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Lifting adapted connections from foliated manifolds
to higher order adapted frame bundles

by J. KUREK (Lublin) and W. M. MIKULSKI (Krakow)

Abstract. Let (M, F) be a foliated manifold. We describe all natural operators .4
lifting F-adapted (i.e. projectable in adapted coordinates) classical linear connections V

on (M, F) into classical linear connections A(V) on the rth order adapted frame bundle
P (M, F).

Introduction. All manifolds and maps are assumed to be of class C*.

A classical linear connection on a manifold N is a R-bilinear map V :
X(N) x X(N) — X(N), where X(N) is the vector space of all vector fields
on N, such that (1) VyxY = fVxY and (2) VxfY = XfY + fVxY
for any vector fields X, Y € X(N) and all maps f : N — R. It is well-
known that classical linear connections V on N are in canonical bijection
with sections V : N — QN of the so-called connection bundle Q(N) =
(idpsny ® m1)t(idyy) C T*N @ J'TN over N, where w1 : JITN — TN is
the jet projection from the first jet prolongation J'T'N of the tangent bundle
TN. Every local diffeomorphism f : Ny — Ny induces canonically a fibred
local diffeomorphism Qf : Q(N;) — Q(N2) covering f (the restriction of
T*f ® JITY).

Let Foly,n be the category of all m + n-dimensional foliated manifolds
(M, F) with n-dimensional foliations and their foliation respecting local dif-
feomorphisms. Given a Fol,, n-object (M, F) we have the rth order adapted
frame bundle

P"(M,F) = {jop | ¢ : R™F™) — (M, F) is a Foly,n-map}

over M of (M F), where F™" = {{a} x R"},cgm is the standard n-dimen-
sional foliation on R™*". We see that P"(M,F) is a principal fibre
bundle with the standard group G7,, = P"(R™", F™")y (with multipli-
cation being composition of jets) acting on the right on P"(M,F) by the
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composition of jets. Every Fol,, ,-map ¢ : (My,F1) — (Ma,F2) induces
a local fibred diffeomorphism (even a principal bundle local isomorphism)
Py P"(My,F1) — P"(May,Fs) over ¢ given by P Y (jyp) = jo(¢ o @),
jSQO S PT(Ml, fl)

Let (M,F) be a Folp, n-object. A vector field X on M is called an in-
finitesimal automorphism of (M, F) if the flow {Expt X} of X is formed by
(locally defined) Fol,, ,-maps (M, F) — (M, F). Equivalently, a vector field
on M is an infinitesimal automorphism of (M, F) iff [X,Y] is tangent to F
for any vector field Y on M tangent to F. We denote by X(M,F) the Lie
algebra of all infinitesimal automorphisms of (M, F).

A classical linear connection V on M is called F-adapted if VxY €
X(M,F) forany X,Y € X(M,F) and VyW is tangent to F for any U, W €
X(M,F) with U or W tangent to F. (We observe in the proof of Lemma 1
that V is F-adapted iff it is projectable in adapted coordinates.)

In the present paper we study how an F-adapted classical linear connec-
tion V on a Fol,, ,-object (M, F) can induce a classical linear connection
A(V) on the rth order adapted frame bundle P"(M,F). This problem is
reflected in the concept of Fol, p-natural operators A : Qryp,,,, ~ QP" in
the sense of [1]. We recall that a Fol,, n-natural operator A : Qryy,, , ~ QP"
is a family of Fol,, n-invariant regular operators (functions)

A=Awmr) : Qra(M, F) — Q(P" (M, F))

for any Fol,, n-object (M,F), where Qz (M, F) is the set of all F-adapted
classical linear connections on (M,F) and Q(P"(M,F)) is the set of all
classical linear connections on P"(M, F). The invariance means that if V; €
Qrol(M1,F1) and Vo € Qro(Ma, F2) are p-related for a Foly, n-map ¢ :
(My, F1) — (Ma, Fa), then A(V1) and A(Va) are P"p-related. The regular-
ity means that A transforms smoothly parametrized families of F-adapted
classical linear connections into smoothly parametrized families of classical
linear connections.

In Section 1 we give an example A : QFoly,., ~ QP" of such a Foly, -
natural operator. Then we have

THEOREM 1. Any Foly, n-natural operator A : Qrp,,,, — QP is of the
form

A(V) = A(V) +C(V)
for some unique Foly, n-natural operator C : Qry,,,, — (T*@T* @ T)P"
transforming F-adapted classical linear connections V on (M, F) into tensor
fields C(V) of type (1,2) on P"(M,F).
In Sections 2 and 4 we describe explicitly all Fol,, ,-natural operators

C:Qroly,, ~ (T RT*@T)P". (The definition of these operators is a direct
modification of the one for Fol,, ,-natural operators Qfolm,n ~ QP".)
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In the case n = 0 we observe that Fol,, o is (in an obvious way) equiva-
lent to the category M f,, of m-dimensional manifolds and their local diffeo-
morphisms. Namely, we identify an m-manifold M (an M f,,-object) with
the foliated manifold (M, {{a}}qscrs) foliated by points (a Foly, o-object).
Clearly, the bundle P"(M,{{a}}qcrr) is (again in an obvious way) equiva-
lent to the rth order frame bundle P"M = inv Jj(R™, M). Moreover, the
{{a}}aerr-adapted classical linear connections V on (M, {{a}}eenr) are ex-
actly the classical linear connections V on M. Thus in the case n = 0 the
result of the present paper (almost) coincides with the result of the second
author in [2]. In other words, the present paper is an (almost) extension of
the result from [2] to foliated manifolds. We write “almost” because if V is
a classical linear connection on M then we have the complete lift V¢ of V
to P"(M) (we note that P"(M) is an open subset in T, M = Jj(R™, M)
and we have the restriction of the complete lift V¢ of V to the m”-velocities
bundle T, M of M in the sense of Morimoto [3]). In [2], we use V¢ instead
of A%(V).

Up till now, for n > 1 no connections A(V) on P"(M, F) coming from an
F-adapted one V on (M, F) have been known. Thus the first main difficulty
of the present paper is to construct a connection A%(V) on P"(M,F) from
an F-adapted classical linear connection V on (M, F). In the construction
of A°(V) we will use Lemma, 1, which we will also apply many times in next
sections.

In the last section we present an alternative version of the main result.

1. An example of a Fol,, ,-natural operator A° Qroly,, ~ QP
To present such an example we need the following lemma.

LEMMA 1. Let V be an F-adapted classical linear connection on a Foly, p -
object (M, F). Let p = jop € (P"(M,F))s, x € M. There ezists a unique
(germ of ) V-normal coordinate system VP on M with centre x such that
YVP (M, F) — (R™F" Fmn) s a locally defined Foly, ,-map and we have
PY @V P) (o) = jg (idmmtn).

Proof. Clearly, for a vector field X € X(R™'") we have X € X (R™*t",
F™1Y iff the flow of X is formed by local fibred isomorphisms of the trivial
bundle ¢ : R™ x R™ — R™ or (equivalently) iff X is g-projectable (i.e. there
exists a unique vector field X on R g-related to X ). Then a classical linear
connection V on R™t" is F™m".adapted iff VxY is g-projectable for any
g-projectable vector fields X, Y on R™ x R™ and VW is vertical if U,V are
g-projectable and U or W is vertical, or (equivalently) iff V is g-projectable
(i.e. there exists a unique classical linear connection V on R g-related to V).

We can assume that (M, F)=(R™" Fn) =0 and jio=j}(idgmn).
By the above considerations, the exponent Expy, of V at 0 € R™T™ jg
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g-related to Expy o of V at 0 € R™ (because V-geodesics project via ¢ onto
V-geodesics as V and V are g-related and ¢ is a surjective submersion).
Then VP = Expelo is a unique V-normal coordinate system on R with
centre 0 such that P1(yVP)(ji(id)) = ji(id) and ¢VP : (R™F7, Frun) —
(R™Fn Fman) is a locally defined Foly, n-map. =

We are in a position to present an example of a Fol,, ,-natural operator
A° QFolp., ~ QP". We fix an arbitrary classical linear connection A% on
Pr(R™* F™) (a section of the connection bundle Q(P"(R™*" Fmm))
— Pr(Rm—&-n’]:m,n))_

EXAMPLE 1. Let V € Q(M,F) be an F-adapted classical linear con-
nection on a Foly, p-object (M, F). We define a classical linear connection
A%(V) on P"(M,F) (a section A°(V) : P"(M,F) — Q(P"(M,F))) as fol-
lows. Let p = jp € (P"(M,F))s, € M. Let 1V be the unique (germ of)
V-normal coordinate system on M with centre x such that ¢V : (M, F) —
(R™Hn, Fmn) is a locally defined Foly, ,-map and P(vVP)(jlp) = ji(id)
(see Lemma 1). We define

AU (V)(p) = QP (V7)) (A (P (Y P)(p))).
This definition is correct because the germ of ¥V at z is uniquely deter-

mined and we can apply the functor P" to ¢V because 1)V P is a Foly, n-map.
Therefore the family A° : Q Folp,n ~> QP is a Foly, p-natural operator.

2. The Fol;, n-natural operators Q i, , ~ 70 pr . Let
0 := ja(idgm+n) € (PHR™T™, FY).

Let (P7(R™, Fom))y = {jo € (PT(R™, Fm))y | jlo — 6}, Let S°
(s € NU{oo}) be the vector space of all s-jets at 0 € R™*™ of F™"-adapted
classical linear connections V on (R™*" F™") (or equivalently, of all s-jets
at 0 € R™T™ of projectable classical linear connections on the trivial bundle
R™ x R™ — R™) given by the Christoffel symbols I ]Zk : R™*" — R satisfying

m+n

Z F;k($)$]$k =0 fori=1,...,m+n.

3,k=1
Equivalently, S® is the space of all s-jets at 0 of F"™"-adapted classical
linear connections V on (R™*" F™") such that the usual coordinate system
b ..., 2™ on R™*™ is a normal coordinate system for V with centre 0.
(The equivalence is almost clear if we remember the well-known differential
equations for geodesics and apply the fact that V-geodesics passing through
the centre of V-normal coordinates are straight lines in these coordinates.)

Let us consider a function p : S x (P"(R™+" F™n))y — R satisfying

the following local finite determination property:
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() For any g € S™ and o € (P"(R"™" F"™"))y, we can find an open
neighbourhood V' C (P"(R™*t" F™")), of o, an open neighbour-
hood U C S of p, a natural number s and a smooth map f :
ms(U) x V. — R such that g = f o (ms x idy) on U x V, where
s 1 J° — J? is the jet projection.

An example of a p with property (x) is the pull-back of a map p : S* x
(PT(R™t" F™))y — R for finite s with respect to the projection 7 x id :
90 (Pr(Rm+n7fm,n))0 — 85 % (PT(Rm’n,fm’n))g.

EXAMPLE 2. Given an F-adapted classical linear connection V on a
Fol . n-object (M, F), we define a smooth map B (V) : P"(M, F) — R by

BY(V)(p) = p(ie (Y V), P" (4 7)(p)) |

p=jbp € (P"(M,F))s, x € M, where VP : (M, F) — (R™FTn Fmn) is
as in Lemma 1 for V and p. The definition is correct because germ,, (V)
is uniquely determined. The correspondence B : Q Folyy.n ™ TOOPr s a
Fol,, n-natural operator transforming F-adapted classical linear connections
on Foly, n-objects (M, F) into maps B (V) : P"(M,F) — R. (The defini-
tion of Foly, ,-natural operators Q i, , ~~ T©0) pr ig a direct modification
of the one of 7, ,-natural operators Q 7y, , ~ QP".)

PROPOSITION 1. Any Foly, n-natural operator B : Q]:Olm’n s T(0.0) pr g
equal to B for a unique map p : S® x (P"(R™" F™"))y — R with the
above-mentioned property.

Proof. Let B be an operator in question. Define a map p : S®x (P"(R"™t™
fm’n))e — R by
1(j5°(V),0) = B(V), -
Then by the non-linear Peetre theorem [1|, 1 has property (x). Clearly, B =
B,

3. The parallelism on P"(M,F) from an F-adapted classical lin-
ear connection V on (M,F). Let V be an F-adapted classical linear
connection V on (M, F).

EXAMPLE 3. For i = 1,...,m + n, we define a vector field A*(V) on
P"(M,F) as follows. Let p = jip € (P"(M,F))s, © € M. Let VP :
(M, F) — (R™t" F™") be as in Lemma 1 for V and p. We put

A@) ) =P (") (P () P )

where 9/0x" are the canonical vector fields on R™*" (they are infinitesimal
automorphisms of (R™*" F"")) and where P" X means the flow lifting of
an infinitesimal automorphism X € X' (N, F;) to P"(N,Fi). (P"X is given
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by the flow {P"(Expt X)}, where {Expt X} is the flow of X. We can ap-
ply the functor P" to Expt X because Expt X is a Folm,n-map as X is an
infinitesimal automorphism.) The correspondence A* : Qry,,, ~ TP is

a Foly, p-natural operator (transforming F-adapted classical linear connec-
tions on (M, F) into vector fields on P" (M, F)).

EXAMPLE 4. Let G}, = P"(R™" F™")q be the Lie group as in the
Introduction. Let {E4} be a basis in the Lie algebra L£(Gy, ). Let (Ea)*
be the fundamental vector field corresponding to E, on the principal Gy, ,,-
bundle P"(M, F). The correspondence (Eqn)* : Qfol,, ,, ~ TP is a Folpmn-
natural operator (independent of V).

PROPOSITION 2. Given an F-adapted classical linear connection V on
(M, F), the vector fields AY(V) and (Ey)* fori = 1,....,m +n and a =
1,...,dim(Gy, ,,) form a basis over C*°(P" (M, F)) of the module of all vector
fields on P"(M,F).

Proof. This is a simple observation. =

4. The Foly,-natural operators Qz,,,, ~» (I" @ T* ® T)P". The
space of all Fol,, ,-natural operators Q zy,,, , ~ (T*®@T*®T)P" transforming
F-adapted classical linear connections on (M, F) into tensor fields of type
(1,2) on P"(M,F) is (in an obvious way) a module over the algebra of all
Fol,p-natural operators Qzy,, , ~ TP (classified in Section 2).

PROPOSITION 3. The module of all Folp, n-natural operators Q g, .,
s (T*@T*®@T)P" is free and (m+n+dim(Gy, ,,))3-dimensional. All (suit-
able) tensor products of A, (Ey)*, (A)P and ((Eo)*)P form a basis in this
module, where given an F-adapted classical linear connection V on (M, F),
(AY(V), (Ea)*) is a basis of vector fields on P"(M,F) as in Section 3 and
(AP ((EL)*)P) is the dual basis of 1-forms on P"(M,F).

Proof. Let C : Qru,,, ~ (T*@T*®T)P" be a Foly, n-natural operator.
For any F-adapted classical linear connection V on (M, F) we can write

C(V)=>_ M(V)FF(V),
k

where (F¥(V)) is the obvious basis of (1,2)-tensor fields on P"(M,F) in-
duced by the basis (A(V), (E,)*), and the maps \x(V) : P"(M,F) — R
are uniquely determined. Because of the invariance of C with respect to
Folm,n-maps, A\ : Qrol,, ., ~ TOOPr are Foly, p-natural operators. m

5. Another version of the main theorem. We end this note by
the following alternative description of all Fol, ,-natural operators A :

QFoly.n, ~ QP
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We use the notation of Section 2. Let v : S x (P"(R™*" F™"))y —
Q(P(R™*" Fmn")) be a map such that a local finite determination property
quite similar to (x) for u from Section 2 is satisfied. Additionally we assume
that mov(o,p) = p for any (o, p), where 7 is the projection of the connection

bundle.

ExXAMPLE 5. Let V be an F-adapted classical linear connection on a
Fol . n-object (M, F). We define a classical linear connection A®*) (V) on
Pr(M,F) as follows. Let p = jip € (P"(M,F))s, © € M. Let VP :
(M, F) — (R™" F™") be as in Lemma 1 for V and p. We put

AV (V) (p) = Q(PT((#¥?) ) (v (G5e (4 PV), PT (Y 7) (p)))-
Clearly, A¥) : Q Folm,n ~> QP is a Foly, p-natural operator.
THEOREM 2. Any Foly, n-natural operator A : Qzu,, , ~ QP" is equal
to AY) for some v as in Ezample 5.

Proof. The proof is quite similar to the one of Proposition 1. m
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