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Hilbert spaces of analytic functions
of infinitely many variables

by O. V. LOoPUSHANSKY (Krakéw) and A. V. ZAGORODNYUK (Lviv)

Abstract. We study spaces of analytic functions generated by homogeneous polyno-
mials from the dual space to the symmetric Hilbertian tensor product of a Hilbert space.
In particular, we introduce an analogue of the classical Hardy space H 2 on the Hilbert
unit ball and investigate spectral decomposition of unitary operators on this space. Also
we prove a Wiener-type theorem for an algebra of analytic functions on the Hilbert unit
ball.

Introduction. An increasing interest in infinite-dimensional holomor-
phy in recent years has generated lots of questions concerning subspaces of
analytic functions on Banach spaces. In particular, it is of interest to con-
sider analogs of classical function spaces on the unit ball. In a large number
of papers (see e.g. [4], [1], [2]) various analogs of the disk algebra or the H>
algebra for the unit ball of a Banach space are investigated.

The purpose of this paper is to construct and investigate an analogue
of the Hardy space H? of analytic functions on the unit ball of an infinite-
dimensional separable Hilbert space. The idea of the construction comes
from the fact that the dual space to the symmetric Banach space n-tensor
product endowed with a cross-norm is isometric to a subspace of n-homogen-
eous polynomials on the Banach space. Considering a special cross-norm, the
so-called Hilbertian cross-norm, we can obtain a natural Hilbert structure
on the tensor product of Hilbert spaces. After symmetrization of the tensor
product we obtain a predual to a Hilbert space of continuous polynomials.

In Section 1 we study some properties of spaces of homogeneous Hilber-
tian polynomials. In particular, it is shown that the set of norm attaining
polynomials is not dense in the space of Hilbertian polynomials.

In Section 2 we introduce the Hardy-type class H?(B) of analytic func-
tions on the Hilbert unit ball B as the dual space to the £2-sum of symmetric
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Hilbertian tensor products. It is again a Hilbert space, and we investigate
spectral decomposition of unitary operators on it. Note that the sum of the
symmetric Hilbertian tensor products plays an important role in quantum
mechanics, where it is called the symmetric Fock space [11].

In Section 3 we consider a function algebra on B generated by Hilbertian
polynomials and investigate its spectrum.

For background on analytic functions on Banach spaces we refer the
reader to [7], [8].

1. Hilbertian tensor product and Hilbertian polynomials. Let
E be a separable Hilbert space with an orthonormal basis (e;) and inner
product (-|-). Denote by B:= {z € E: ||z|| = (z|2)'/? < 1} the open unit
ball in F, and by 7 := {z € E: ||| = 1} the unit sphere in E.

It is known (see e.g. [9, p. 27|, [5, p. 351] or [11]) that it is possible to
define a norm h on the algebraic tensor product Q" F of F such that the
completion Q) E of @™ E under this norm is a Hilbert space. More exactly,
each vector w € Q) E can be represented as

e.)
w = E aie1; Q... Q en;,
i=1

and we put

ol = (S2)",

i=1
where the eg; belong to the orthonormal basis of E and «; € C. An inner
product (u|v), on Q) E can be defined by

(ulv)n =Y awyileriley) .. (enileny), i, v €C,
,J
where u =3, qje1; ® ... ® €pi, V=1 _;7j€1; ® ... @ enj € X E.
Let zjy .2y, := (1/0)) X cg. To(i) ®- - - @Tg(;,) be the symmetric ten-
sor product of x;,,...,z;, and 2" := z®...®x, where G, is the permutation
group of the set {1,...,n}.

PROPOSITION 1.1. (a) There exists a unique continuous orthogonal pro-
jection Sy on @ E such that

1
(1) Sp(e1 @ ®€nz) = ] Z €o(1)i @ - @ Ex(n)i-
O'egn

(b) The space E}" of continuous linear functionals on E} = S,(Qp E)
is isometrically isomorphic to some subspace Pp("E) of the space P("E) of
n-homogeneous continuous polynomials on E.
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(c) The image E}' = S,,(Q} E) is the closure of the linear span of ™ in
Q. E for all z € E.

Proof. (a) The equality S2(w) = S,(w) and orthogonality of S, are
evident on a dense set of finite sums w = ), a1, ®. .. ®ep;. The continuity
of S,, follows from the inequality

1
E Z Z i€y (1)i R...® €o(n)i

" 0€Gn i

1 12 2 2] 12 1 | _
< — il ... ; = — ! = 1.
< sup o zgj [; il lleaqll® - ety 7 Sup el = 1
(b) Let ¢ € E}. From the Riesz Theorem it follows that there is a
w € E} such that ¢(u) = (u|w),. Put Py(x) := (2™ |w),. It is clear that
P, is an n-homogeneous polynomial on E. Since |Py(z)| < ||¢] [|=™]| =
lw| ||z]|™ < oo, Py is bounded and so continuous. Denote by Pp("E) the
subspace {Py : ¢ € E}'} of n-homogeneous continuous polynomials with
norm || Py|| = ||¢]|. Evidently, P, ("E) is isometric to E}”.
(c) By the polarization formula (see e.g. [7, p. 6]) and (b), for every
¢ € E},

sup [|Sp(w)|| = sup
lwll<1 <1

P(x1...xn) = Ap(T1,...,20) =

1 n
o] Z €1 ...5nP¢(Z€jacj)
Ei::tl jZl
1 " n
= Sl Z 51...€n¢<(26jxj) ),
! =

e;i=*%1

where A, is the symmetric n-linear form associated to Pg. Thus

1 & n
xl...l’n:2nn! 61...€n< E 8]‘IL’]‘> . m
+1 j=1

€=

Throughout, we will say that Ej is the n-fold Hilbertian symmetric ten-
sor product of E and Pp("E) is the space of Hilbertian n-homogeneous poly-
nomials on E. Define ug;y := Sn(ej, ® ... ®ej,), where (j) = (j1,-..,Jn)
is a multi-index. It is easy to see that u ;) = u) if and only if there is a
permutation o € G, such that (j1,...,jn) = (ks(1),-- -, ko)) In this case
we will say that the multi-indices (j) and (k) are equivalent. Denote by I,
the set of equivalence classes of multi-indices, and by [j] the element of I,
containing (7).

LEMMA 1.1. The vectors uy;), [j] € In, form an orthogonal basis in E}
and 1 > |luy;|| > (1/nh)1/2,

Proof. Clearly, u;) and uy) are orthogonal if [j] # [k]. Since the system
{u[j]} is the image of a basis under the projection S, it is complete. Also
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1
g = |2 s - e
g

1
= m< D oy ® - By

COROLLARY 1.1. Let w € E}! and w =) ;2 aje1;...en;. Then

(Slea) "= o = (3 aif)

i=1 i=1

(n!)1/2

= (1/n)V%. u

1/2
Cia(1) .. ‘®€ja(n>> >

Proof. Let w:= Y2, a;e1;®...®ep;. Then w = S, (w) and |w|| > |jw||
since S,, is an orthogonal projection. Since {ey;...eni/|l€1i...enil|} is an
orthonormal basis in E}', by Lemma 1.1 we have

oo o
1
lwl> = Jaillleri - eni* > = > Jouf*.
i=1 (Lt

It is clear that every polynomial of finite type is Hilbertian. Moreover,
since every element w € E}', w = Zfil Q€14 . . . €y, 18 the limit of the se-
quence of the vectors wy = Zle Qgel; . .. eni, every Hilbertian polynomial
can be approximated by polynomials of finite type in the norm of P, ("E).
Since sup <1 [P(z)| < [|P||, every Hilbertian polynomial can be approxi-
mated by polynomials of finite type in the topology of uniform convergence
on the unit ball of E. Thus if P is a Hilbertian polynomial then P is weakly
continuous on bounded sets [3]. The converse is not true.

ProrosiTION 1.2. There is a polynomial that is weakly continuous on
bounded sets and not Hilbertian.

Proof. It is known that if E’ has the approximation property then the
space Py (" E) of n-homogeneous polynomials weakly continuous on bounded
sets is isomorphic to the injective symmetric tensor product @~ E" of E’
8, p. 112]. On the other hand, Pn("E) = E} C Q. E' = Pw("E). This
embedding is proper because E}' = E}' is a reflexive space but ®?S £
is not. More exactly, the adjoint space to the injective symmetric tensor
product of the Hilbert space is the symmetric projective tensor product of
the Hilbert space [8, p. 112] which contains a copy of ¢;. Note that since
Pr("E) contains all polynomials of finite type and is a proper subspace of
Pw("E), the closure of P("E) in P("E) coincides with Py ("E). =

Let us recall that a polynomial P is said to be integral if there exists a
regular Borel measure p of finite variation on (Bg/,o(E’, E)) such that

(2) P(z) = | ¢(x)" du(9)

B
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for all z € E, where ¢ € Bp. The Banach space of all n-homogeneous
integral polynomials with the norm

| P||1 := inf{||u]| : p is a regular Borel measure

of finite variation satisfying (2)}

is denoted by Pr("E). The concept of integral polynomials was introduced
in [6].

PROPOSITION 1.3. The space Pi("E) is a proper dense subspace of
Pr("E).

Proof. Since Pi("E) = (QZ,E)" (see [6]) and E} is a dense proper
subspace of @~ E, it follows that Pr("E) is a proper subspace of E} =
Pr("E). The denblty of P1("E) follows from the fact that Pr("E) contains all
polynomials which form an orthonormal basis in the Hilbert space Pp("E)

and their linear span as well. =

Therefore Propositions 1.2 and 1.3 imply that the space of Hilbertian
polynomials lies strictly between the spaces of integral polynomials and
polynomials weakly continuous on bounded sets.

It is known [10] that the space P("X) of all continuous polynomials
(with sup-norm) on a Banach space X with the approximation property is
reflexive if and only if all polynomials from P("X) are weakly sequentially
continuous, and this is equivalent to the fact that every P € P("X) is norm
attaining. The next theorem shows that for subspaces of P("X) the situation
is different.

THEOREM 1.1. The set of norm attaining Hilbertian polynomials is not
dense in Pp("E).

Proof. Let us show that a Hilbertian polynomial P is norm attaining if
and only if P(z) = (2" |v),, where v = y" for some y € E. Assume that
|P|| = 1. Suppose that P(y) = || P|| for some y € E with ||y|| = 1. Since

1P| = [[vo]] = (v|v)}/* = (0] v)n = (" [0)n = 1,
we have v = y™. In the general case, if || P|| # 0, the polynomial

P(xz) = [|v]] (“Tn ﬁ>n

attains its norm if v/||v|| = y™ for some y € E. Therefore if the set of
norm attaining Hilbertian polynomials were dense in Pp("E) then the set
{y" :y € E} would be dense in E}'. But it is easy to check that the sum
e1®...0€e1 +e3®...R ey does not belong to the closure of this set. m

2. Hilbert space of analytic functions. Let H(B) be the space of
analytic functions on the unit ball B.
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DEFINITION. The Hardy-type space H?(B) is the subspace of H(B) con-
sisting of all functions f that can be expanded in the Taylor series

(3) Fa) =" fal@)
n=0

with f, an n-homogeneous Hilbertian polynomial and

- /
17l = (X 17al?) ™ < oo
n=0

Consider the fo-direct sum of E}, lo(E}) == @, E}}, where E2 = C.
The dual space ¢5(E}) to ¢o(E}) has a natural inner product (- |-).

THEOREM 2.1. The space l5(E}') is isometrically isomorphic to the space
H?(B).

Proof. Let f € t5(E}). By the isometric isomorphism ¢4 (E}) ~ ¢o(E})
there is a sequence (¢,,) of functionals such that

én € E}Y and f = Zqﬁn
n=0

Let ¢p(x) := (2™ |wy), for some w, € E} and wy € C. We want to show
that the operator

[e.o]

fro fl@)=@|f) = (" |wa)n

n=0

is the required isomorphism, where z° = 1 and ¢¢ = (z° | wo)o := wo.
For each x = a € B, ( € R, || < 1, ||a]| = 1, the vector

o0
T = E "
n=0

belongs to the space l2(E}), since its f2(E}')-norm is equal to

> 1/2 1
= (D 1) = ——rs
’ (nzo ) (1 [¢2)17?

From Schwarz’s inequality it follows that

/112
(1= g1/

In other words, the function f(z) is bounded in every ball {z = (a : |{| <

[f @) < [[Z]l2ll fll2 =
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1 — e}, where 0 < € < 1. Moreover for = + Ca € B,

fl@+¢a) = (w+Cal f) = Zchk”rwm

n=0 k=0

= Z Z ¢F(a"a™ | Wy m ) hym-

k=0 m=0
Since | Yoo (aFa™ | wyim,) k—f—m‘ < I fl2llZll2]|all*, the function f(x) is Ga-
teaux analytic and so [7] it is analytic in B, i.e. f(x) € H*(B).

Conversely, let f(x) € H?(B). Then the coefficients f,, of the Taylor
series expansion (3) define a unique sequence of linear functionals f,, € E}”.
So the sum f =) f, belongs to the space l2(E}).

Thus the required isomorphism is defined by the operator

G3(ER) > f = f(z) € HX(B), where f(z)=(Z|[). n

Let A be a selfadjoint operator on E with domain D(A). Suppose that
—iA is the generator of a unitary group R > ¢ — U, of bounded operators.
Consider on F ® ... ® E a group of operators

n

——
Rot—U;®...0U;

such that
(Ut ®X...xQ Ut)w = ZajUtxlj ®X...x Ut:L‘nj
J
for all w = Zj ajT1; @ ... Qxp; € F®...® E. The generator of the group
U; ® ...® U; has the representation

. j-1 nj
~i(Yo4;), where 4;=Te. . @lodels. . ol

and [ is the identity operator on E. Then we have
(Ut® ®Ut)5n = Sn(Ut® ce ®Ut),

A _(ZA) o= n(]g:Aj)x

for each x from the domain of the generator —i(3_; A;). Set Ag = 0.

THEOREM 2.2. (a) The group of operators on H?(B) defined by
Uf(z) = f(U), tE€R, z€B, feH(B),

18 unitary. N R
(b) The generator of the group Uy has the form —iA, where the operator
A = A* is adjoint with respect to the duality ((2(E}) | H*(B)) to the diagonal
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matrix operator

0 0 0
0 A 0
A= | :

defined on the subspace of finite sums of basis vectors in la(E}).

PTOOf. (a) Let f = me g = Zgn c H2(B) and fn(l') _ (xn’un)m
gn(x) = (2™ | vp)n, where

[oe) xD
Uy, = E Q€1 ... Epiy  Up = E Bi€e1i - . . €nj.
i=1 i=1

Then, since Uy is unitary,

n=0

=> Y ciBi(Ueri | Uexy) .. . (Ureni | Usens)
n=0 =1

= Z Zazﬂi(eli le1i) ... (Uieni | Ureni) = (f ] 9)-
n=0 =1

(b) For every n the space E}' is an invariant subspace of E® ... ® E with
respect to the action of the group ﬁt. Since S;, > ; A; is the generator of l?t
on £}, the required assertion follows from (a). =

Let 0(A) be the spectrum of a selfadjoint operator A and A = SU(A) AdEy
its spectral decomposition, where the measure £, is concentrated on Borel
subsets of o(A).

COROLLARY 2.1. The following spectral decomposition holds:

Af:@ S A+ .o+ M) dEN, ® ... R dEN, fn
n=0g(A)x...x0o(A)

forall f=3""0fn€ D(A\), where
D(A) = {f e HX(B) :

ST NP AP [ ® . @ dE fu| fu)n < .
n=0g(A)X...x5(A)

~

Proof. Let us show first that o(A,,) = {A: A= +...4+ )\, \p € 0(A4)}.
For a given operator L with o(L) # (), denote by [L] the algebra of all rational
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functions of L. Since [L] contains the resolvent of L, the operator L — AI
is invertible if and only if it is invertible in [L]. So A € o(L) if and only
if there exists a character (complex-valued homomorphism) ¢ on [L] such
that ¢(L) = A. Indeed, suppose that L — AI is not invertible; then L — A\J
belongs to a maximal proper ideal in [L]. So there is a character ¢ such that
¢(L — AI) = 0 and ¢(L) = A. Conversely, if ¢(L) = A then L — Al is not
invertible and \ € o(L).

Suppose that for some k > 1, o(A) = {\ : A = SE i i € a(A)}
(For k£ = 1 this is evidently true.) Let 6 be a character on [ﬁk] For an
arbitrary B = Z,’f:l Bi1®...®Bjjt1 € [A\k_l'_l] put

k+1
= ZG(BZI ®...Q Bik)lk & Bi,k—f—l,

where [' ¥ is the kth tensor product of I. We claim that 6 is a homomorphism
from [Ay] to I* x [A]. Since [Aj41] is a one-generated commutative algebra,
we need only show that O(A%H) (0(Aj11))2. Tt is easy to see that Ay q =

Ak®l+lk®Aand G(A/H_l)—fk (A+(9(Ak) ) Thus
0(A?. ) = 0(A, © I+ IF @ A)?
= QAN TFH 4 0(IMVIF @ A2 +20(A)TF @ A

= IF @ (A% + (0(AR))* + 249(Ap)) = I* @ (A + 0(A)D)? = (0(Agi1))*

Let now ¢ be a character on [Ek.’.]_] and ¢(Ays1) = A. For an arbitrary
Ao € 0(Ag) put Ay = A — Ag. Then the operator

A1 =M = (A, = XD @I +T®..0T® (A— M)
is not invertible. Let 8y be a character on [/Alk] such that HO(A\k) = \g. Then
(A =2 @T+T®...0T@ (A= MI))=IFA—TF)\

is a noninvertible operator. Thus Ay € o(A). So, from the induction assump-
tion it follows that the spectrum of Ay coincides with the (k+ 1)-fold sum
of the spectrum of A.

The spectral measure £, ®...®E,, in £} and the measurable function
o(A)x ... x0(A) 3 (A1,..., An) — A1+...+\, are induced by the selfadjoint
operator

A, = | AL+ ) dEN® ... QdEy,
o(A)x...xo(A)

with domain
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{fn Bl | (NP H A ) (@60 ® ... @dEn fal fu)n < oo}.
o(A)x...xo(A)

Now the required spectral decomposition of the operator A follows from [12,
Theorem 13.24]. m

3. Wiener-type theorem for analytic functions on Hilbert spaces

LEMMA 3.1. The product of Hilbertian polynomials P and Q is a Hilber-
tian polynomial and || P| ||Q] > || PQ].

Proof. Let P(x) = (x|u), and Q(z) = (2 |v),, for some v € E}’ and
v € E*. Then ||PQ| = ||Sn+mu @ v|| < |lu®@v]|. Let

00 00
u = E ;€15 .. .€n4, V= E ﬁieli...emi.
i=1 =1

Then

o
lu@oll> =" [ail?|B*llexi - - eni ® €1 .. . emj”
i,j=1

o
= > lalPIBiPllei - enilPlles; - - emgll* = [lul*[|v]|*. u
ij=1
Denote by W (B) the set of analytic functions on B such that f(z) =
S22, Pi(), where Py € Pp(*E) and Y32, || Px|| < co. Note that the func-
tions from W (B) are defined and bounded on B, since

1
limsup —— > 1
koo || PkllM
(see e.g. [7, p. 166]). From Lemma 3.1 it follows that W(B) is a Banach
algebra with norm || f|[1 := > 7o || Pell-

The following lemma follows easily from the definition.

LEMMA 3.2. The algebra W (B) is isomorphic to the convolution algebra
G(ER) with (ug) * (vj) = (w;), where w; = Y ;4 ugvi—g for (ug), (v) €
01 (E}). Moreover W (B)' = lso(E}) as Banach spaces.

THEOREM 3.1. The set of mazimal ideals of the algebra W (B) is hom-
eomorphic to the unit sphere T of E in the Gelfand topology.

Proof. Let ¢ be a multiplicative linear functional on W (5). By Lemma
3.2, 0 =" ¢n € (E})1.., where ¢, € E}! is the restriction of ¢ to E}.
Let f € W(B), f(xz) => 7" Pao(z). Then
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00 k
()= k> PuPin.
k=1 n=1

On the other hand, from the multiplicativity of ¢ it follows that

o) [e'e) oo k
O(f2) = (D) =D nlPn) D dm(Pm) =D ¢n(Pn)dh—n(Prn)-

k=1n=1

Combining the last two formulas, we have ¢, (P]") = (¢1P1)" for each n.

Therefore ¢! = ¢ on the dense subspace of finite type polynomials, and
thus ¢, = ¢} everywhere. Since the norm of a multiplicative functional is
equal to one, ||¢1]|| = 1. Since every linear functional from € E’ is defined

by some vector from FE, we see that ¢ is the point evaluation functional
at some point of the unit sphere. The Gelfand topology on this sphere co-
incides with the weakest topology for which all functions from W (B) are
continuous.

THEOREM 3.2. Let f € W(B) have no zeros on the unit sphere T. Then
1/feW(B). n

Proof. Since T is the set of maximal ideals of W (B), f is invertible in
W(B) and so f~1 € W(B). m
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