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Abstract. We prove precise decomposition results and logarithmically convex esti-
mates in certain weighted spaces of holomorphic germs near R. These imply that the
spaces have a basis and are tamely isomorphic to the dual of a power series space of finite
type which can be calculated in many situations. Our results apply to the Gelfand—Shilov
spaces S and S¢ for a > 0 and to the spaces of Fourier hyperfunctions and of modified
Fourier hyperfunctions.

1. Introduction. The structure theory of Fréchet spaces and especially
the theory of power series spaces has proved to have many applications
to linear problems in analysis such as existence of continuous linear right
inverses or solvability of vector-valued or parameter dependent equations.
The relevant modern tools to treat this type of problems are splitting theory
for power series and homological techniques like the Proj or Ext functors. To
apply these tools we often need to know that the spaces under consideration
are isomorphic to power series spaces or at least share some of the properties
of (DN) or () type which are typical for power series spaces.

For spaces of holomorphic functions defined on a fixed domain these
properties have been intensively studied in the literature (see e.g. [14HI6),
18] 23] and the references cited there), while for germs of holomorphic func-
tions much less is known: the space of holomorphic germs near a compact
set K C C? is well studied, and we have shown in [I0] that the Hermite
functions are a basis in the space Pi(R) of test functions for the Fourier
hyperfunctions defining an isomorphism of P.(R) to Ag(n'/?);, i.e. to the
dual of a certain power series space of finite type. This result has recently
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been extended to expansions with respect to the eigenfunctions of certain
elliptic differential operators (see [3] and also [I]). The method of proof used
in [10] was limited to spaces invariant under Fourier transformation. So it
cannot be applied to the Gelfand-Shilov spaces of holomorphic functions S,
for a > 0 (see [2] and notice that P,(R) = S{ in the notation of Gelfand and
Shilov) and it also did not work for the test function space for the modified
Fourier hyperfunctions (see [20]).

In the present paper we study this question for (DFS)-spaces H,(R) of
germs of holomorphic functions defined on strips near R as follows:

with
Hy o (Vi) == {f e H(Vi/) ‘ flln = sup |F(2)]e"@/n < OO}

2€Vi/n
for Vi, := {2 € C | [Im(z)| < 1/n} where v is a weight function satisfying
some mild natural conditions (see [2.1]).

We are working in the tame category since the splitting theory for power
series spaces of finite type needs this restricted class of continuous linear
mappings (see [19]). The basic tool of our considerations is the tame vari-
ant, developed in [9], of the Mityagin—Henkin result on existence of bases
in power series spaces of finite type (see [22]). This means that we have to
prove that the “norms” in the spaces in question (and in their duals) sat-
isfy certain submultiplicative estimates. The latter means that we have to
solve a decomposition problem with bounds for holomorphic functions near
the real line. This is achieved in Section 2 (see Theorem using suitable
(holomorphic) cut-off functions (see Lemma and the decomposition of
holomorphic functions into summands defined on different strips including
precise estimates for the summands (see Lemma . A useful logarithmi-
cally convex estimate is obtained in Section 3. We thus obtain the following
main result in Section 4 (see Theorem [4.4])

THEOREM. For any weight function v the space H,(R) is tamely iso-
morphic to some Ao(a)y, i.e. to the dual of a power series space of finite
type.

Notice that our method of proof only gives the existence of a Schauder
basis but not a concrete basis as in [I}, B, [10]. However, the coefficient space
Ap(a)y (i.e. the sequence av = (ay,)nen) may be calculated using estimates
for the diametral dimension of #,(R) given in [12]. This implies in particular
that the Gelfand-Shilov spaces S} are tamely isomorphic to Ag (nl/ (O‘H))g.
More examples are provided in Section 5.

The method may be transferred to spaces defined on conic neighborhoods
of R, showing that the space of modified Fourier hyperfunctions is tamely
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isomorphic to Ag(n/In(n)). In particular, it has a basis. Moreover, the spaces
of Fourier hyperfunctions and of modified Fourier hyperfunctions are not
isomorphic.

2. Decomposition of holomorphic functions. Roughly speaking,
proving a linear topological invariant of (£2)-type (or the dual formulation
of invariants of (DN) type) for a locally convex space E just means prov-
ing a decomposition in E with a certain control of the seminorms of the
summands. In this section we will prove a rather general corresponding de-
composition result for holomorphic functions defined on strips

Vi :={z € C||Im(2)] <t}
near R by weight functions in the following sense:

DEFINITION 2.1. A continuous function v : C — [0, oo is called a weight

function if v(z + iy) = v(]z|) on C where v : [0,00[ — [0, 00[ is strictly
increasing and satisfies

(2.1) In(1 + |z|) = o(v(z))

and there are I" > 1 and C' > 0 such that

(2.2) ve+1)<Tv(x)+C ifz>0.

In the rest of the present paper v will always denote a weight function.
We will also assume without loss of generality that v(0) = 0, i.e. that v is
bijective on [0, col.

In this section we consider the weighted Banach spaces of holomorphic
functions given by

He(V) 1= { € HOVA) | 1fllra := sup £ ()™ < oo}

for t > 0 and 7 € R. The following decomposition theorem is the main result
of this section:

THEOREM 2.2. There are t, Ky > 0 such that for any 1o < 7 < 7o there
are Co = Co(sign(rg)) > 0 and Ko = Ko(sign(r)) > 0 such that for any
0 <2ty <t <ty <t with

—C
t < mm[Kl,KQ,/TOTO}
o — Co1p

there is C1 > 1 such that for any r > 0 and any f € H-(V;) with || f||-+ <1
the following holds: there are fo € H(Vy,) and fo € H(Vy,) such that f =
fo+ f2 on Vi, and

(2.3) 1follomote < Cre™" and || fallrye, < €
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where
t—to ™— Cymo

2t "1 —Coro ]’

G := Kymin [1,

The proof of Theorem [2.2| will be obtained in several steps starting with
the construction of appropriate holomorphic cut-off functions as follows: for
r >0 let

H.(z) = Do S cosh(&)e™ ™M ge eV,
T Yz

where D, := {* _cosh(z)e™" cosh(z) dg: and ~, is a path in V; from —oo to 2.
Set

(2.4) E,a(2):=H.(A+ 2)H.(A—2)
for A > 0.

LEMMA 2.3. H, and E, 4 are entire functions such that there are B; > 0
and C1 > 0 such that for any t € 10,1] and any r, A > 0,

(2.5) |E,4(2)] < CrePr?? if 2 € Vi,

(2.6) |Epa(2)] < Cre 8™ ™ if 2 € Vi and Re(z)| > A+ B,

2.7) 1= Ena(2)] < Cre " ™ if 2 € Vi and Re(z)| < A — B,.
Proof. (a) Since

(2.8) cosh(x + 1y) = cosh(x) cos(y) + isinh(z)sin(y) for z,y € R

and therefore

(2.9) |cosh(z + iy)|* = cosh?(z) —sin®(y) for 2,y € R,

we have, for t € ]0, 1],

(2.10)  exp(1 + el /2) > ecosh(@) > |geosh(z)|

> ecosh(@)eost) > oxp(el®l/a)  if 2 = 2+ iy € V.

The integral defining H, is thus convergent on Vi, and D, is finite; H, is
well defined (by Cauchy’s integral theorem) and holomorphic on V;. Fur-
thermore, H, can be extended to an entire function since it is the primitive
of (1/D,) cosh(£)e~"°M&) on V; vanishing at —oc.

(b) By and we get, for z = x 4+ iy € V; and t € )0, 1],

T

(2.11) H,(2)] = Di [ cosh(€ + ig)e ) ge
1 0 —r cosh(&) cos(t
< D, S cosh(&)e (&) cos(t) e,

—0o0
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Notice that

o0

7 (g reon g
oo 1
<2 S cosh(&)e™ cosh(¢) d¢ sup T (1—cos(t)) cosh(§)
0 £€lo0,1]
+ 4 | sinh(£)e T eoh(©cos®) g
1
1 1
<S COSh rcosh(f) df er(l—cos(t)) cosh(1) + e cosh(1) cos(t))
0 7 cos(t)
4
< 7“(1 cos(t)) cosh(1)
- cos(l) D,
since

[e.9]

Cosh(g)efrcosh(ﬁ) dé +2 S Sinh(g)efrcosh(g) de
1

Dy >

O e = O ey

Cosh<£)e—rcosh(§) de + %e—rcosh(l)'

This shows that
|H,(2)] < C1eP" ifz eV
and therefore E, 4 satisfies ([2.5)).
(c) Let z =z +iy € V4 and x < —1. Since cosh is even, we get as above

T

Hy(2)] = 55-| | cosh(—¢ — ig)e™ e g
1 T . —r cosh(€—iy)
=D, S cosh(¢ — iy)e 4 dﬁ‘
||
1 > 00
< F S Cosh(g)efrcosh(g)cos(l) d¢ < re’ S Sinh(g)efrcosh(ﬁ)ﬂ d¢
" el 2
< 26r77'cosh(\x|)/2 < 26rfrexp(|z|)/4’
because
D, >2 S sinh(z)e " M@) gy = 2¢77 /r.
0

Using also (2.5)) (for H, instead of E, 4) this implies (2.6)) for suitable Bs.
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(d) Since cosh is even, we get by Cauchy’s integral theorem

1—H,(2)

[e.9] x

1 ‘ '
= F( S COSh(f + iy)efrcosh(@rly) df _ S COSh(f 4 Z‘y)e*TCOSh(éJrzy) df)
Ly ; —r cosh(—&—1iy)
=D S cosh(—¢& —iy)e V) d¢
1 ,
= - | cosh(€ — ig)e " ONEW d = Hy(~a — iy) = Hy(~2)
and hence

1-FEra(2)=(1—-H.(2+A)H(A—2)+ (1 - H.(A—2))
=H,(—A—2)H,(A—z)+ H (2 — A)

satisfies (2.7) by (2.5) and the estimates given in (b) and (c) (applied to
H.(—A—2z)and Hy(z — A)). =

The bounds in the space H,(R) := limind, 00 Hi/p1/n(Vijn) of germs
of holomorphic functions are given by the functions exp(v(z)/n), n € N.
We will now show that by we can use the bounds |exp(w(z)/n)| =
exp(Re(w(z))/n) instead with a holomorphic function w leading to a tame
change of the seminorms.

LEMMA 2.4. There are0 <t <1 and Bj; > 1 and a holomorphic function
w on Vi such that

(2.12) v(z) < Re(w(z)) < Bav(z)+ By if z € Vy.
Proof. Considering v := v+ A instead of v for large A we can assume that
(2.13) vie+1)<TIv(z) ifxz>0
by since I' > 1. This implies that
(2.14) ve+y) <I'v(z)[Y ifzx>0andy>0.
(a) Set Cy :=21In(I") and let

w(z +iy) = | v(t)/cosh(C(x + iy — 1)) dt.

By we have
(2.15)  |cosh(Cy(x — t + iy))|* = cosh?(Cy(z —t)) — sin*(Cyy)

—0o0

> cosh2(Cy(z — 1)) — (Cry)? > %coshQ(Cl(x _ )

1 ~
> ge%‘l\w—t\ if Jy| <t:=1/(2Cy).
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The inequalities (2.15) and (2.14)) imply that

(e +iy)| <4 | ollal + |t — z)e Ol gy
<A4I'v(x) OSO eIzt gt < 8 F v(z) fx+iyeVr
- B — In(I") t

by the definition of C';. Thus w is defined and holomorphic on V; and satisfies
the right inequality of (2.12)).
(b) On the other hand we have, by (2.8)) and (2.15)),
Re(w(x + iy)) = S v(t) cosh(Cy (z —t)) cos(Cry) /|cosh(Cy (z —t +iy))|? dt
:E-I—I/Cl

> S v(t)/cosh(Cy(xz —t)) dt > v(|z])/(2 cosh(1) In(I))
if 2 > 0 and |y| < t. For < 0 we argue with §_ v(t) dt instead and get the
same estimate. We obtain (2.12)) by multiplying w with 2 cosh(1)In(I"). =

The following elementary but useful result on decomposition of holomor-
phic functions on strips is proved via Hérmander’s solution of the weighted
O-problem. It is therefore convenient to switch to Lo-norms instead of sup-
norms.

LEMMA 2.5. Let0 < tg < t1 < to < oo. Then for any 0 < § < (t1—tg)/to
there is C1 > 1 such that for any plurisubharmonic function ¥ on Vi,, any
f e H(Vy) satisfying

| IF)Pe B dz <1,
Vi,

and any r > 0, there are fy € H(Vy,) and fo € H(Vi,) such that f = fo+ fo
on Vi, and

1/2
(] 1£:)Pe2E0 +[2)2d:) © <,
Vi

(1 1) PeO + 12p)2dz) " < Cre?

Vig
Proof. (a) Since 0 < 0 < (t1 — tp)/t2 we may find 7 € (to,t1) such that
6 < (m1 —to)/t2. Choose ¢ € C§°((—t1,t1)) such that o(y) = 1if |y| <7
and extend ¢ to C by p(z +iy) := ¢(y). Set

Pr(2) = r([Im(z)| — 71)/ta.
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Clearly, v, is plurisubharmonic on C and we have, by the choice of 71,
(2.16) Ur(2) <r(to—11)/ta < —rf on Vj,,
(2.17) Yr(2) <r onV,, and Y.(2)>0 ifz¢V,.

By [4l, Theorem 4.4.2] there is a solution g € L2 (V;,) of d(g) = 8(f¢) such
that, by (2.17)) and the assumption,

(218) | lg(z)Pe 2B (14 |22) 2
Vi
< | Plef)Pe?r @ 2@ az <y | [f(z)Pe P dz < 1.
V;f2 th\VTl
(b) Set fo:=¢f — g and fp:=g. Then fo € H(V},) and fo € H(V;) C
H(Vi,) and f = fi1 + f2 on V4, since ¢ = 1 on V;, D V4.
The claim for fy = g holds since, by (2.16) and ,

( | l9(2)Pe PP (1 4 |2%) 2 dZ) 1/2

Vig

_ 22 ( = _ /2 .
< ( S \g(z)|26 2r(2)= 20 )(1 + |Z’2) de) e " < Cie o forr > 0.
Vig

Similarly we get, by (2.17)), (2.18) and the assumption on f,
1/2
(] 1£()Pe2E0 + |22) 2 a2)

to ;
< ([ 1roEre ™ az) "

1/2
+ ( S g(2)]Pe2¥r(2)=20(2) (1 4 |5|2)~2 dz> e’
Vig
< Cy+ Cre" < (C1+ Cy)e”  for r > 0.

The lemma is proved. =

COROLLARY 2.6. There are 0 < t, 0< Co+ <1 and 1 < Cy,— such that
forany T €R, any 0 < tg <t <ty <t and any0 <6 < (t—to)/t there is
Cy > 1 such that for any r > 0 and any f € H; (V) the following holds for
C10 = CO ,sign(r If ||f||‘rt <1 then there are fO € H(V;fo) and f2 € H(%Q)
such that f = fo + fo2 on V4, and

I follcorte < Cre™™  and || follcore, < €.
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Proof. (a) Let 7 > 0. By (2.1), C; := SVt e () dz < co0. By Lemma [2.4
we thus get
| 1f(z)Per et @B dz < Oy 1112,
Vi
Since ¢(z) := —7 Re(w(z))/(2Bs) is plurisubharmonic we may apply Lem-
ma for t1 := t. Using the mean value property of holomorphic functions

with respect to discs, (2.2)), (2.1) and Lemma again, we may pass to the
sup-norms || fil|g,, 7, for t > ta > o, and || follo,, 7 for to < to < t. Here

Co:=Cp4 :=1/(4I'Bs) < 1 for I" from .

(b) For 7 < 0 we argue similarly, using first the left inequality of (2.12),
then Lemma and then the right inequality of to switch to sup-
norms again. Here Cp := Cy _ :=41'B3 > 1. =

Lemma provides a decomposition of f € H,(V;) according to the
weights {7v}, while Corollary provides a decomposition according to the
domains {V;}. But a joint decomposition for both systems is needed to prove
Theorem A question of this kind appears in several analytical situations
and we can solve it in the present case, i.e. we can now give

Proof of Theorem (a) Let f € H.(V;) satisty | f]l-+ < 1. Choose
Fy € H(V;,) and Fy € H(V,,) for f by Corollary 2.6 We cut off the functions
F}; using the functions F, 4 from Lemma for A := A, to be determined
later: with a :=1In(I") > 1 for I" from t

fo(z) = (1 — Era(az))f(z) + Fo(2)Era(az) if z € V,
fa(z) == F2(2)Ep a(az) if z €V,
where we assume that ¢ < 1 /a without loss of generality. Then we get

fo(2) + f2(2) = (Fo(2) + Fa(2)) Er a(az) + (1 — Er a(az)) f(2)
=f(z) ifzeV,

since Fy + F» = f on V}, by Corollary
(b) For By > 1 to be determined later, choose ro > 0 such that

(2.19) A:=av ' (r/(r2 — Co7)) = By >0 for r > rg

for Cy from Corollary (notice that 79— Cym > 79—7 > 0 by Corollary.
By Corollary and (2.5) (for ¢t := t2) we then get for r > rp, using
also (2.19),

(2.20) | f2(2)]e™"®) < Cy|Fy(z)|ePrrtv@) < opeBriDrt(n—Coru(x)
< C1e BT if 2 €V, and alz| < A+ Bs.

Let alz| > A+ By and set C := (A + By)/a = v~ (r/(72 — Cy7)). Then
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v :=|z| = C >0 and we get, by (2.14) and (2.19),
(7’2 — CQT)U($) = (TQ — C()T)’U(C —i—’y) < F(TQ - C()T)’U(C)F’Y
— r[e® = plealel=A=D < retlel=4/8

if In(8I") < Bs. If By > By, from ([2.6) we thus get, for z € V;, and alz| >
A+ Bs, by, ([2.6) and Corollary

’f2(z)’€7'21)(x) < 0267“—7"exp(a\x|—A)/8+(TQ—CUT)v(x) < Cqe”.
Summarizing we have shown that for r > rq,
(2.21) |fo(2)]eV®) < O3 if z € V.

(c) To estimate fy we first notice that by (2.5) and Corollary (and
for 0 defined there)

|Fo(2) Er a(az)|eC00v(®) < Cre® BIrti=0r < Cue=0/2  if 5 € Vi, and to <Tp

where Ty := min(t/2,1/(4a®>Bit)) (and also § > (t — ty)/(2t) without loss of
generality) .

Since || f|l-+ < 1 by assumption, we have

|(1— ET,A(az))f(z)]eCOTOU(I) < e(COTO*T)”(w)H —E, a(az)]  if z € V.
For D to be determined later, we estimate the right hand side as follows,
using (2.5) again:

|1 _ ETA(CLZNG(COTo—T)U(w) < C6€a231t3r+(007—0—7)v(m)
< CGGDT‘—‘,-(C()T()—T)’U(:E) < Cﬁe—Dr

if z € Vi, to <Th:=+/D/(a?By) and |z| > v_l(ﬂ). Notice that again

T7—CoTo
7 — Co1o > 0 by Corollary
On the other hand, by ([2:19), |z| < v~ (22 ) implies alz| < A — B,

7—Co1o
if
2rD r ~
2.22 =) <o} ———) -2By/a.
( ) v <T—C'0T()> =Y <7‘2—C()T> 2/a
By (2.2) we may choose I and then D such that
~ ~ T — Co1p
v(y+2By/a) < I'v(y) forlargey and D < ——m—+——=.
( /a) (@) (o — Cor)2I"

By calculating the inverse functions we then find

(2.23) v (/) < v '(t) — 2By/a  for large t
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and we get (12.22)) by the choice of D and ([2.23)) as follows:

_1< 2rD > _1< r >
v — | < —_—=
T — 007'0 (7‘2 — C()T)F

<ot <T> — 2§2/a for large 7.
o — CoT

We thus may apply (2.7)) for large r and for |z| < v_l( 2rD ) (since then

T—CoTo

alz] < A — By by the preceding reasoning) and get by the definition of A
in ([219), since Cym — 7 < 0,
11— ErvA(az)|e(COTo—T)v(x) < Ce~§ exp(A—alz])

exp(av™1(

r

< 076_8 )_§2_avf1( 2rD

T—CoTo ) S 076_7:

_r
T9—CpT

Here the last estimate holds if

2rD T ~
In(8 == V<af———") =~ B,.
n(8) + av <T—C()T()> < av (7_2 —C’m’) 5

Calculating inverse functions again, the latter estimate holds if and only if
7 — CoTo

v(y + (In(8) + By)/a) < T'w(y) and D < m.

Again, I exists by (2.2)). Summarizing we have the estimate
(2.24) | fo(2)]eCo™ @) < e CT,

where G := min(6/2, D, 1), for z € V, and r sufficiently large. Theorem
is proved by rescaling r since (2.3)) has to be proved only for large 7. =

3. Logarithmically convex estimates. Logarithmically convex esti-
mates for the norms in H,(V}) are obtained much easier than the decompo-
sition results from the preceding section. We start with the space A([—1,1])
of analytic germs near [—1,1]: for ¢ > 0 let W, denote the ellipse with foci
at £1 and half-axes [0,v/1 + 2] and [0, ¢], and let H>°(WW;) be the space
of bounded holomorphic functions on W;. The norm in H*>°(W,) is denoted
by |l Clearly, A([—1,1]) i= indyyo H(W)).

Moreover, it is well known that there is A > 0 such that, for any 0 <
to <t <ty and any f € H™(W,,),

(3.1) I lae < W7l *NAUE,  for 6> (¢ —to)/(t2 — to)
(see e.g. [11, (3.1)] for a proof). This implies the following:

PROPOSITION 3.1. There are t, A > 0 such that for any 0 < To < T < Ty
(respectively, for any 190 <7 < 19 < 0) and any 0 < to <t < ty <t there is
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Cy > 1 such that for any f € H.,(V4,),
(32) FlLarae < CHLFISE 11,
where 6 > max|(t — tog)/(te — to), (T — 710) /(72 — T0)].
Proof. Let z =x 4+ iy € V4. By we get
|f @+ i)™ < ||z + ) ae™
< M@+ i@ £+ g ™
< f@+ et @) fla 4+ ),

< CleHGTO,tOHf”GTQ,tQ
where G := F' is chosen by (12.2]) such that
vz+2) < Fo(x)+C if1p>0
(and G := 1/F if 7 < 0). The second to last estimate holds since 6 >
(1 —10)/(72 —70). ™

4. Bases in weighted spaces of holomorphic germs. The results
of the preceding sections will now be used to show that certain spaces of
weighted germs of holomorphic functions admit a basis and in fact are iso-
morphic to the dual of a power series space of finite type. More precisely,
we are considering the following weighted spaces of holomorphic functions:

where

HiolVign)i= {1 € HVipn) [ W= 1Sl = sup 172" <00}
z 1/n

as before. A typical example is the test function space P.(R) of Fourier
hyperfunctions (here v(z) = |z|). More examples are provided in the next
section.

REMARK 4.1. Let v and u be weight functions. Then #H,(R) C H,(R) if
and only if there is C' > 0 such that u(z) < Cv(z) for large z.

Proof. The sufficiency is obvious. If H,(R) C H,(R) then the inclusion
is continuous by the closed graph theorem, and Grothendieck’s factoriza-
tion theorem [I7, 24.33] implies that there is k € N such that H?(V;) C
Hf/k(Vl /&) With continuous inclusion (again by the closed graph theorem)

for 7 :=t from Lemma Hence there is C; > 0 such that
WA e < CHl I, if £ € HE(V,).

This can be applied to f(t) := 1/w(t) since ||f||7, <1 by Lemma 4] This
shows that

u(z) < k(Re(w(x)) 4+ In(Ch)).
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Applying Lemma [2.4] again we get
u(z) < 2kBsv(x)  for large x
as desired. m

Since we are aiming at power series spaces of finite type we will need to
consider rather precise continuity estimates i.e. we will use graded spaces and
tame linear mappings. For the convenience of the reader the basic related
notions and tools are briefly recalled.

A Fréchet space E with a fixed increasing system (| |;);jen of seminorms
defining the topology of F is called a graded Fréchet space. A linear mapping

T:(E7’ ’J)%(Fv‘ |])
between two graded (F)-spaces (E,| |[;) and (F,| |;) is called (linearly)
tame if there is A € N such that for any j € N there is C; > 0 such that for
any f € F,
IT(f)]; < Culflay-

Finally, T is called a tame isomorphism if T is bijective and T and T~! are
tame.

The main tool used in this paper is the tame structure theory of power
series spaces of finite type. Recall that power series spaces of finite type and
their canonical gradings are defined as follows: Let (ag)ren be an increasing
sequence of positive numbers. Then

Aofar) = { ()ren | Vi € N [(e)ly = Y lexle™/ < oo},
keN

The existence of a basis is provided by tame variants of the conditions (£2)
and (DN) of Vogt (see e.g. [I7]) which were introduced in [9]: Let (E,| |;) be
a graded Fréchet space and let U,, denote the unit ball with respect to | |,.

We say that E has property (). if for any k € N there is B € N such that
for any n,j € N there is C7 > 0 such that for any r > 0,

(4.1) Upn, C TUj + ClTl_nUk.

Furthermore, E has property (DN), if there are p, B € N such that for any
n € N there are m € N and 7 > 0 such that

(4.2) |l < Ch| fIL/ B fL1/ B,

An easy calculation shows that power series spaces of finite type satisfy
(©); and (DN); when endowed with their canonical grading from above.
The following theorem states that the converse is also true, and it will be

applied to H,(RR); being the basic tool for our considerations:

THEOREM 4.2 ([9, Theorem 1.5]). A nuclear graded Fréchet space E is

tamely isomorphic to a power series space of finite type if E satisfies ()
and (DN);.
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In this section we will prove (Q); and (DN); in a dual formulation. Us-
ing [17, Lemma 29.13] the following is easily shown: A graded Fréchet space
E satisfies (Q); if and only if for any k € N there is B € N such that for any
n,j € N there is C; > 0 such that

(4.3) | e < Coll DY YR
where
|fli =sup{|v(f)| |ve E, vy <1}, feFE,

are the dual “seminorms” in Ej.

Similarly (see e.g. [22], Lemma 2.4]), E has (DN); if and only if there are
p, B € N such that for any n € N there are C1; > 0 and m € N such that for
any r > 0,

(4.4) B, CrB,+ Cyr— VBB
where B, are the unit balls with respect to | |[}.

Clearly, the “norms” || ||, in H,(R) could also be defined by taking
Lo-norms instead of sup-norms leading to a tamely equivalent topology
on H,(R). This implies that H,(R) is a (DFN)-space (compare e.g. [13]
Section 2, Satz 2]|). The Fréchet space H,(R); will always be considered
with the canonical grading defined by

ln = sup{[v(f)] | f € Hijni/n(Viga), Iflln <1} if v € Ho(R)".

LEMMA 4.3. Let v be a weight function. Then the space H,(R) endowed
with the canonical “norms” || ||, is tamely isomorphic to H,(R) endowed
with the dual “norms” | |}.

Proof. Since v is a weight function, the dual “norms” | [ on H,(R)
satisfy

917 = sup{[v(g)| | v € Ho(R)', [v]n < 1}
=sup{|v(g)| | v € Ho(R)', sup{[v (/)] | | flln <1} <1}
<llglln if g € Hyo(R).
Moreover, for I" from we get

lgllrn = Sup{lg(:v +iy) e’/ | Jy| < 1/(In)}

sup {‘ Zg(” )(iy)’ /5! e”

= Sup{le,z,y( )z eR, |yl <1/(I'n), k e N} < Cigl,

IN

(In), k € N}

where

k
Vhay(9) = D gV (@)((iy) /i)’ @/,
j=0
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The last estimate follows since vy, ,, € H,(R)" and since, for n > 1,

|Vk,x,y )| < Z ]g J/j Je v(z)/(I'n)

< 2(2/F)j sup{|g\? (z)|((2n) 7 /j1)e’ @/ | j € N}
§=0

< C1lglln sup{e™ =)/ mH @/ I | o € R, [3] < 1/}
< Cillglln if |2] > 2o + 1
by Cauchy’s estimate with radius 1/(2n) and (2.2)) since we can assume that

>3 @2).
We may thus use || f||,, instead of the dual norms |f|} when proving (),

and (DN),; for H,(R)j} via (4.3) and (4.4).

THEOREM 4.4.

(a) Hy(R)} is tamely isomorphic to a power series space Ao(cw,) of finite

type.
(b) Hy(R) is tamely isomorphic to Ag(aw,)j.

Proof. (b) follows from (a) by duality. To prove (a) we have to show
and for || flln := || fll1/n,1/n by Theorem (4.2 and the remarks above.

The estimate now follows from Proposition upon choosing 7 =
t=1/(kn), 7o =to=1/jif j > kn and 7 = to = 1/k. We thus get

0= (1/(kn) —1/5)/(1/k —=1/j) < 1/n
(for j < kn, (4.3 is trivially satisfied).
The proof of follows from Theorem [2.2 - by choosing 7 =t = 1/n,
T =ty = 1/(K0m) for m > 2n(Co+1)/Ko and 75 = to = 1/p for 2/p < t
(notice that Ky is at most 1). m

Since we know by Theorem [4.4| that H,(R) is tamely isomorphic to some
Ao (o)}, we can use the diametral dimension (see [5, p. 209]) to determine the
sequence (ay,),. For this we need to find suitable subspaces or quotients of
Hy(R) (and represent #H,(R) as a subspace or quotient) of spaces for which
the diametral dimension can be calculated. This is done in [12]. In fact,
we also need the generalized diametral dimension introduced in [8] which is
based on a linear topological invariant of (DN) type. Here the decomposition
in Theorem is used again. In this way the sequence (a,) in Theorem
is calculated in [I2, Theorem 4.6], giving the following result:

THEOREM 4.5. H,(R) is tamely isomorphic to Ag(n/g(n)); where g is
the inverse function of f(t) := tv(t).
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5. Examples. Since the assumptions needed in this paper are hardly
restrictive, many examples are available, and we will mention some of them
in this section. We start with an easy observation:

LEMMA 5.1. A positive function v € C([0,00[) satisfies (2.2)) if there is
C > 0 such that

(5.1) v'(x) < Cv(x)  for large x.
If v(x) = @) with w € C*([0, 00[) then is equivalent to
(5.2) w'(z) < Ce®  for large .
Proof. This is evident since
o+1 a+1
In(v(z +1)) —In(v(z)) = S (In(v(t))) dt = S 1;((;)) dt <C  for large x

and since v'(z) = v(z)w'(In(x))/z if v(z) = e?(M®) g
EXAMPLE 5.2. Each of the following is a weight function:
(i) v(x) == va5(x) = (In(x))*(In(In(z)))? for z > z¢ where a > 1 and
B€ERora=1and g >0.
(i) v(zx) := ev>8) for x > ¢ where a > 0 and § € R.
(iil) v(2) := vap(e®) = 2%(In(z))? for x > zy where a > 0 and 3 € R.
(iv) v(x) := ea7” (@) where ¢ >0and 1 >a >0and B €R or a =1

and 8 < 0.
Proof. (2.1) is obviously satisfied. (2.2)) directly follows from Remark[5.1] =
The functions v(z) := e**!, @ > 0, are the maximal weight functions

satisfying by .

Of course, products of the weight functions from Example are also
weight functions.

Two sequences () and (8;,) are said to be equivalent if there is C' > 1
such that

a,/C < B, < Ca, for large n.

Notice that Ag(a,) = Ao(Br) if (ay,) is equivalent to (5,). Hence we only
need to calculate the sequence (n/g(n)) from Theorem [4.5/up to equivalence.
We recall the results from [12, Example 5.3] for the examples from

EXAMPLE 5.3. (n/g(n)) is equivalent to:

(1) (v(n)) if v(z) = vas(z) = (In(z))*(n(In(z)))? for z > zo where
a>land feERora=1and g >0.
(i) (v(n)) if v(z) := e*«s) for x > xo where 1/2 > a > 0 and § € R
or o =1/2and 5 <0.
(iii) (ne_(ln("))l/a) if v(z) := e™=)* where a > 2.
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(iv) n®/(@F) if y(z) := 2 where a > 0.
(v) n(n(n))~Y* if v(z) := e where 1 > a > 0 and a > 0.
Specifically the spaces S! of Gelfand-Shilov for a > 0 satisfy the as-
sumptions of this paper. Recall that the spaces Sg are defined as follows
(for a, 8 > 0, see [2, Chap. IV]):
S8 .= {f e C®R)|3A,B > 0Vk,j e Ny: |o"fV)(x)] < CA*KF>BI 95},
EXAMPLE 5.4.
(a) Let S. be endowed with the grading defined by

1£lln == sup R!xkf(j)(w)l(kn)’k”(jn)’j'

j,keN, ze
Then S} is tamely isomorphic to Ag(n'/(*+1)! for a > 0.
(b) Let SI’B be endowed with the grading defined by

I£lln = sup [*F)(2)|(kn)*(jn) 7.
7,keEN, zeR

Then Sf is tamely isomorphic to /10(711/(5“))?7 for 8 > 0.

Proof. (a) By [2, Chap. IV, Sect. 2], S} is tamely isomorphic to H,(R)
for the weight v(z) := |z|/* treated in Example (iii). The claim now
follows by Theorem and Example [5.2[(iii).

(b) This follows from (a) since the Fourier transform is a tame isomor-
phism between Sf and Sé by [2, Chap. IV, Sect. 6.2, formula (11)]. =

In particular, we have given a new proof for the result from [I0] that
the space P,(R); of Fourier hyperfunctions on R is tamely isomorphic to
Ag(n'/?). Since P,(R) = S this is the special case o = 1 of Example |5.4(a)
(see [6] for the respective definitions).

By [2, Chap. IV, Sect. 2.3]), Slﬁ with the above grading can be tamely
identified for 0 < 8 < 1 with the following weighted space of entire functions:

My = {feH(c) ‘ ImeN:
- B N
‘f|n = Ssup ’f(z)|6%\Re(z)|—n176 \Im(z)|1i6 < OO}
zeC
COROLLARY 5.5. When endowed with the above grading, Hi1/(1—pg) s

tamely isomorphic to Ag(nl/(m‘l))g for1>p5>0.

The following example shows that different spaces H,(R) may be iso-
morphic.

EXAMPLE 5.6. Let v,(x) := e?lel” for fixed 0 < B < 1. Then the spaces
H,, (R), a > 0, are a strictly decreasing scale of weighted spaces which are
isomorphic for any a > 0.
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Proof. By Remark we have H,,(R) & H,,(R) if 0 < a < b. The
spaces are isomorphic by Theorem and Example m(v) "

6. A modification. The space of modified Fourier hyperfunctions (see
[7], [20]) does not fit in the setting used so far since the corresponding test
functions are defined on conic neighborhoods of R defined by

Wi = {2z € C||Im(z)] < (1 + |Re(z)])/n}.

However a slight modification of our arguments will also include this type
of weighted holomorphic germs defined by weight conditions as before: let
Hy(R) := limind,, 00 Hi/n(Wi/p), where

Hapn(Wipn) 1= {f € HOV1ja) [ 1flln = sup [£()|e D/ < oo ).
z 1/n

THEOREM 6.1. Let v : [0,00] — [0,00] be continuous and strictly in-
creasing and let In(In(t)) = o(v(t)). Also assume that v is stable, i.e. there
is C > 0 such that

v(2zx) < Cu(z) ifx>C.

(a) Ho(R) is tamely isomorphic to Hyoexp(R).

(b) Hy(R)y is tamely isomorphic to Ao(n/g(n)) where g is the inverse

function of f(t) := tv(el).

(c) Hy(R) is tamely isomorphic to Ag(n/g(n));.

Proof. We only need to show (a) since the remaining statements follow
from Theorem because v oexp is a weight function by the stability of v.

(a) follows from the fact that the mapping

T : Hy(R) = Hyoexp(R),  f > fosinh,
defines a tame isomorphism between H,(R) and Hyoexp(R). Notice that
v(el™ /I < v(el®/2) < v(|Re(sinh(z + iy))|) = v(|sinh(z) cos(y)]) < v(ell)
for |y| <1 by the stability of v. m
From Example we immediately get

EXAMPLE 6.2. The following functions v satisfy the assumptions of The-
orem

= en@))* for x > 27 where a > 0.
(In(x))? for & > x¢ where 8 > 0.
— ean(2)? for o > xg where 1 > 8 > 0 and a > 0.

—
oy
=
~— — — —
<
—~~ /&?A/—\
— — — — —
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The corresponding functions g in Theorem [6.1] can be obtained from
Example [5.3

THEOREM 6.3. The space of modified Fourier hyperfunctions on R is
tamely isomorphic to Ag(n/In(n)) .

Proof. The space of test functions for the modified Fourier hyperfunc-
tions on R is just H,(R) for v(z) := |z| (see [T, 20] for the respective defini-
tions). The conclusion thus follows from Theorem|[6.1]and Example[5.3|(iv). =

Since the space of Fourier hyperfunctions is isomorphic to Ag(nl/ 2), the
spaces of Fourier hyperfunctions and of modified Fourier hyperfunctions are
not isomorphic.

The sequence (n/In(n)), is maximal for the sequences (n/g(n)), con-
sidered in Theorem (use the remark after Example . By [21l Corol-
lary 4.3] this implies that Ap(n/In(n)) is isomorphic to a closed subspace
of Ag(n/g(n)) for g as in Theorem {4.5| (notice that the stability of #,(R)
is proved in [12, Corollary 4.7]). Therefore, the modified Fourier hyperfunc-
tions are contained as closed subspaces in all spaces H,(R); considered in
this paper.
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