, =

Then for each A € A, the functional ®— AV has at least three distinct critical
points in X.

We need the following proposition in the proof of Theorem 2.3.

PROPOSITION 2.2. Let X be as in the introduction and T : X — X™* be
the operator defined by

T(Ul, st ,Un)(hl, e 7hn) = S Z |A'U,Z(.T) ’pz*QAul(x)Ahl($) d.fC
Qi=1
for every (ui,...,uy),(hi,...,hy) € X. Then T admits a continuous in-

verse on X*.

Proof. Taking into account (2.2) of [25] for p; > 2 there exists a positive
constant ¢, such that

(|lz[Pi~22 — |y|P 2y, — y) > cp |z — y|P

for every x,y € RN where (-, -) denotes the usual inner product in R¥.
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Thus, it is easy to see that

(T'(u1y - yun) —T(vr, .oy o0) (U1 — V1, ey Uy — V)
n
> min{cy,,...,¢p, } Z llu; — vil[bi
i=1
for every (uy,...,up),(v1,...,v,) € X, which means that T is strongly

monotone. Therefore, since T is coercive and hemicontinuous in X (for more
details, see [20]), by applying Theorem 26.A of [27], we conclude that T'
admits a continuous inverse on X*. m

Let us recall that for 1 <1i <mn, VVO1 Pi(£2) is compactly embedded in
L%($2) for all ¢; € [ps, piN/(N —pi)| if pi <N,
(2.1) L%(§2) for all ¢; > 1 if p; = N,
C°(R2) if p; > N,
and that for 1 < i < n, W2Pi(£2) is compactly embedded in
LPH(R2) for all p} € [p;, piN/(N — 2p;)| if pi < N/2,
(2.2) L™ () for all r; > p; if 2p; = N,
C%(0) if p; > max{1, N/2}.

So, if p; > max{1, N/2} for 1 < i <n (N =1 is included in this case)
the embedding W?2Pi(£2) N Wol’pi(Q) — C%(92) is compact, and if p; < N/2
for 1 <i < n, the embedding W?2Pi(§2) N Wol’pi(_Q) — L%(2) is compact for
all ¢; € [pi,piN/(N — 2p;)].

Put

max

(23) k= max{ sup xeﬁ‘ -
uiewlpi((z)mw(}’pi((z)\{o} H“szi

() |Pi
[ui(@)] 1< < n}

In the case p; > max{1, N/2} for 1 <i < n, since the embedding W?2Pi(£2)N
W, P (£2) < CO(2) for 1 < i < n is compact, one has k < oo.
For all v > 0 we define

(2.4) K(v) = {t: (- tn) ER™: Y |ti|lpi S’y}.

- P

Now, we state our main result.

THEOREM 2.3. Assume that there exist a positive constant r and two
elements w = (wy,...,wy) and W = (Wy,...,w,) in X such that

s [
(A1) 3, = >
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(A2) if pi > max{1,N/2} for 1 <i<mn, then

(2.5) S sup F(z,t d:c<< sz> w(z)) dw

QPR (kr) ’l 1 H] 1 ]#szleHP
where k is given by ([2.3)), and
F(x,t su F(z,t)dz
(2.6) lim sup - (, ) SQ PieK (kr) (z,t)
1|4+t 00 izt [EilP/Pi m($2)kr

uniformly with respect to x € 2 where m(-) is Lebesgue measure;

(A3) if pi < max{l,N/2} for 1 < i < n, then there exist positive con-
stants by,0 and s with p; < 0 < p;N/(N —2p;) and s < p; for 1 <i <n
satisfying

(2.7) |F(x,t)] < by (1 +3 |ti|3> vt € R,
=1
|F'(,t)]
(2.8) hm sup < 00,
S (il —0 D Sl
(2.9) | P2, w(x)) dz > 0.
2

Then, for each \ in

] 82?21 [willpi /pi r [

o F(z,w(x))dz’ |, SUDte K (k) F(x,t)dx

if pi > max{1, N/2},

A= no | |Pi
} > i |[@illp; /pi r [
o F(z,w(z))dx’ |, SUPS |, |2 /i< F(z,u(z))dz
if pi <max{l,N/2}

the system (L.1|) admits at least three distinct weak solutions in X .

Proof. In order to apply Theorem 2.1 to our problem, we introduce the

functionals @, ¥ : X — R for each u = (ul, o un) € X as follows:
=1
and
(2.11) U(u) = | F(z,ui(2),... ,un(x)) dz.
0]

It is well known that @ and ¥ are well defined and continuously differentiable
functionals whose derivatives at the point v = (uy,...,u,) € X are the
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functionals @'(u), ¥’ (u) € X* given by

D' (u)(v) = SZ]AUZ( VP72 Auy(z) Avs (z) dx,
2 1=1
() () = Y P u(@),. .. un(z)vi(z) do
Qi=1
for every v = (v1,...,v,) € X; moreover, ¥ is sequentially weakly upper
semicontinuous.

Furthermore, Proposition 2.2 implies that ¢ admits a continuous inverse
on X* and since @’ is monotone, we infer that @ is sequentially weakly lower
semicontinuous (see [27, Proposition 25.20]).

We claim that ¥’ : X — X* is a compact operator. If p; > max{1, N/2}
for 1 < i < n, it is enough to show that ¥’ is strongly continuous on X.
To see this, for fixed (uy,...,u,) € X let (uim,..., Unm) — (U1,...,Up)
weakly in X as m — co. Then the convergence is uniform on 2 (see [27]).
Since F(z,-,...,-) is C' in R™ for every x € 2, the derivatives of F are
continuous in R™ for every x € 2, so for 1 <i < n, Fy (2, Uim, - - -, Unm) —
Fy,(z,u1,...,uy) strongly as m — oo, which yields ¥'(uim, ..., Unm) —
V' (uq,...,uy,) strongly as m — oo. Thus we proved that ¥’ is strongly
continuous on X, which implies that ¥’ is compact operator by Proposition
26.2 of [27]. If p; < max{1, N/2} for 1 <i < n, taking into account that the
embedding W?2Pi N Wol’pi — L%, q; € [pi,piN/(N —2p;)[ for 1 <i < nis
compact, from condition (A3), we see that @' is compact. Hence the claim
is true.

From (A1) and we get 0 < r < &(w), as required in Theorem 2.1.

In what follows, we discuss two cases.

Casg 1. If p; > max{1,N/2} for 1 < i < n, from (2.3) for each
(u1,...,up) € X we have

sug lui ()P < kw5 fori=1,...,n,
Te
so that
|ui (@ HUZHP
(2.12) sup <k :
MZ Z

and hence using and ( -, we obtaln

1 —oour]) — {ueX Zuuzn }

g{ueX Z'“l <k:rf0rallx€9}

’Pz
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Therefore, owing to assumption (2.5), we have

sup ¥ (u) = sup S F(z,u(z)) dx
ued~1(|—o0,1]) el (l=eor]) g
< S sup F(z,t)dz
QteK(kr)

rSQ f(m, w(a;)) dz _ 71W(w) .
> it lwillpi/pi— @(w)
Furthermore, from ([2.6)) there exist two constants v, 7 € R with

< S SuPek (r) F () d
T

such that
n [ts|Pi o
Em(2)F(x,t) <~ g —+7 forallz e
; i

and all (t1,...,t,) € R™ Fix u = (ui,...,uy,) € X. Then

L (@)l -
(2.13) F(:E,u(m))gkm(g)<7; ; +7'> for all z € (2.

Now, in order to prove the coercivity of the functional & — AW, we first
assume that v > 0. So, for any fixed A € A,, from (2.10)—(2.13)) we have

D(u) Z Hqum —A S F(x,u(z))dz
i=1

9]
||UZ||p Ay 1 . AT
> v — i pzd o
> i (2 @ de ) = 3
=1 =1 (0]
Hqup Ay  Juillp\ AT
> i km(2 Wallps |\ _ AT
; Cra M)

Z IIUzllpl W Z Hqupz N ﬁ
=1 i=1
IIUsz AT
> (11— i
- ( 7 (x,t dm) z; ’

S SUPye e (kr) F

and thus

On the other hand, if v < 0, we clearly get lim|j, |00 (P(u) — AV (u)) = oo.
Both cases lead to the coercivity of the functional @ — AW,



Ezistence of three solutions for a class of (p1,...,pn)-biharmonic systems 269

CAsE 2. If p; <max{1, N/2} for 1 <i <n, from (2.10) we get

o o) = fuex 3 Bl )

C{ue X: HuZsz < g/pir for 1 < i <n}.

From ({2.8]), for some positive constant be, there exists n € (0,1) satisfying

n

[Pz, ) <by Y [ti]°

i=1
for all |t;| < nfor 1 <i < n.In view of assumption (A3) and (2.7)), if we put

bi(1+ 30 [til]°)
b3 = max {bg, sup L ,
[t:|>n Z?:l ‘ti‘e

then |F(z,t)] < b3 > 1, |t:|? for all t; € R. Therefore, by (2.1)) and (2.2)), we
have (for a suitable constant by > 0)

sup  W(u) < sup | |F(z,u(z))|da
ued~1 (|]—oo,r) P(u)<r ;)

< b3 sup SZW ) da
@(u<7‘Qz 1

< by sup Z g |

Zn 1 H“1||pl/pz<"“ =1

< byn( Ei/pﬂ’)e for 1 <i<n.

So
i S Pued=1(—o0r)) V(u) _ 0
r—0 T
Since, from assumption (2.9), ¥(w) > 0, from the above we have

v (w)
sup U(u) < r——-=-.
ued—1(]—co,r]) (w) P (w)

Moreover, any fixed A € A,, from assumption (2.7 one has

D(u) — A\ (u) > Z HU;HPZ - A S by (1 + Z ‘uz(iﬂ)\s) dx
i=1 v ] i=1

Noting that s < g; for all ¢; € [p;, piN/(N — 2p;)[, we see that

B(u) — A\ (u) > Z”“p”p - Ag (1+02|u2 |%)
i=1 ¢



270 S. Heidarkhani et al.

for some C' > 0. Then, using the embedding W2?i(£2) N W, (£2) < L% )
for all ¢; € [pi,piN/(N — 2p;)[, for each A € A, we have

lim (P(u) — A (u)) = oc.

l[uf| o0

So, assumptions (i) and (ii) in Theorem 2.1 are satisfied. Hence, as the
weak solutions of the system are exactly the solutions of the equation
@' (u) — N'(u) = 0, the system admits at least three distinct weak
solutions in X. m

Now we want to present a verifiable consequence of the main result where
the test function w is specified.
Fix 2% € 2 and pick 7, r» with 0 < r; < ro such that

B(z%,7) € B(z°,ry) C 2
where B(z",r;) denotes the (open) ball with center at 20 and radius r; for

1=1,...,n. Put

(214) O'@':O-i(NypiarlaTQ) =

12(N +2)%(r1 +12) <kwN/2<r§V —rf’ >>”’“"
(ra — )3 I'(1+ N/2)

for 1 <4 <n,and

(2.15)  6; = 0;(N, pi,r1,72)

3N ErN2((r )N —@r) MNP dn
- (7“2—7’1)(7“1—!—7’2)( QNF(l—‘rN/Q) ) ! <7“2—7’17
B 12r) RN (4 )N — r)™M)\YPE
(Tg—Tl)Q(Tl—FTg)( 2NF<1+N/2) > ! T ro—n

COROLLARY 2.4. Assume that there exists w = (wy,...,Ww,) € X such
that assumption (A3) in Theorem 2.3 holds. Furthermore, suppose that there
exist two positive constants ¢ and d with

Enz (d@z)pl > C
[T pi

=1 i

such that:

(B1) F(x,t) >0 for each (z,t) € (2\ B(x,71)) x [0,d]";
(B2) if p; > max{1, N/2} for 1 <i <n, then

n d i Pi
(2.16) Z (doi)” sup F(z,t)dx
-1 Pi GteK(c/IT p)

<em— | Flad... d)de
Hi:l pi B(xY,r1)
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where o; and 0; are given by (2.14) and (2.15), respectively, and

F(.%',t) H?:l Di

(2.17) lim sup - : sup Fla, 1) da
[t1]+|tn]|—o0 Yoy tilPi /o m(2)c D EK(e/ T, pi)
for all x € 0.
Then, forr :=c/k][;—, pi and each X in
A=
( n dO’i)pi
i, .
Z f pi> 1,N/2},
] SB(wO,Tl)F(x’d’ cond)da’ § o supye gy F (2, 1) da [ f pi>max{1,N/2}
s il )
ol f pi < 1,N/2
] §oF (x,w(z))dz’ §osup_ m Fz,u())de [ if pi Smax{1,N/2},
" 2P
=1 D; =

the system (1.1)) admits at least three distinct weak solutions in X.

Proof. Set w(x) = (wi(x),...,wy(x)) where for 1 <i <mn,

wi(z)

0 if z € 2\ B(2,72),
d(3(l4—r§)—4(r1+r2)(l3—r§’)+6r1r2(l2—7“§)) .
= f GB 07 B 07 b
(ra —11)%(r1 4 72) if z (% ro)\B(z" 1)
d ifl‘EB(l‘O,Tl),

with [ = dist(z, 2° \/Zz (x; — 29)2. We have

ow;(x)
0x;
0 if z€(2\B(z% o)) U S(2r),
12d(12(x; — 20) = (r1 + ro)l(z;—29) +r1r9(2; —20))
(ro —71)3(r1 +72)

if € B(2°, 1)\ B(2°,71),
0?w;(z)
62%
0 if v€(2\ B(2° r9)) U B(2°, 1),
12d(rire + (21 — 11 — r2) (2 — 292/l — (r2 + 11 — 1))
(r2 —71)3(r1 +12)

if z€ B(z%,r9) \ B(2%, 1),
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and
a 0?w;(x)
; 0%x;
=1
0 if z€(2\ B(z%,1r2))UB(z%, 1),
_ 12d((N +2)I? — (N + 1)(r1 + ro)l + Nrim3))
(7“2 — 7’1)3(7“1 + 7"2)
if v€ B(2%,r9) \ B(2°,71).
It is easy to see that w = (wy,...,w,) € X and, in particular,

(12d)P: 27 N/2
(1o — 1r1)3Pi (11 + 1ro)Pi'(N/2)

x| (N +2)€ = (N + 1)(r1 + r2)€ + Nryro|PigN 1 dg

T1

for 1 <i < n. Hence, from (2.14)), (2.15) and (2.18]) we get

(2.18)  Jwilly; =

(do;)Pi (do;)Pi
(219) " < gy < 97
for 1 < ¢ < n. However, taking into account that > . ; (dij_)pi > an o0
i i=1Pi

from ([2.19)) one has
Z szH
=1

which is assumption (Al).
Since 0 < w;(z) < d for each x € 2 for 1 < i < n, condition (B1) ensures
that
(2.20) | Fle,w@)ds+ | F(z,w(z))dz > 0.
\B(x0,73) B(z9,r2)\B(z%,r1)

Moreover, from ([2.16]) and (2.20)), we have

S0, Fla,d,... d)dz P J
sup F(,t) do < SB( 0.r1) ( ) < ¢ SQ (z,w(z))dz

ek (kr) (r, Wj%)(n;;lpi) Tk I, pillwillp:
< H ) w(z))dx
Zz 1H] 1j;£szleH
so assumption in (A2) is satisfied. Also, (2.17) yields ({2.6)). Hence,

taking into account that A" C A,., using Theorem 2.3, we obtain the desired
conclusion. =
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REMARK 2.5. For any u € L%(£2), we have u = Y 7o | axex, where the
ay, are coefficients and ey is an eigenvector corresponding to the eigenvalue
Ap for k = 1,...,00 of the operator —A, the selfadjoint extension of the
operator — chvzl 9% /022 with the domain C2(£2) C L*(£2), where ey, for k =
1,...,00 form an orthonormal base. Then we can get —Au = >"77 | arAge.
Using the equality above, it follows that

o o)
1AulZ2 =) afxi = A1) af = Afjlull7,
k=1
SO
(2.21) 1 Aullz2 > M lul 2.

Taking into account that ||u/|eo < 2Hu||1/2||AuH1/2 (see [14]), from (2.21]) we
obtain

1 —1 2
(2:22) lulloo < SAT 2 Aull 2.
Moreover, using the Hélder inequality we have

1/2
JAulz2 = (§18uPdz) ™ < (1ol | A 2a) < m(2)42)] Aull 2
2

where 1/p+ 1/q = 1, which in conjunction with (2.22)) yields
1 212
lulloe < AT *m(2)" /)| Au] 20.

We recall an estimate for Ay, thezprln(npal eigenvalue of the operator A, on
a planar convex domain: A\ > Z- ( izt d2) where A, L and d denote the
area, boundary length and dlameter of the domain, respectively (see [2]).

We present an example to illustrate Corollary 2.4 as follows:

EXAMPLE 2.6. Let 2 = {(z,y) € R? : 22 + 92 < 9}, p; = po = 4 and
F : 2 x R?> = R be defined by

0 fort; <0,i=1,2,

(22 + y?)ti0e 12 for t1 < 0, ta > 0,
F(ajvyvtlatQ) = 100 ¢

(22 +y?)t 1 for t1 >0, ta <0,

(22 +y?) 2 t10e b fort; > 0,i=1,2,

for (z,y,t1,t2) € 2 x R2. In fact, by choosing r; = 1 and ro = 2, taking into
64

28973

3456 ,/ 27 12,/ 45

20 and Oy =0y = — 20
172 \9gg AN P2 an )\ 1156

account that & = we have

01 =09 =
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Clearly, by choosing 2° = (0,0), ¢ = 4 and d = 100 we observe that assump-
tion (B1) is satisfied. For (B2),

2

do;)Pi
Z( %) S sup F(x,ty,t2) dx dy
-1 P o te)er(e/ T, i)

:K‘S sup F(xvyatlatQ)d‘rdy
Q(tl,tg)EK(1/4)

2
<k S sup (22 +y?) Z 1%t da dy
N (tl,tz)GK(1/4) :

100 —t 2 2
= max : r° +y”)drd
t1t2 EK1/4Z 2 82 ( y) y
z4+y*<9
< /<c<2 max tlooe*t> S (2% +y?) dz dy
[t|<1 22 152<9
1

< 8lmre < 210010067100 = 510010067100 S (2% +y?) dx dy

x2+y2<1

c
= Hzi S F(z,y,d,d)dzdy,
=1 pi S(x07r1)

where k = %(100 3456 71/ 559 27 525)%. So, Corollary 2.4 is applicable to the system
A(|Au 2 Aup) = M2 + y?) (u])Pe —uf (100 —u]) in £2,
A(|Aug|2 Auy) = Az + y2) (uf )%~ (100 — uf) in £2,
uy = Aup = ug = Aug =0 on 012,

2 3456 4/ 27 \4
28072(100- 2395 3/ Z5)*  5eq.2 [
18-64. (100)1006_100 ’ 926.310¢ |*

where uf

= max{u;, 0}, for every \ € |
Put
(2.23) 7i = Ti(N, pi, 71, 72)

_ 12(N +2)%(r1 +12) (k(rév L] )>1/pl for 1<i<n.

(rog —rp)3 riV

Here is a remarkable consequence of Corollary 2.4.

COROLLARY 2.7. Let F : R® — R be a C' function in R"™ such that
F(0,...,0) = 0. Assume that there exist positive constants ¢ and d with
Yo (d0:)Pi/p; > ¢/ 117y pi and an element W = (Wi, ..., W,) € X such
that

(C1) F(t) > 0 for each t € [0,d]";
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(C2) if p; > max{1l, N/2} for 1 <i <n, then

2.24) m(Q) f: (dr: )™ ¢

max F(t) <
i=1

Di  teK(c/IIiz,pi) ( [Tz pi
where 7; is given by (2.23)), and
F(t D
(2.25) lim sup - ®) . < [l P max F(t1,...,tn);
|14 [tn| 00 D1 [EilPT/Pi ¢ teK(e/TI, p)

(C3) if pi < max{1l,N/2} for 1 <i < n, then there exist positive con-
stants b1,0 and s with p; < 0 < p;N/(N —2p;) and s < p; for 1 <i <n
satisfying

(2.26) IF(t)] < by (1 n Z |t7;]5> Vt; € R,
|F( )|
(2.27) 11m sup < 00,
S o0 o 1%
(2.28) | P(w(x)) dz > 0.
2
Then, for r:=c/k]]’, pi and each X in
S, S r
: . i 17 N/2 )
:| F(dv B 7d) ’ m(‘Q) maXt€K1(kr) F(t) |: lfp g max{ / }

w, || b
Al/ e ] 2?21 ” pl‘pl r |:
o F(w(x))dz’ |, SUDS~ | 2 /< F(u(x))dx
if pi < max{1, N/2},

the system

u; = Au; =0 on 0f2
for 1 <11 < n, admits at least three distinct weak solutions in X.

Proof. Set F(xz,t) = F(t) for all z € 2 and t = (t1,...,t,) € R™
Clearly, all assumptions of Corollary 2.4 are satisfied. In particular, since

m(B(z% 1)) = ri¥ 1“(%1/\?/2)7 assumption ([2.24]) implies (2.16)). So, we have

the conclusion by using Corollary 2.4. m

{ A(|Aui[Pi—2 Auy) = AFy, (ug, ... upn)  in 02,
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