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Uniqueness problem for meromorphic mappings with Fermat
moving hypersurfaces

by TRAN VAN TAN and Do Duc TuA1 (Hanoi)

Abstract. We give unicity theorems for meromorphic mappings of C™ into CP" with
Fermat moving hypersurfaces.

1. Introduction. Using the Second Main Theorem of value distribution
theory and Borel’s lemma, Nevanlinna [N] proved that if two nonconstant
meromorphic functions f and g on the complex plane C have the same
inverse images for five distinct values, then f = g, and if they have the same
inverse images, counted with multiplicities, for four distinct values then g is
a special type of linear fractional transformation of f.

In 1975, Fujimoto [F1] generalized Nevanlinna’s result to the case of
meromorphic mappings of C into CP". He showed that if two linearly non-
degenerate meromorphic mappings f and g of C into CP" have the same
inverse images, counted with multiplicities, for 3n + 2 hyperplanes in CP"
in general position, then f = g, and if they have the same inverse images
counted with multiplicities for 3n 4+ 1 hyperplanes in CP"™ in general posi-
tion, then there exists a projective linear transformation L of CP"™ to itself
such that g = L - f. Since that time, this problem has been studied inten-
sively for the case of hyperplanes by Fujimoto ([E2], [E'3]), Stoll [St], Smiley
[Sm], Ji [J], Ru [R], Tu [T], Ye [Y], Dethloff and Tan ([DT1]-[DT3]), and
Thai and Quang [TQ]. Motivated by the case of hyperplanes, the uniqueness
problem for the case of hypersurfaces arises naturally. However, there are so
far only the uniqueness theorem of Dulock—Ru [DR] and the one of Phuong
[P] for the case of a large number of (general) fixed hypersurfaces. It seems
that the biggest difficulty in studying uniqueness of meromorphic mappings
with few hypersurfaces comes from the fact that we do not have good forms
of the Second Main Theorem for the case of hypersurfaces. Our purpose in
this paper is to give some uniqueness theorems for the case of few Fermat
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moving hypersurfaces. We would like to remark that in [DR] and [P], the
Second Main Theorem given by An—Phuong [AP] was used. However, this
theorem does not apply to the case of few hypersurfaces. In order to prove
our uniqueness theorems, we also establish a Second Main Theorem for a
class of Fermat moving hypersurfaces.

Let f be a nonconstant meromorphic map of C” into CP". We say that a
meromorphic function ¢ on C™ is small with respect to f if T,,(r) = o(T¢(r))
as r — oo (outside a set of finite Lebesgue measure). Denote by Ry the field
of all small (with respect to f) meromorphic functions on C™.

Take a reduced representation (fo : --- : f,) of f. We say that f is
algebraically nondegenerate over Ry if there is no nonzero homogeneous
polynomial Q € R¢[xo, ..., xy] such that Q(f) := Q(fo,..., fn) =0.

For a homogeneous polynomial Q € Ry[xo,...,z,], denote by Q(z) the
homogeneous polynomial over C obtained by substituting a specific point
z € C™ into the coefficients of Q).

We say that a set {Qj};f‘zo of homogeneous polynomials of the same
degree in Ry¢[xo, ..., xy] is admissible if there exists z € C™ such that the
system of equations

Qj(2)(wo, ..., wy) =0, 0<j<m,
has only the trivial solution w = (0,...,0) in C"*!. Denote by S({Q; ;L:O)
the set of all homogeneous polynomials P = 2?20 b;Q;, where b; € Ry.

Let {P;}{_; (¢ > n+ 1) be homogeneous polynomials in S({Q;}}_),
P, = Z?:o b;;Q;. We say that {P;}{_, are in general position if for any
1< < <ip <q, det(bikj,OSk,jS’n)iéO.

THEOREM 1.1. Let f,g be nonconstant meromorphic mappings of C™
into CP™ and {Q; o be an admissible set of homogeneous polynomials of
degree d in Rf|xo, ..., xn]. Let yo, ..., be nonzero meromorphic functions
in Ry. Put P = ~Qf + -+ + 1Qh, where p is a positive integer, p >
n(d(n + 1) +2)/d. Assume that f, g are algebraically nondegenerate over R
and Ry respectively, and

(i) Zero(P(f)) = Zero(P(g)),

(ii) f =g on Zero(P(f)).
Then f = g.

THEOREM 1.2. Let f,g be nonconstant meromorphic mappings of C™
into CP™ and {Qj}?zo be an admissible set of homogeneous polynomials of
degree d > n + 2 in Ry[xo, ..., z,). Let {F; ?231 be homogeneous polyno-
mials in S({Q;}j—o) in general position. Assume that f,g are algebraically
nondegenerate over Ry and Ry respectively, and

(i) Zero(P;(f)) = Zero(P;(g)), 1 € {1,...,2n + 1},
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(ii) dim(Zero(P;(f)) NZero(P;(f))) <m—2 foralll <i<j<2n+1,
(iii) f =g on U2 Zero(P(f)).
Then f=g.

2. Preliminaries. Forz=(21,...,2m,)€C™, weset |2[|= (37, |2]2)1/2
and define

B(r)y={ze€C™:|z| <r}, Sr)={z€C™:|z|=r},

#= YL@ 0), V= @D, o = dlogz|? A (ddlog ).
Let I be a nonzero holomorphic function on C™. For each a € C™, expand-
ing F' as F' = ) H;(z — a) with homogeneous polynomials H; of degree ¢
around a, we define vp(a) = min{i : H; # 0}.

Let ¢ be a nonzero meromorphic function on C™. For each a € C™, we
choose nonzero holomorphic functions F' and G on a neighborhood U of a
such that ¢ = F/G on U and dim(F~1(0) NG~1(0)) < m — 2 and we define

the map v, : C™ — Ny by ve,(a) = vp(a). Set
[vg| = {z 1 v,(2) # 0}
Let k be a positive integer or +o0. Set vgd(z) = min{v,(2), k}, and
«nlfl (1)

NS[DM (r) = S P dt (1 <r<+o0)
1

where
S vﬂ“]-v for m > 2,
lvp|NB(t)

Z vgf](z) for m = 1.

|2|<t

ntfl(t) =

Set Ny (r) == NJDJFOO] (r). We have the following Jensen’s formula:

Ny(r) = Nyjp(r) = | loglep|lo— | logle|o.

S(r) S(1)

Let f be a meromorphic mapping of C™ into CP". For fixed homoge-
neous coordinates (wq : --- : wy,) of CP™, we take a reduced representation
f=(o:--: fn), which means that each f; is a holomorphic function on
C™ and f(z) = (fo(z) : -+ : fu(2)) outside the analytic set {z : fo(z) =
-+ = fu(z) = 0} of codimension > 2. Set || f|| = max{|fo|,...,|fnl}-

The characteristic function of f is defined by

Tp(r) = | loglfllo— | logllflo, 1<r<+o.
S(r) S(1)
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For a meromorphic function ¢ on C™, the characteristic function T,,(r) of
¢ is defined, as ¢ is a meromorphic map of C™ into CP?.
The prozimity function m(r, ) is defined by

m(r,p) = | log* |p|o
S(r)
where logt x = max{log x,0} for > 0. Then
Tp(r) = Nyijp(r) +m(r, ) + O(1).

For a homogeneous polynomial @ = > ;arz! € Ry[xo,...,x,] with
degree d > 1, we define

N, Q) == Ny, g (0):

For brevity we will omit the superscript [k] in the counting function if k =
+o00. It is clear that

log |Q(/)] < log S [as| +log [ £12 < S log* |as| + dlog ||| + O(1).
I I
From this fact and Jensen’s formula, we easily get the following First Main
Theorem of value distribution theory.

THEOREM 2.1 (First Main Theorem). Let f be a nonconstant meromor-
phic mapping of C™ into CP™ and Q be a homogeneous polynomial of degree
d in Ryflxo, ..., Ty such that Q(f) # 0. Then

Ni(r, Q) < dTy(r) + o(T(r))
for all v except for a subset E of (1,+00) of finite Lebesque measure.

For a hyperplane H : agwg + - - + apwy, = 0 in CP™ with imf € H, we
denote

(f,H) ::a0f0+"'+anfna

where (fo : -+ : f,) again is a reduced representation of f. Now we formulate
the Second Main Theorem.

THEOREM 2.2 ([F'2, Theorem 2.13]; Second Main Theorem). Let f be a
linearly nondegenerate meromorphic mapping of C™ into CP™ and Hy, ..., H,
(¢ > n+ 1) be hyperplanes in CP™ in general position. Then

N{fh () + o(Ty(r))

M@

(g —n—1)T¢(r)

for all v except for a subset E of ( ,+oo) of finite Lebesgue measure.
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3. Proofs. First of all we give the following lemma:

LEMMA 3.1. Let f be a nonconstant meromorphic mapping of C™ into
CP" and {Q; };-‘:D be an admissible set of homogeneous polynomials of degree
d in Rylzo,...,zn). Let {P}_, (¢ > n+ 2) be homogeneouus polynomials
in S({Q;}j=o) in general position. Assume that f is algebraically nondegen-
erate over Ry. Then

qd

S Ty(r) < DN ) + ol T ()

i=1

for all v except for a subset E of (1,+00) of finite Lebesgue measure.
Proof. Set Ty :={I := (ig,...,in) € NOTL I := g+ - + i, = d}.
Assume that

Qj:ZaﬂxI (j=0,...,n),

IeTy
Pi=) b;Q; (i=1,...,q),
j=0

I _ .o i
where a;r,b;; € Ry, 27 = xy - a7

In order to prove Lemma (3.1} we only have to show that for any subset
{klv"‘7kn+2} C {]—7"'7(]}7

(3.1) ATy(r) < 30N P + olTy(r).

Without loss generality, we may assume that {k1,..., kn42} = {1,...,n+2}.
Set

bio ... bnt10

bi1 ... bat1a
Nn+2 -

bln s bn+1,n

and define V; (i € {1,...,n+ 1}) to be Np4o with the ith column changed
bni2,0
to ( : > . Set
bn+2,n
ci:det(Ni), ie{l,...,n+2}.

It is easy to see that ¢; € Ry, ¢; # 0 and
n+1

(3.2) Z cili(f) = enraPuta(f).

i=1



6 T. V. Tan and D. D. Thai
Set
F=(c1Pi(f): - :cps1Poga(f)) : C™ — CP".

It is easy to see that F' is linearly nondegenerate (over C).

Assume that (c1Pi(f)/h: - : cny1Payi1(f)/h) is a reduced representa-
tion of F, where h is a meromorphlc function on C™. Put F; = ¢;P;i(f)/h,
ie{l,...,n+1}. We have

Fy=) cabyQi(f), 1<i<n+1.

This implies that

n+1
Z%th , 0<j5<n
where 7;; € Ry. We have
n+1
63 e Q0] = max [ D b Fy
< i |-
< rhr( > higl) max |F
0<j<n
1<i<n+1

Let t = (...,tgs,...) be a family of variables (k € {0,...,n},I € 7). Set

@]:th]xIEZ[t,x], j=0,...,n.
IeTy
Let R € Z[t] be the resultant of Qo,- -+ Q.
Since {Qj}?:o is an admissible set, R := IN‘Z( coyagg,-..) Z 0. It is clear
that R € Ry since apr € Ry.
By Proposition 2.1 in [DT4], there exists a positive integer s such that

(3.4) Ifﬁ = Z Ei]’éj for all 7 € {0, R ,n},
=0

where {R”}OQ j<n are polynomials in Z[t x]. Without loss of generality,
after multiplying both sides of (3 . 3.4) by x , we may assume that s > d.

For each polynomial H € Z[t, z],

H = Z arjt’z!,  where a;; € Z, A C Ngﬂ’ BcC Nénﬂ)-(ti?&)’
IeA, jeB
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we denote
HY = Z a[JtJl‘I, H® = Z CLIJtJ'ij
I€A,|I|>s—d,JeB I€A,|I|<s—d,JeB
H(S) = Z aUt‘]a:I.

I€A,|I|=s—d, JEB

By , we have
xfé = Z él(]l)@] + Z EZ(JZ)QV] + Z ég’)éy for all i € {0,...,n}.
=0 =0 j=0

Hence, since ij (7 € {0,...,n}) are homogeneous polynomials of degree d
in variables (zo,...,z,) and R € Z[t|, we have

Zﬁg)@] =0 and Zﬁg)@] =0 forallie{0,...,n}.
J=0 §=0
(3)

2 i
that R;; are homogeneous polynomials of degree s — d in (o, ..., 2y). Set

Rij = EU(( RN 7% A .), (fo, .. .,fn)), 0<4,7<n.

Hence, without loss of generality after replacing fizj by R we may assume

Then

(3.5) fiR = ZRM Qi(fo,---s fn) forallic{0,...,n}.

Jj=0
So,

(3.6) PRI =3 Rig - Qsor- o fo)
=0

<SR- ot
_;\ il ke%ffn}le(fo o)l

for all i € {0,...,n}.
We write
Ri]’ = Z ﬁjjfl, j—j S Rf.
IeT, 4

By ,We have
FRI< (DD 1BPIIA)  max (Qu(for o Sl i€ {0, ),

0<j<n {0m}
IeT,_4
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So,

|fil?
LAl

< (X 187/RI)  max (Qulo - fu)
0<j<n bel0,.
Ie7T;_4

for all ¢ € {0,...,n}. Thus
B0 WIS (X 18R max Qe )

DSJ’SH """ }
IeT,_

By (3.3)) and ( we have
(3.8) IIfIIdé( S> /R (D hal) - IFL

0<j<n 0<j<n
IeTs g4 1<i<n+1
Take a meromorphic function w on C™ such that (Qo(f)/u: -+ : Qn(f)/u) is
a reduced representation of the meromorphic mapping (Qo(f) : -+ : Qn(f)).
By (3.5) we have
N ( <NR Z Nl/aﬂ Z Nl/ﬁ;](r):O<Tf(T))
0<j<n 0<7,5<n
IeTy IeT, 4
Since (c1Pi(f)/h : -+ : cng1Pnt1(f)/h) is a reduced representation of the

meromorphic mapping F', we have

Np(r) < Naet(ciubiy,1<i<nt1,0<j<n) (1) = o(T(r)),

n+1
Nyw(r) < ZNUC + D N, (M) + D> Nig,(r) = o(Ty(r)).
0<j<n 0<j<n
1<i<n+1 IET, 4

By , we have
(3.9) dTy(r)=d | log||f|o+0(1)

S(r)

< | log< > |5§j/R’>‘\h|‘( > |%‘j\)0
O 4,
+Tr(r)+ O(1)

< §rogt (X 187 /R) e+ Jrogt (D hul)e

S(r) 0<j<n S(r) 0sjsn
I€eT,_4 1<i<n+1

+ S log |h| o+ Tr(r) + O(1)
S(r)
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< Z /R+ Z T’YZJ

0<j<n 0<j<n
IeT,_4 1<i<n+1

+ Nu(r) = Nyp(r) + Tr(r) + O(1)
= Tr(r) +o(Ty(r)).
(note that ﬂ}'j /R,vij € R¢). By |D 1) and the Second Main Theorem,

we have

dTy(r) < Tr(r) + o(Ty(r))

n+1
ZNC[:LI]D(f)/h [ZL“ ppynr) T oI5 (r))
n+2
<> N, (1) + 0T (7))
"o nio
<Y NRp @)+ )+ 30N+ (0 2)Nsa(r) + olT5()
oo

< ZNW (r, P)(r) + (T3 (r)).

We get (3.1)), completing the proof of Lemma u

LEMMA 3.2 ([J, Lemma 5.1]). Let Ay,..., A be pure (m — 1)-dimen-
sional analytic subsets of C™ with codim(A; N A;) > 2 whenever i # j.
Let f1, fo be linearly nondegenerate mappings of C™ into CP™. Then there
exists a dense subset P C C™! such that for any p := (po,...,pn) € P the
hyperplane H), defined by powo + - - - + ppwy, = 0 satisfies

k
codim ; —1 1 , 2},
d ((leA]) nf; (Hp)) >2, ie{l,2}

Proof of Theorem[1.1. Assume that f # g. Then there exist hyperplanes
Hq, Hy in CP" such that
for all i € {1,2} and
(f, H1) _, (9, H1)
(fa HQ) (97 HQ)
Indeed, suppose that this does not hold. Then by Lemma 3.2
(f, H1) _ (9, H1)
(f,H2)  (9,H2)
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for all hyperplanes Hi, Hy in CP™. In particular, fo/f; = go/g; for all i €
{0,...,n}. Then f = g, which is a contradiction.
By the assumption of Theorem [T1.1] and by the First Main Theorem,

Nm(?" P)<N(fH1) wm) (1) S Tmy)  omy) (1) +O(1)

(f,H2) (9,H2) (f,H2) (9,H3)
< Ty (1) + Tioy (r) + O(1) < Ty (r) + Ty(r) + O(1).
(f,Hz) (9,Hz2)

Similarly,

N[ (r, P) < Ty(r) + Ty(r) + O(1).
Thus,
(3.10) N (e, P+ N (r, P) < 2(Ty(r) + T, (r)) + O(1).
Since the n 4 2 homogeneous polynomials QF, ..., Q%h, P are in general po-

sition in S({Q7}7_), by Lemma 3.1/ and the First Main Theorem we have

pdTy(r) < ZNW (r, Q%) + N (r, P) + o(Ty(r))
7=0

n n
< =37 Np(r, Q%) + N (r, P) + o(Ty (1)
j=0
< dn(n+ D)Ty(r) + nN{(r, P) + o(Ty(r).
This implies that

(3.11) d(p—nT(Ln—i- 1))

Since Zero(P(f)) = Zero(P(g)), we have
1
Nl (r, Py = N[U(r, P).
Thus, by (3.11]) and the First Main Theorem,

d(p—n(n+1))

Tp(r) < N (r, P) + o(Ty(r)).

- Ty(r) < Njl(r, P) + o(Ty(r))
< Ny(r, P) +o(Ty(r)) < dp-Ty(r) 4+ o(Ty(r)).
This implies that Ry C Ry. So, by Lemma similarly to (3.11) we have

(3.12) Cl(]j_?:z(n—m

By (1) and (12),
dlp—n(n+1))
n

- Ty(r) < N (r, P) + o(Ty(r)).

(Ty(r) + Ty(r))

< N (r, P) + N (r, P) + o(Ty(r) + Ty (r)).
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Combining this with (3.10)) we obtain
d(p—n(n+1))
n

(Ty(r) + Ty(r)) < 2(T¢(r) + Ty(r) + o(Ty(r) + Ty(r))-

This contradicts p > n(d(n + 1) +2)/d. Thus, f = g, which completes the
proof of Theorem .

Proof of Theorem [1.9. Assume that f # g. By an argument similar to
the proof of Theorem [I.1] there exist hyperplanes Hi, Hy in CP™ such that
dim{P;(f) = 0= (f, H))} <m —2, dim{Pj(g) =0= (g, Hi)} <m -2,

for alli € {1,2}, j € {1,...,2n+ 1} and
(f, H1) _, (9, H)
(f,H2) © (9, Ha)
By the assumption of Theorem [1.2] and by the First Main Theorem,

2n+1
S NP P) < Ny ) (r) < Ty oy (r) + O(1)

im1 (f,Hg)  (g9,Ha2) (f,Hg) ~ (9,Hg)
< Ty (1) + T(g (0. (1) + O(1) < Ty(r) + Ty(r) + O(1).
(f,H2) (g9,H3)
Similarly,
2n+1
> N P) < Tp(r) + Ty(r) + O(1).
=1
Thus,

2n+1 2n+1
313) YN P+ > N, P < 2Ty (r) + Ty(r) + O(1).
= =1

By Lemma we have

2n+1 2n+1
@n+DTp(r) < 37 NP P) +o(Tp(r) <n Y N (r, P) + o(Ty(r))
i=1 i=1
(note that d > n+2). So
2n+1
2n+1
(3.14) ——Ty(r <) N (r, ;) + o(Ty(r)).
i=1
Since Zero(P;(f)) = Zero(P;(g)) for all i € {1,...,2n+ 1}, we have
2n+1 2n+1

> NP R) = 30 NP P) < (204 1)dT () + O(1),

Combining this with (3.14)) we get
Ty(r) < ndTy(r) + o(Ty(r))-
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This implies that Ry C Ry. Thus, by Lemma similarly to (3.14) we

have

om+1 2n+1
Ty < S0 N P + ol Ty ().
=1

Combining this with (3.13]) and (3.14]) we obtain

2n+1
n

(Ty(r) + Ty (r)) < 2(Ty(r) + Ty(r)) + o(Ty(r) + Ty(r)).

This is a contradiction.
Thus, f = g, completing the proof of Theorem .
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