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Weighted composition operators between a weighted-type
space and the Hardy space on the unit ball

by ZE-HuA ZHOU, YU-XIA LIANG and XING-TANG DoONG (Tianjin)

Abstract. This paper characterizes the boundedness and compactness of weighted
composition operators between a weighted-type space and the Hardy space on the unit
ball of C™.

1. Introduction. Let B be the open unit ball in the n-dimensional
complex vector space C", H(B) the class of all holomorphic functions on B,
H®(B) the class of all bounded holomorphic functions with the norm || f|| e
= sup,cp|f(2)|, and S(B) the collection of all the holomorphic self-maps
of B. Let do be the normalized rotation invariant measure on the boundary
S = 0B of B.

Let N be the set of positive integers and k € N. A function f € H(B) is
said to belong to the weighted-type space Hiog, (see [5, p. 3112, and also
[2] for the corresponding Bloch-type space) if

R (Hmm )!f( )| < oo,

where el*] is defined inductively by elll = e, elFl = e U and In 2 is the J
times applied logarithm function. It is easy to show that H).g, is a Banach
space with the norm || - ||, -

For each p with 1 < p < oo, the Hardy space H? in B is defined by

H7(B) = {J € H(B): sup [|/(rQ) do(C) < oo.
<r< S
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It is well known [28] that H? is a Banach space under the norm

15 = sup §1£(rQ)P do(C).
O<r<ls

If X is a Banach space, we denote by Bx the closed unit ball in X. Let
¢ € S(B). The composition operator C, induced by ¢ is defined by

(Cof)(z) = f(p(2)), feHB),zeB.

This operator has been intensively studied for four decades (see, for example,
[1] and [II]). For some recent results, see [22H25] 27] and the references
therein.

Let u € H(B) and ¢ € S(B). The weighted composition operator uCl, is
defined by

uCyl(f) = u(f o), feHB), z€B.

It is obvious that when u = 1, we have the composition operator C,. When
©(z) = z, we obtain the multiplication operator M, f(z) = u(z)f(z). There-
fore weighted composition operators can be regarded as a generalization of
multiplication operators and composition operators.

Recently, there has been an increasing interest in describing the bounded-
ness and compactness of weighted composition operators acting on different
spaces of holomorphic functions in terms of the inducing functions; see, for
example, [I, 6HI0, 12, 17, T9-21], 26] and the references therein. For some
product-type operators, containing composition operators, see, for example,
[2H4], [14H16, 18], and numerous references therein.

The present paper continues this line of research. The remainder is as-
sembled as follows: In Section 2, we state a couple of lemmas. In Sections 3
and 4, we characterize the boundedness and compactness of weighted com-
position operators between a weighted-type space and the Hardy space on
the unit ball of C™.

Throughout the paper, C' will denote a positive constant, the exact value
of which may vary from one appearance to the next. The notation A < B
means that there is a positive constant C' such that B/C < A < CB.

2. Some lemmas. To begin, let us state a couple of lemmas, which are
used in the proofs of the main results.
LEMMA 2.1 (see Lemma 2 in [13]). The function
. elk]

k
hip(z) =z H Inbl —
x
j=1

is increasing on the interval (0, 1].
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REMARK. From Lemma 2.1, it follows that the weight function
k k
w(e) = (1 =) [l -

is a decreasing function of |z| and lim,|_,; w(2) = 0.

The following lemma was proved in [5, Lemma 6]. For related results,
see also [16, Lemma 7], [I7, Lemma 3] and [18, Lemma 6.

LEMMA 2.2. There exist a positive constant N = N(n) and functions
Jis-- o5 fN € Hiog, (B) such that

al C
(2) > fm(2)] > ————, z€B,
= (1= [22) [T}y b 157

where C' is a positive constant.

LEMMA 2.3 (Theorem 4.17 in [28]). Suppose that 0 < p < oo and f €
HP(B). Then

171l
1)< oo s

for all z € B. Furthermore, the exponent n/p is the best possible.

The following compactness criterion follows from an easy modification
of Proposition 3.11 of [I]. Hence we omit the details.

LEMMA 2.4. Assume that u € H(B) and ¢ € S(B). Let X orY be one
of the spaces Hyog, and HP. Then uCy, : X — 'Y is compact if and only if
uCy, : X =Y is bounded and for any bounded sequence { f;}jen in X which
converges to zero uniformly on compact subsets of B as j — oo, we have
|uCy filly = 0 as j — oo.

The proof of the following lemma is well-known, so it is omitted here.
LEMMA 2.5. For 0 < p < oo, there is a positive constant Cp, depending

on p and N, such that (Efil x)P < CP(Zi\;l z) for all z; € (0,00), i €
{1,...,N}.

3. Boundedness and compactness of uC, : Hog, — HP. In this
section we characterize the boundedness and compactness of the operator
uCy : Hyog, — HP.

THEOREM 3.1. Assume thatk € N, 1 < p < oo, u € H(B) and ¢ € S(B).
Then uCy : Hiog, — HP is bounded if and only if

lu(r)[P
(3) M= sup : . do(¢) < oo.
o<r<1ly (1— |80(7’C)|2)p(H§:1 nV %)p
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Proof. Assume that (3) holds. For any f € Hog, , by (1)) and (3)) it follows
that

[uCo flp = sup Slquof(rC)lde(C)zoiup S\U(TC)\plf( ()P do ()

0<r<lg r<
. | P
s = lerQ) PP (Tl ) =Sram)”
<M HfH’fqlogk < o0,
so uCy : Hyog, — HP is bounded.

Conversely, suppose that uCy, : Hyog, — H? is bounded. Let fi,..., fn €
Hyog, satisfy . Using Lemma 2.5, we get

do (C)

< £, s

N
00 > ClluCyllpy,, nr > Z I fillen, NuColl B, a0 = D IuCo fill s
=1

=

N
=3 s VLA (€)= 3 s | rON doC)

S i=1 ls

> sup g(zm (rO)P ) u(r) P do Q)

>C sup S(Zm ON) ulrQ)” do(c)

0<r<1
p
> C sup |U(T,§)‘ G] ek P
o<r<t g (1= [ (rQ)P)P (T=y Y = 55ae)
SO holds. =

do (¢).

Next we characterize the compactness of uCy, : Hyg, — HP.

THEOREM 3.2. Assume thatk € N, 1 < p < oo, u € H(B) andp € S(B).
Then uCy : Hog, — HP is compact if and only if uCy, : Hyg, — HP is
bounded and

u(rg) P
(4) lim sup S o )’1 ] el
0<r<l ysay (1= 1@ (rQ)?)P (H] 1 W)

Proof. Assume uCy, : Hyog, — HP is bounded and holds. Let f(z) =
1 € Hypg, - Then we can easily get

5 do(¢) = 0.

M, := sup S lu(r¢)|P do(¢) < oc.
0<r<1S

By (), for any € > 0 there exists a & € (0, 1) such that for every § € (do, 1),
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we have

[u(rdP
(5) sup S k 1 e
o<r<1 (lo(rO)|>6) (1-— ‘SD(TOP)?( Hj:l Inb! W)p

do(¢) <e.

Now let {fm}men be a sequence of functions with sup,,cy || fm || Hig, < 1
converging to zero uniformly on compact subsets of B as m — oo. Let
d € (dp,1). We have

luCy finllfe = sup {1 fin(@(rO)Plu(rO)P do(C)

0<7’<IS
< sup | [ fnlerO)PlurQ)P do(C)
0<r<L f1o(r¢) <6}
+ sup S | fn (p(rO) [P [u(rC) [P do(C)
0<r<Ije(ro) >0}
=11 + Is.

Let K = {w : |w| < ¢}. Note that it is a compact subset of B. Then

(6) L<sup [fr(w)P sup | Ju(r¢)[P do(Q)
wer "< letro)I<o)
< M sup |fm(w)P -0 as m — oo,
weK

since fy, — 0 uniformly on compact subsets of B as m — oc.
On the other hand, by and , we have

7
(Iz) < Ifmll%, sup ek
< m e, k i elkl
o8k g<cr<1 {o(rO)|>0} (1 — |<,0(7“C)|2)1’(Hj:1 lnm W)

~do ()

<eE.
Combining @ with , since € is an arbitrary positive number, we obtain
lim ||uCy fm| gr = 0.
m—0o0

Hence uCy, : Hyog, — HP is compact by Lemma 2.4.

Conversely, suppose that uCy, : Hyog, — H? is compact. Then its bound-
edness is obvious.

Next we prove . Let [ € {1,...,n} and fl(m)(z) =z, m € N. By
Lemma 2.1, it is easy to check || fl(m)H Hi, < C; and fl(m) — 0 uniformly

on compact subsets of B as m — oco. By Lemma 2.4, |]uC¢fl(m)||Hp -0
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as m — oo. Thus
[uCof{™ s = sup J5™ (olrO)u(rQ)P dor(c)
S
S L(rO ™ lu(rO)|P do(C) = 0 as m — oo.

It now follows from Lemma 2.5 and . ) that as m — oo,

sup | [(rQ)["P [u(r¢)|” do(¢)
0 1

<r< S
< sup 3(2 rOl) " ulrQ)P do(¢)
=1

0<r<1

o<r<

<C sup | (IO utre)P do() — o
S I=1

This means that for every € > 0, there is an mg € N such that for every
0€(0,1),

d"™OP sup S lu(r¢)[P do(¢) < sup S lo(rO)|™Plu(r() [P do(C) < e.
0<r <l (1o (r0)]>5} Osr<ts

Let 6 > 271/(mop) By the above inequality we obtain
(8) s QP do(o) < 2.
ST ler¢) >0}

Let f € Bp,,,, - Define fi(z) = f(tz), t € (0,1). It is easy to check that
1 fell Hig, <1 and f; converges to f uniformly on compact subsets of B as
t — 1. So by Lemma 2.4,

[uCo fr = uCo fllmr = [[uCo(ft = Fllmr — 0
as t — 1. It follows that for all ¢ > 0 there is a ¢y € (0,1) such that for all
te (th 1)7

(9) sup Slf( (rQ)) = felp(rO)Plu(rQ)|P do(¢) <e.

<r<

Now fix ¢. By Lemma 2.5, (8]) and @D, we obtain
sup | 1 O)PlurO) P do(Q)

0= < {1p(r¢)| > 6}

<Csuwp | [f(e(rQ) = file(rO)) Plu(r¢)P do(C)

0<<1 4 16(r0)| > 6}

+Csup | filerQ)Plu(rQP do(C)

0= <14 16(r0) >0}
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< Ce + C| fillfre S | u(rQPdo(¢) < Ce(1+ | fill m=).
<" Hlpr) >0}
Combining this with shows that for every f € BHlogk and € > 0, there
exists p(f,¢e), depending on f and e, such that for ¢ € [p(f,¢e),1),

(10) sup | (erQ)Plu(rQ) P do(¢) < .

0= <1 16(r0) >0}

Since uCy, : Hiog, — HP is compact, uCy (B Hlogk) is a relatively compact
subset of HP. So for each € > 0, there exists a finite collection of functions
91,---, 9N, in By, -such that for each f in Bry,,,  thereisak € {1,..., N1}
with ||uC, f — uCyugk||ar < €, which implies that

(11) sup | 1 (@(rQ) = grle(rQ)Plu(rQ) P do () < e.

o<r<1

{le(r¢)|>6}
By , it follows that for p = max;<k<n, p(gr,€) and 0 € [p, 1),
(12) 5P Vo la(erO)Plu(rQ) P do(C) <,
<< () [>6)

for every k € {1,..., N1 }.
Thus from inequalities and , we get

(13) sup  sup | [f(e(rQ)Plu(r¢)P do(¢) < 2Ce.
T Bt0g, 0T {lp(r)[>6)
Choosing f1,..., fnN € Hig, as in Lemma 2.2 with ||fiHHlogk < 1 (if neces-

sary, take f;/| fill) in (13)), we have

sup  sup S | fi(o(rQ))[Plu(r¢) [P do({) < 2Ce.
T€B 105, 0<T<! {10(r0)|> 6}

Therefore
sup S lu(rg)?

k T \p
0<r<1 fodysay (1 QPP (T Y =50

do (C)

N
<sp | (e Turo P do(c)
O lpro)>a) =1
N
<O s, | R OIPrOP do(6) < Ce
O<T<1{‘ (rO)[>6}

Hence holds. =
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4. Boundedness and compactness of uC, : H’ — Hyg, . In this
section we characterize the boundedness and compactness of the operator
uCy : HP — Hjog, - The results in this section are somewhat easier to obtain
than those in Section 3, but we will give complete proofs for the benefit of
the reader.

THEOREM 4.1. Assume thatk € N, 1 <p < oo, u € H(B) andp € S(B).
Then uCy, : HP — Hog, is bounded if and only if

A\ ()
S S <H1“ o e <

z€B

Proof. Assume that uC, : HP — Hyg, is bounded. For any w € B,
choose the test function
(1 = lp(w)[*)”

Tl = 0 gy i
By Theorem 1.12 in [28] we get

_ w 2\pa
15) [l = sup {1fu(rOPdo(¢) = sup | L IPWI" 4

0<r<lyg O<r<ly |1 —7(C, p(w))|rtra

(1~ lp(w)2)™
A e T

a> 0.

It follows that

(16) [ fwllze[[uCopll oo by, = 1uCp fro(2) || i,

=sup (1 —|z]?) (Hlnm

z€B

(1= [wl?) (Hlnm

k
NG )
(= ful” (Hl |w|2>< T () Py

Since w is an arbitrary element in B, condition ([14)) follows.
Conversely, suppose that holds. Then for any f € HP, by Lemma
2.3,

)!u(Z)fw(sa(Z))\

)IU(w)fw(sO(w))!

k

€1, =500 (1= 1) ( II

j=1

cl¥]

e OREE)

k

el ju(2)|
< Ilf!!Hpilelg(l—IZIQ)(H 1_|Z,2)( < o0,

= [o(z) )7

proving the boundedness of uCy, : H? — Hyyg, . »
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THEOREM 4.2. Assume thatk € N, 1 <p < oo, u € H(B) andp € S(B).
Then uCy @ HP — Hyog, is compact if and only if uC, : HP — Hyg, is
bounded and

im — |z n [u(z)] =
i, '<H1 z\?)(l—w)r?)n/p

IS&(Z)IHl

Proof. First, assume that uCy, : H? — Hyog, is bounded and ({17) holds.
Taking f(z) = 1, it is easy to show that

My = (1— |2?) (Hlnm

It follows from ([I7) that for any e > 0, there exists a 6 € (0,1) such that

k
. 0l e |u(2)|
sl (Hl ’ |z|2)< e <

when § < |p(2)| < 1. Let {fi}ren be a bounded sequence in HP, say by L,
converging to zero uniformly on compact subsets of B as k — oo. Then from
the above condition we get

>|u(z)\ < .

JCi il =sup (1~ <P (Hlnm )|u<z>fk<so<z>>|

= sup (1—|z? <Hlnm

lp(2)|<6

+ osup (1- o2 (Hmm

lo(2)]>5
< Ms sup [fy,(w)]

|w| <

ek u\z
©osup (1 |2) (Hmm |Z|2>( _|'¢EZ§‘|2)n/prfk||Hp

|<P(Z)|>5

< My sup |fr(w)| +eLlP — elP,  k — oo.
lw] <8

>|U(Z)fk(90(2))|

) () fulo(2)]

Since € is an arbitrary number, we obtain
kli;n;O HUC@kaHlogk - 0
Lemma 2.4 now yields the compactness of uC,, : H? — Hyg, .

Conversely, suppose that uCy, : H? — H),g, is compact. Then it is
bounded. Let {zx}ren C B be such that limg o |@(2x)| = 1 (if such a
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sequence does not exist then obviously holds). Let

1-— 2:)|2)e
(1 = (z,0(zp)))/Pte
Then from we know that f;, € HP with supyey || frllpr < C, and f;; — 0
uniformly on compact subsets of B as k — oo. Lemma 2.4 yields
(18) T [[uCl fel 1, = 0.

From we easily see that

a>0,keN.

e ) |u(zk)|

k
uC S (1 — |22 < nb! :
1uClp fillzng, > (1~ 2l) H T Tal ) (L= |p () B/

Letting k£ — oo and using we obtain (17)). m
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