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On the 
omplexi�
ation of real-analyti
polynomial mappings of R
2by Ewa Ligocka (Warszawa)

Abstra
t. We give a simple algebrai
 
ondition on the leading homogeneous termof a polynomial mapping from R
2 into R

2 whi
h is equivalent to the fa
t that the 
om-plexi�
ation of this mapping 
an be extended to a polynomial endomorphism of CP
2. Wealso prove that this extension a
ts on CP

2 \ C
2 as a quotient of �nite Blas
hke prod-u
ts.1. Introdu
tion and preliminaries. The two-dimensional spa
e R

2
an be identi�ed with the 
omplex plane C. Ea
h real-analyti
 polynomialmapping on R
2 
an be written in 
omplex 
oordinates as

Q(z) =

n∑

k=0

Qk(z) =

n∑

k=0

k∑

i=0

akiz
izk−i.

We 
an now 
omplexify the mapping Q(z), in the same manner as in [Li2℄,[Li3℄, putting
f(z, w) =

( n∑

k=0

k∑

i=0

akiz
iwk−i,

n∑

k=0

k∑

i=0

akiw
izk−i

)
.

The mapping f is a polynomial endomorphism of C2 preserving the 
om-pletely real subset {(z, z)}z∈C. In [Li3℄ we proved that if Q is a quasiregularpolynomial whi
h has algebrai
 degree two, then f extends to a polynomialendomorphism of the 
omplex proje
tive spa
e CP
2.A simple example of Q(z) = z|z|2 = z2z shows that this is not true ingeneral. The aim of the present paper is to give 
onditions on Q(z) whi
h areequivalent to the existen
e of the extension of f(z, w) to CP

2 and to studythe behavior of the extended map on CP
2 \ C

2.2000 Mathemati
s Subje
t Classi�
ation: Primary 30C99, 30D50, 30C10, 32H02; Se
-ondary 32H50, 32D15, 30C62.Key words and phrases: polynomial mapping, quasiregular mapping, 
omplexi�
ation.[119℄



120 E. Ligo
kaThe mapping f is extendable to CP
2 i� the mapping f̃ : C

3 → C
3 de�nedby

f̃(z, w, t) =

( n∑

k=0

( k∑

i=0

akiz
iwk−i

)
tn−k,

n∑

k=0

( k∑

i=0

akiw
izk−i

)
tn−k, tn

)
,vanishes only at w = z = t = 0. This is equivalent to the fa
t that

fn(z, w) =

( n∑

i=0

aniz
iwn−i,

n∑

i=0

aniw
izn−i

)

vanishes only at w = z = 0.The mapping
Qn(z) =

n∑

i=0

aniz
izn−i


an be written (for z 6= 0) as
Qn(z) = zn ·

n∑

i=0

ani

(
z

z

)i

= zn
n∑

i=0

aniξ
n, ξ =

z

z
.Let i0 be the greatest number for whi
h ani 6= 0. The polynomial

P (ξ) =

n∑

i=0

aniξ
i


an be written as
P (ξ) = ani0

i0∏

j=1

(ξ − pj)where the pj are roots of P (ξ). We have
Qn(z) = ani0z

n−i0

i0∏

j=1

(z − pjz).

2. ResultsTheorem 2.1. The 
omplexi�ed mapping f extends to a polynomial en-domorphism of CP
2 i� one of the following 
onditions holds:(1) i0 = n and pipj 6= 1 for ea
h i, j = 1, . . . , n;(2) i0 < n, pi 6= 0 for i = 1, . . . , i0 and pipj 6= 1 for ea
h i, j.Proof. We have

fn(z, w) =
(
ani0w

n−i0

i0∏

j=1

(z − pjw), ani0z
n−i0

i0∏

j=1

(w − pjz)
)
.Assume that (2) holds.
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fn(z, w) 
an vanish in the following three 
ases:(a) w = 0 and w − pjz = 0 for some j,(b) z = 0 and z − pjw = 0 for some j,(
) z − piw = 0 and w − pjz = 0 for some i and j.Sin
e pj 6= 0 
onditions (a) and (b) imply that z = w = 0. In 
ase (
) wehave
det

[
1 −pi

−pj 1

]
= 1 − pipj 6= 0and again w = z = 0.If 
ondition (1) holds, we only have 
ase (
) and thus the 
onditions

pi 6= 0 are not needed.In the opposite dire
tion if neither (1) nor (2) is ful�lled then f(z, w) = 0on some one-dimensional linear subspa
e of C
2.Suppose now that one of the 
onditions of Theorem 2.1 is valid. We haveTheorem 2.2. The restri
tion of the extended map f to CP

2 \ C
2 is arational fun
tion whi
h is equal to a quotient of two �nite Blas
hke produ
ts.Proof. We 
an write

fn(z, w) = (f1(z, w), f2(z, w)).The mapping f a
ts on CP
2 \ C

2 as
φ

(
z

w

)
=

f1(z, w)

f2(z, w)
:= φ(ξ), ξ =

z

w
.If 
ondition (1) of Theorem 2.1 is ful�lled then

f1(z, w)

f2(z, w)
=

a

a

n∏

j=1

z − pjw

w − pjz
=

a

a

n∏

j=1

z
w
− pj

1 − pj
z
w

=
a

a

n∏

j=1

ξ − pj

1 − pjξ
= φ(ξ)

where a = ann. Sin
e pipj 6= 1 for all i, j = 1, . . . , n, none of pj 
an havemodulus one.Let p1, . . . , ps have modulus less than one and ps+1, . . . , pn have modulusgreater than one. We now have
φ(ξ) =

a

a

n∏

j=1

ξ − pj

1 − pjξ
=

B1(ξ)

B2(ξ)where
B1(ξ) =

a

a

s∏

j=1

ξ − pj

1 − pjξ



122 E. Ligo
kaand
B2(ξ) =

n∏

j=s+1

1 − pjξ

ξ − pj
=

n∏

j=s+1

pj

pj

ξ − 1
pj

1 − ξ
pjare �nite Blas
hke produ
ts.If 
ondition (2) is ful�lled then

φ(ξ) =
a

a

1

ξn−i0

i0∏

j=1

ξ − pj

1 − pjξ
, a = ani0 .We 
an again assume that p1, . . . , ps have modulus less than one and ps+1,

. . . , pi0 have modulus greater than one. We have
φ(ξ) =

B1(ξ)

B2(ξ)where
B1(ξ) =

a

a

s∏

j=1

ξ − pj

1 − pjξand
B2(ξ) = ξn−i0

i0∏

j=s+1

pj

pj

ξ − 1
pj

1 − ξ
pjare �nite Blas
hke produ
ts.Example 2.3. Let Q(z) = |z|2 − pz2, |p| 6= 0, 1. Then Q(z) = z(z − pz)and 
ondition (2) of Theorem 2.1 is ful�lled. We have

f(z, w) = (zw − pw2, zw − pz2)and
φ(ξ) =

1

ξ

ξ − p

1 − pξ
=

B1(ξ)

B2(ξ)where
B1(ξ) =

ξ − p

1 − pξ
, B2(ξ) = ξ, if |p| < 1,

B1(ξ) = 1, B2(ξ) =
p

p
ξ

(
ξ − 1

p

1 − ξ
p

) if |p| > 1.Note that for every p, |p| 6= 0, 1, Q(z) is not quasiregular. Hen
e ourTheorems 2.1 and 2.2 are more general than Theorem 3.1 (and remarksafter it) in [Li3℄ even in the 
ase of n = 2.In order to show the possible use of Theorems 2.1 and 2.2 we shall givethe following two propositions.Proposition 2.4. Assume that n = i0 and |pj | < 1 for ea
h j =
1, . . . , n. Then:



Complexi�
ation of polynomial mappings of R
2 123(1) Qn(z) = a

∏n
j=1(z − pjz), a 6= 0, is quasiregular.(2) If Q(z) = Qn(z) + lower degree homogeneous terms then Q(z) 
anbe 
omplexi�ed and extended to a polynomial endomorphism of CP

2.This extension a
ts on CP
2 \ C

2 as a Blas
hke produ
t of degree n.Proof. Part (2) follows immediately from Theorems 2.1 and 2.2 sin
e
ondition (1) of Theorem 2.1 holds. By Theorem 2.2 we have
φ(ξ) =

a

a

n∏

j=1

ξ − pj

1 − pjξon CP
2 \ C

2. Part (1) follows fromLemma 2.5. Let Qn(z) = a
∏n

j=1(z − pjz) where a 6= 0 and p1, . . . , pn

∈ C. The polynomial Qn is quasiregular i� for all ξ with |ξ| = 1,
n∑

j=1

1 − |pj |
2

|ξ − pj |2
> 0.

Proof. We have
Qn(z) = azn

n∏

i=1

(
z

z
− pi

)
= aznw(ξ)where ξ = z/z. Hen
e

∂Qn

∂z
∂Qn

∂z

(z) =
nzn−1w(ξ) − zn · z

z2 w′(ξ)

zn · 1
z
w′(ξ)

= n
w(ξ)

w′(ξ)
− ξ.

Qn(z) is quasiregular i� ∣∣∣∣n
w(ξ)

w′(ξ)
− ξ

∣∣∣∣ < 1for |ξ| = 1. This is equivalent to
∣∣∣∣

1
1
n

w′(ξ)
w(ξ)

− ξ

∣∣∣∣ < 1 ⇔

∣∣∣∣
1

1
n

∑n
i=1

1
ξ−pi

− ξ

∣∣∣∣ < 1 ⇔

∣∣∣∣
1

1
n

∑n
i=1

ξ
ξ−pi

− 1

∣∣∣∣ < 1

sin
e |ξ| = 1. We have
∣∣∣∣

1
1
n

∑n
i=1

ξ
ξ−pi

− 1

∣∣∣∣ =

∣∣∣∣
1

1 + 1
n

∑ pi

ξ−pi

− 1

∣∣∣∣ =

∣∣∣∣
1
n

∑n
i=1

pi

ξ−pi

1 +
∑n

i=1
pi

ξ−pi

∣∣∣∣.The inequality
∣∣∣∣

1
n

∑n
i=1

pi

ξ−pi

1 + 1
n

∑n
i=1

pi

ξ−pi

∣∣∣∣ < 1
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kais equivalent to the inequality
ℜ

1

n

n∑

i=1

pi

ξ − pi
> −

1

2whi
h is equivalent to
n∑

i=1

ℜ
ξ + pi

ξ − pi
> 0 ⇔

n∑

i=1

1 − |pi|
2

|ξ − pi|2
> 0.For more information on quasiregular polynomials see [Li1℄.Remark 2.6. For n = 1 or n = 2, if Qn is quasiregular then all pj musthave modulus less than one. This is not true for n > 2.If Q is a polynomial mapping su
h that Q−1 exists and is also a polyno-mial map then we say that Q is a polynomial automorphism.We have the followingProposition 2.7. The 
omplexi�
ation of a polynomial automorphism
an be extended to a polynomial endomorphism of CP

2 i� it is an a�nemapping.Proof. The Jung�van der Kulk theorem ([J, K℄) shows that ea
h polyno-mial automorphism of R
2 is a �nite superposition of a nondegenerate a�nemap and so-
alled shears, i.e., mappings

(x, y) 7→ (x, y + h(x))where h(x) is a polynomial of one variable. The 
omplexi�
ation of a non-degenerate a�ne map extends to an automorphism of CP
2. Hen
e it su�
esto prove our proposition for maps of the type

gn ◦ fn−1 ◦ · · · ◦ f2 ◦ g2 ◦ f1 ◦ g1where the gi are shears and the fj are a�ne. If some of the gi are not a�nethen the leading homogeneous term of
Q = gn ◦ fn−1 ◦ · · · ◦ f1 ◦ g1has the form axm, m > 1. In 
omplex 
oordinates it has the form

Qn(z) = a

(
z + z

z

)m

.Hen
e neither 
ondition (1) nor 
ondition (2) of Theorem 2.1 
an be ful�lledand Q is not extendable to CP
2.Of 
ourse, we 
an give another proof of Proposition 2.7 by 
omplexifying

Q and Q−1. Sin
e {(z, z)z∈C} is a uniqueness set for holomorphi
 fun
tions,we 
on
lude that the 
omplexi�ed map f is a polynomial automorphismof C
2. Thus one 
an use the Jung�van der Kulk theorem to show that it isnot extendable to CP

2 unless it is a�ne.
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2 1253. Further remarksRemark 3.1. If the assumptions of Proposition 2.4 are ful�lled then,similarly to [Li3℄, we 
an use the vast knowledge of the dynami
s of �niteBlas
hke produ
ts (see [C-G, H, Sh-Su℄) to study the dynami
s of Qn andtry to generalize Theorem 4.2 and Proposition 4.1 of [Li3℄.Remark 3.2. If 
ondition (2) of Theorem 2.1 holds or some pj havemodulus less than one and some greater than one then, in general, nothingis known about the dynami
s of φ on CP

2 \C
2. However, one 
an still try touse the results of Hubbard�Papadopol [H-P℄ in the homogeneous 
ase.Nothing is known when Q is nonhomogeneous ex
ept the last theorem of[Li3℄.
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