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Natural maps depending on reductions of frame bundles

by IvAN KOLAR (Brno)

Abstract. We clarify how the natural transformations of fiber product preserving
bundle functors on FM,, can be constructed by using reductions of the rth order frame
bundle of the base, FM,, being the category of fibered manifolds with m-dimensional
bases and fiber preserving maps with local diffeomorphisms as base maps. The iteration
of two general r-jet functors is discussed in detail.

Consider a fibered manifold p: Y — M and its iterated jet prolonga-
tion J*J'Y = J*(J"Y — M). M. Modugno [12] constructed an involutive
map exs: JIJ'Y — J'J'Y depending on a classical connection A on M.
In [9], Modugno and the author proved that the only natural transformation
JYJ'YY — JUJYY is the identity and the only two natural transformations
JYJ'YY — J'J'Y depending on a torsion-free A are id ;1 1y and ex,. Using
the Weil algebra technique, M. Doupovec and the author deduced that the
only natural transformation J"J*Y — J"J®Y is the identity (see [1]). In [2],
Doupovec and W. M. Mikulski constructed a map J"J*Y — J°J"Y depend-
ing naturally on A. Mikulski [IT] discussed the natural transformations of
two fiber product preserving bundle (for short: f.p.p.b.) functors on FM,,
depending on A.

We present a certain generalization of the last result by Mikulski. First of
all, we point out that our main idea appears already in the case of classical
natural bundles over m-manifolds. In Section[I] we consider two such bundles
FiIM = P"M][S1], oM = P"M]|Ss] and a map ¢: S1 — Sy that is K-
equivariant with respect to a subgroup K C G7, only. Then every reduction
Q of P"M to K determines a map pg: F1M — F»M that is natural in ). In
the most important cases, K is the classical injection of G}, into G7,. Here
we find an interesting application of our result from [3] (see also [5]) that the
reductions of P"M to G}, are in bijection with the torsion-free connections
on P"~'M. In particular, every classical torsion-free connection A on M
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defines such a reduction by means of the exponential map. As a simple
illustration, we determine all vector bundle morphisms J'TM — TMQT*M
depending naturally on A.

Section 2| is of auxiliary character. We consider a bundle functor £ on
the product category M f,, x Mf preserving products in the second fac-
tor. According to [§], these functors are determined by a Weil algebra A
and a group homomorphism H: G}, — Aut A, where Aut A is the group
of all algebra automorphisms of A. Proposition [I] states that for two such
functors (4;, H;), i = 1,2, and K C G}, an K-equivariant algebra homo-
morphism p: Ay — A and a K-reduction @Q of P"M determine a map
wonN: (A1, H1)(M,N) — (Az, Hy)(M, N) that is natural in Q.

In Section [3| we consider the general case of a f.p.p.b. functor F' of FM,,.
Here we take into account the injection of categories i: Mf,, x Mf —
F M, transforming (M, N) into the product fibered manifold M x N — M.
According to [8], F is determined by F' = Foi = (A, H) and an equivariant
algebra homomorphism ¢: D] — A, DI = JJ(R™,R). Proposition [2| states
that for a fibered manifold Y — M, dim M = m, and two such functors F; =
(A;, Hiyty), i = 1,2, every K-equivariant algebra homomorphism p: A; —
Ag satisfying to = p oty and every K-reduction Q C P"M determine a
map fiQy: F1Y — FyY that is natural in Q). In the last section, we deduce
from Proposition [2] that there exists an exchange map of the iteration of
two general nonholonomic jet functors depending naturally on a classical
torsion-free connection on the base.

All manifolds and maps are assumed to be infinitely differentiable. Unless
otherwise specified, we use the terminology and notation from the book [7].

1. The case of M f,,. The classical natural bundles over m-manifolds,
i.e. the bundle functors on the category M f,, of m-dimensional manifolds
and local diffeomorphisms, are in bijection with the left actions I: G}, x S
— S, where G}, means the rth jet group in dimension m, [7]. For every
m-manifold M, FM is the bundle P"M|S,!] associated to the rth order
frame bundle P"M and, for a local diffeomorphism f: M — M’, we have
Ff = P"flids], i.e. Ff({u,z}) ={P"f(u),z},ue PPM, ze€ S.If ;M =
P"M][S;,li], i = 1,2, then natural transformations F; — Fj are in bijection
with G}, -maps ¢: S1 — S2. The induced map ¢y F1M — FoM is of the
form

om({u, z}) ={u,p(2)}, weP"M,zeb5.

We are interested in the case where we have a subgroup K C G7, and
p: S1 — 59 is K-equivariant only. Then we can use a reduction Q C P"M
to K. Both F;M can be interpreted as associated bundles to @, i.e. F;M =
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Q[Si], i = 1,2, and we define
pQ: QS1] = QLS ve({u, 2}) ={u,¢(2)}, we@, ze5.

This definition is correct, for

(1) pUuok, (k™) (2)}) = {uok,o(l(k™")(2)}
={uok (k") (p(2)} = vo{u.2}), keK,

by K-equivariance of .
If we consider a K-reduction @’ of P"M’ that is f-related to Q, i.e.
P"f(u) € Q' for all u € @, then the following diagram commutes:

LM 22 By M
(2) Flfl iFgf
Yor
LM —2= Fy M7

Indeed, Fof({u,¢(2)}) = {P"f(u),p(2)}. So we say that the maps ¢g are
natural with respect to the choice of K-reductions.

The most interesting case is K = ¢,(G},), where ¢,: GL, — G”, is the
standard injection ¢,(a) = jia, a: R™ — R™ being the linear map deter-
mined by a € Gl Every classical torsion-free connection A on M defines a
reduction exp’y *: P'M — P"M to 1,(GL,) as follows, [5]. The exponential
map exp, , of A at x is a local map of T, M into M, u € P!M can be
interpreted as a linear map @: R™ — T, M and we define

(3) exp’y t(u) = jo(expy , o) € Py M.

IfQ = expz_l(PlM), we say that ¢g =: ¢, is determined by A.

We recall there is a canonical (R™ x g'.1)-valued one-form 6, on P"M
and the torsion of a connection I" on P"M is the covariant exterior differ-
ential Dr6,. In [3] (see also [5]) we deduced the following assertion.

LEMMA 1. There is a canonical bijection between torsion-free connec-
tions on P""YM and the reductions of P"M to 1,(GL).

ExAMPLE. To illustrate this procedure, we consider a very simple case
JITM — TM ® T*M. Then S; is the G%l—space R™ x R™ @ R™ and Ss
is the G -space R™ @ R™* interpreted as a G?2,-space by means of the jet
projection G2, — Gl . We see directly that all G2 -maps S; — S are the
constant maps of S into kidgm, k € R. In the case of 12(GL) C G2, it is

reasonable to restrict ourselves to the linear Gin—maps Sy — S7. We find
directly that all of them are of the form

(4) mé = clyj- + cﬁéy',j, c1,c2 € R,
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(v, y;) € 5, xé € Sy. In some local coordinates z* on M, the geodesics of
A are determined by
d%a da? dzF
el o
5) iz @) G
Every frame from expl|(P1M) is characterized by A;k(x) = 0. Hence
implies that all vector bundle morphisms J'TM — TM ® T*M determined
by A form the 2-parameter family
(6) (jls) = c1(Vas)(z) + co Ctr((Vas)(z))idg,ar,  c1,c2 € R,

where V 45 is the covariant differential of a section s of T'M with respect to
A and Ctr((Vs)(x)) means the contraction of this (1, 1)-tensor.

2. The case of M f,, x Mf. According to [§], if we intend to study
a f.p.p.b. functor F' on FM,,, we first have to discuss a bundle functor £
on the product category M f,, x M f that preserves products in the second
factor, i.e.

E(M, N1 X Ng) = E(M, Nl) XM E‘(]W7 Nz).

These functors are identified with pairs £ = (A, H) of a Weil algebra A
and a group homomorphism H: G], — Aut A. In general, every algebra
homomorphism p: Ay — Ao of two Weil algebras determines a natural
transformation ppr: TA'M — TA2M of the corresponding Weil functors
(see [], [7]). This defines an action Hy: g — H(g)y of GT, on TAN, and
E(M, N) is the corresponding associated bundle

(A, H)(M,N) = P"M[T*N, Hy].

If f1: M — M’ is a local diffeomorphism and fo: N — N’ is a smooth map,
we have
(1) (A H)(f1, fo)({u, Z}) = {P"fi(w), T* o(2)}, weP"M,ZecT"N.

For two such functors E; = (A;, H;), i = 1,2, the natural transformations
E; — E, are in bijection with G7 -equivariant algebra homomorphisms
J7 A1 — AQ, i.e.
(8) p(Hi(g)(a)) = Ha(g)(u(a)), a€ A, geGy,
(see [8]). The induced map ppy,n: (A1, H1)(M,N) — (Ag, Hy)(M,N) is of
the form
(9) pn({u, Z2}) = {u, un(2)}, we P"M,ZecTHN.

Suppose p is K-equivariant, i.e. holds for g € K C Gj, only. If we
take a K-reduction Q C P"M, we may write F;(M, N) = QT4 N],i = 1,2,
and we can define pg ny: E1(M,N) — E(M, N) by

(10) non({u, Z}) = {u,un(2)}, weQ zeTHN.
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Since u is K-equivariant, this definition is correct. Further, if Q" is an fi-
related K-reduction of P"M’, then one verifies analogously to Section [1| that
the following diagram commutes:

(A1,H1)(f1,f2)

(A1, H1)(M, N)
(11) i
(A27H2)(M7 N)

(Ab Hl)(M,a N/)
J/MQI’N/

(A2,H2)(F1,f2) (Ag, Ho)(M', N')

Thus, we have proved

PROPOSITION 1. For two functors E; = (A;, H;), i = 1,2, with the same
r and m, and a subgroup K C G, every K-equivariant algebra homomor-

phism p: Ay — Ao and every K-reduction @ C P"M determine a map
po,N: E1(M,N) — E>(M,N) that is natural in the sense of (11).

3. The case of FM,,. We have an injection of categories i: M f,, X
Mf — FM,, transforming (M, N) into the product fibered manifold M x
N — M and (f1, f2) into the product F M,,,-morphism f; X fo with base map
f1.If Fis a f.p.p.b. functor on FM,,, then F := Foi is a bundle functor on
M fr x M f that preserves products in the second factor, so that F' = (A, H).
According to [8], F is identified with a triple F' = (A, H,t), where¢t: DI — A
is an equivariant algebra homomorphism. Hence ¢pr: 1T M — TAM. For a
fibered manifold p: Y — M, we have FY C F(M,Y) = P"M[TAY] and

(12)  {u,Z} € FY means ty(u) = Tp(Z) € TAM, w e P"M, Z € T,

where T4p: TAY —TAM and we use P"M C T/, M. Let p’: Y’ — M’ be an-
other fibered manifold, dim M’ = m, and f: Y — Y’ be an F M,,-morphism
with base map f: M — M’'. Then Ff: FY — FY’ is the restriction and
corestriction of F(f, f): F(M,Y) — F(M',Y").

Consider F; = (4;, H;,t;), i = 1,2. According to [8], the natural trans-
formations Fy — F3 are in bijection with G7,-equivariant algebra homo-
morphisms p: A7 — As satisfying ¢t = p o t1. The corresponding map
oy : 1Y — F5Y is of the form

(13) iy ({u, 2}) = {u, py (Z)},  we P"M, Z e THY,

where iy : TYY — T42Y is the map determined by 4 in the manifold case.

Assume again that p is K-equivariant only, K C G7,, and we have a

K-reduction Q@ € P"M. Then FY C Q[TY], i = 1,2, and there is a
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restricted and corestricted map fig.y,

Y Fox BY
(14) 1 l
QITY] —— QT Y]

Analogously to Section [2] one verifies directly that the following diagram
commutes:

Yy —"Y _py
(15) Flfi lef
Lot vy
Y —2° S py’

Thus, we have proved

PROPOSITION 2. For two functors F; = (A;, Hi, t;), i = 1,2, with the
same r and m, and a subgroup K C G7,, every K-equivariant algebra ho-
momorphism p: A1 — Ag satisfying to = oty and every K-reduction

Q C P"M determine a map fiq)y: F1Y — FYY that is natural in the sense

of .

4. Iteration of general nonholonomic jet functors. The rth non-
holonomic prolongation J'Y of Y is introduced by the iteration J'Y =
JY Y — M), J'Y = J'Y. The bundle J"(M,N) of nonholonomic
r-jets of M into N is defined as J"(M x N — M). We have J'Y C JY
and J"(M,N) C J"(M,N). The composition Z o X € JI(M,Q), of X €
JI(M,N), and Z € jg; (N, Q). coincides with the classical one for holo-
nomic r-jets (see [4]). We write 35.: J'Y — Y for the target jet projec-
tion. If we consider J*J'Y = J*(J'Y — M), we have the target projec-
tion ﬂ}T,Y: J5J'Y — J'Y and the induced map jsﬁg}: JJY — J°Y.
A map e: JSJ'Y — J"J%Y is called an exchange if jrﬁff oe = ﬁfﬁy and
ﬂ;sy oe=J *By-. We use Proposition [2| to prove the following assertion.

PROPOSITION 3. FEwery classical torsion-free connection A on M deter-
mines an exchange map ex,: J°J'Y — J'J°Y.

Proof. According to iteration theory (see [I]), the Weil algebra D7, of
J" is the tensor product DI, = @D} DL = JHR™ R) = R x R™. The
corresponding action of +,.(GL)) on D, is the tensor product of the identities
on R and the classical actions of G, on R™*. By iteration theory, the Weil
algebra of J*J" is D, ® DI, and the corresponding action of ¢, 44(GL) is
of the same type. Hence the exchange map e: Df, @ D7, — D’ @ D7, is
trrs(GL)-equivariant. Using the exponential map of A, we construct ex,. m
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REMARK. We underline that for » > 1 or s > 1 there is no hope for the
uniqueness result as in the case r = s = 1 mentioned in the introduction. By
Lemma instead of expf;frs_1 we can use any natural operator transforming
A into a torsion-free connection on P"SM. All those operators were char-
acterized by Mikulski [10], with an addendum concerning the torsion-free

case in [5].

This approach works even if we replace J” by a general r-jet category C
introduced in [6]. This is a rule transforming every pair (M, N) of manifolds
into a fibered submanifold C'(M, N) C J"(M, N) such that

(i) J"(M,N) C C(M,N) is a fibered submanifold,
(ii) if X € Cx(M,N)y and Z € Cy(N,Q)., then Zo X € Cp(M,Q).,
(iii) if X € Cx(M, N), is regular, i.e. there exists W € j;(N, M), such
that W o X = jlidp, then there exists Z € Cy(M, N), with this
property,
(iv) C(M,N x Q) =C(M,N) xp C(M,Q).
For every fibered manifold p: Y — M, we define its horizontal C-prolonga-
tion
CrY = {X S C(M7Y)7 (]ZS’XP) oX = jng idM}7
aX or BX being the source or target of X, and its wertical C-prolongation

Y = | Co(M,Yz) C C(M,Y).
zeM

Clearly, j;;Y = J'Y. If we restrict CLY or C,Y to fibered manifolds with
m-dimensional bases, we obtain a f.p.p.b. functor Cj, ,,, or Cy p, o0 F M,
provided the values of C}, ,, or Cy;, on FMp,-morphisms are defined by
means of the jet composition.

If we consider another general s-jet category C’, then the proof of Propo-
sition [3{ works for every pair from C, pm, Com, O s Com

h,m>
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