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Peak points for domains in C”

by ARMEN EDIGARIAN (Krakow)

Abstract. We give a necessary and sufficient condition for the existence of a weak
peak function by using Jensen type measures. We also show the existence of a weak peak
function for a class of Reinhardt domains.

1. Introduction. Let X be a topological space and let .# be a subset
of the set C(X) of all continuous complex-valued functions X — C. We say
that a point ( € X is an .#-peak point if there exists a function f € % such
that f(¢) = 1 and |f| < 1 on X\ {C}. Usually, one takes for X a compact set
in C and for . a uniform algebra on X (see e.g. [5, Chapter II]). The basic
problem is to determine a necessary and sufficient condition for a point to
be a peak point.

Let X be any subset of C”. In complex analysis it is quite natural to
study peak points of the family o/ (X) = C(X) N O(int X). In particular,
take a bounded domain D C C" and take X = D. Then a boundary point
¢ € 0D is a peak point if it is a peak point for the set 7 (X). However, in our
paper we study the case X = DU {(} (here, D is not necessarily bounded),
where ( is a boundary point of D. The question is: when is ¢ a peak point
for o7 (D U {(})? To distinguish from the standard “peak point” we use the
notion of “weak peak point” (see [§]).

The main result of the paper is the following characterization (cf. [5]

Theorem I1.11.3]).

THEOREM 1.1. Let D C C™ be any domain and let { € D. The following
conditions are equivalent:

(1) ¢ is a weak peak point.
(2) There exists no Borel probability measure p with compact support in
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D U {¢} such that p({¢}) =0 and
A1 < VIf ()| du(w)  for any | € o/ (DULC).

D

(3) There exists no Borel probability measure p with compact support in
D U{¢} such that p({¢}) =0 and

£(O) =\ fw)du(w)  for any f € o/ (DU{C}),

D
i.e., there exists mo Borel probability representing measure p with
u(¢) = 0.
(4) There exists a sequence of functions fn € &/ (D U{(}) such that

(a) Ifnllp <1 for any N > 1;

(b) fn(¢) = 1 when N — oo;

(c) for any compact set K € D there exist ann € (0,1) and a k € N

such that || fn||k < 1—mn for any N > k.

(5) For any bounded set W C C"™ there exists a sequence of functions

fn € A (DU{(}) such that

(@) ||fNllprw <1 for any N > 1;

(b) fn(¢) = 1 when N — oo;

(c) for any compact set K € D NW there exist ann € (0,1) and a
k € N such that ||fn||x <1 —mn for any N > k.

The implications :>:> and :>é are immediate.
As a direct corollary of our result we get the following family of domains
where weak peak functions exist.

COROLLARY 1.2. Assume that a domain D C C"™ can be described as

:{ZEC"'Z% (1f;(2) + T3 (= +ZW <o}

where f;, g5, he € (’)((C”) and ¢, e are convex functzons. Then any boundary
point of D is a weak peak point.

2. Non-compact version of Edwards’ theorem. This part of the
paper is motivated by [6] and we use methods developed in that paper. For
the convenience of the reader, we repeat the main points from [6] without
proofs, thus making our exposition self-contained.

Let X be a topological space and let Cr(X) be the set of all real-valued
continuous functions on X. Note that Cr(X) is a real vector space. We say
that a function J# : Cr(X) — [—00, +00) is a superlinear operator if

(1) H(af) =a(f) for any f € Cr(X) and any o > 0;
(2) A(f+9g) 2 H(f)+ H(g) for any f,g € Cr(X).
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Note that any linear operator is superlinear. Moreover, if J#, 74 are
superlinear operators, then min{.71, 74} is also a superlinear operator. In
this way we get superlinear operators which are not linear. As an example,
for a fixed x € X the operator 7, (¢) = ¢(x) is (super)linear.

We have the following version of the Hahn—-Banach theorem (see e.g. [0}
Theorem 2.4]).

THEOREM 2.1. Let Z be a linear space and let M be a vector subspace
of Z. If  : Z — |—00,+0) is a superlinear functional and ¢ : M — R is
a linear functional such that £ > € on M, then there is a linear functional
L Z - Rsuchthat{ =% on M and &L > I on Z.

In particular, we get a relation between positive superlinear operators
and positive linear operators.

PROPOSITION 2.2. Let X be a topological space and let
H: Cr(X) — [—00, +00)
be a positive superlinear operator. Then

(2.1)
H(¢) = inf{ZL(¢) : L is a positive linear operator on Cr(X), £ > H}.

Proof. Fix ¢ € Cgr(X). Since J€(¢) + #(—¢) < 0, we may find an
a € R such that —57(—¢) > a > 5 (¢). Consider a real linear subspace
M = {t¢ : t € R} C Cr(X) and a linear functional ¢ : M > t¢ — ta € R.
Note that £ > 2 on M. Indeed, £(t¢) = ta > H#(t¢) for any ¢t € R. For if
t > 0 then this is equivalent to a > (¢), and if ¢t < 0 then it is equivalent
to —a > (—¢). Hence by Theorem there exists a linear functional
Z : Cr(X) = R such that £ = 2 on M and £ > 5 on Cr(X).

If #(¢) € R then we take a = (¢) and get the equality (2.1)). If
H(¢) = —oo, we may take the sequence a, = —n and get a sequence
{Zn}n>1 of linear functionals such that %, > 2 for any n > 1 and
Zn(¢) - —oo when n — co. =

We say that a subset . C Cr(X) is a wedge if af + fg € .7 for any
fyg € 7 and any «, 8 > 0 (see e.g. [I]). We assume moreover that any wedge
. contains the constants.

For any ¢ € Cr(X) we consider its envelope related to a point z € X
and a wedge . C Cr(X) defined by

by, 7(¢) = sup{ep(z) : P € 7, P < ¢}

Note that &, »(¢) < ¢(x) and that &, » : Cr(X) — [—00, +00) is a positive
superlinear operator. Here, positivity means @, »(¢) > 0 for any ¢ € Cr(X)
such that ¢ > 0. Actually, we have @, »(¢) = ¢(z) for any ¢ € .7.
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For a wedge . and a point x € X we study the set J, & (X) of all Jensen
measures, i.e., the set of all Borel probability measures u with compact sup-
port in X such that ¢(z) < {4 dp for any ¢ € 7.

In 1965 Edwards [3] proved the following result.

THEOREM 2.3. Let X be a compact topological space and let . C Cr(X)
be a wedge. Assume that ¢ is a lower semicontinuous function on X. Then
for any x € X we have

@,7(0) = min{{odu s p € I (X)}.

Recently Gogus, Perkins, and Poletsky [6] proved the following non-
compact version of Edwards’ theorem.

THEOREM 2.4. Let X be a locally compact o-compact Hausdorff space
and let ¥ C Cgr(X) be a wedge. Assume that ¢ is a continuous function
on X. Then for any v € X we have @, o (p) = —o0 or

@,7(0) = min{[odu s p € I (X)}.

Our main aim in this section is to extend this result to a more general
class of spaces. In the next sections we show applications of our results.

There is an extensive literature on the study of positive linear functionals
on Cr(X) (see e.g. [2], [7], and [10]) [T)] Let X be a normal topological space
and let .2 : Cr(X) — R be a positive linear functional. We say that . has
a compact support (in X) if there exists a compact set K C X such that
Z(¢) =0 for any ¢ € Cr(X) such that ¢ =0 on K.

We prove

THEOREM 2.5. Let X be a normal topological space and let . C Cr(X)
be a wedge. Assume that any positive linear functional on Cr(X) has a com-
pact support. If x € X is a fized point, then for any ¢ € Cr(X) we have

@p,7(9) = =00 or
@p7(0) = inf{{pdu: pe Js .

According to [6], on any locally compact o-compact Hausdorff space any
positive linear functional has a compact support. Hence, Theorem [2.5] is a
generalization of the result of Gogus, Perkins, and Poletsky.

We also need the following version of the Riesz representation theorem.

PROPOSITION 2.6. Let X be a normal topological space and let £ :
Cr(X) = R be a positive linear functional with compact support. Then there

(*) The author is grateful to Piotr Niemiec and Jan Stochel for the references on linear
functionals.
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exists a Borel finite measure p with support in X such that
2(9) = ¢lx) dp(x)  for any ¢ € Ca(X).

Proof. Assume that K C X is a compact set such that .Z(¢) = 0 when-
ever ¢ € Cr(X) with ¢ = 0 on K. Let us define a positive linear operator
£ : Cr(K) = R. Fix ¢ € Cr(K). From the normality of X and the Tietze
extension theorem there exists ¢ € Cr(X) such that ¢ = ¢ on K. We set

,5,7(¢) = Z(¢). Now we use the classical Riesz representation theorem for

the operator .Z and get . =
Proof of Theorem[2.5. From Propositions [2.2] and [2.6] we get
(22) D, 9(0) = min{g ¢ du : p is a Borel finite measure with compact

support in X such that Szp dp > &, (1) for any ¢ € C’R(X)}.
Hence,

(2.3) Py o(0) > inf{g ¢ dp : v is a Borel finite measure with compact

support in X such that Swdu > ¢(z) for any ¢ € 5”}

The inequality “<” is immediate. =
Let us show an example of a set X as in Proposition [2.6]

THEOREM 2.7. Let 2 C R™ be a domain and let K C 02 be a compact
set. Then any positive linear functional £ defined on Cr(X) has a compact
support, where X = 2 UK.

Proof. Take sequences R,,, ry, such that R,, > r,,, > Rp+1 and R,;, — 0
(e.g. Ry = 1/3™ and 7, = 2/3™1). Consider functions x,, € C*°(R) such
that 0 < x,, <1 having the following properties:

]-a tZRla
t) =
Xl() {Oa tS’I“l,

and for any m > 2,

m—1_
Xm(t) = { 1= Zjil X](t)a t> Ry,

0, t<rpg,.
Note that Y | xm(t) = 1 for ¢ > 0. Moreover, xm(t) = 0 for t > R,y
and t < rp,, m > 1.

We set Xm(x) = xm(dist(z,K)), z € R™. It is easy to see that X,
is in C(R™). Define 4; = {z € 2 : dist(z,K) > r1} and 4,, = {z € 2 :
rm < dist(z, K) < Ry,—1}, m > 2. Note that A,,, m > 2, are (relatively)
closed sets in {2 and that X, = 0 for z € R™\ A,,,. Moreover, | Jo_; A = £2.
We want to show that for any m > 1 there exists a compact set K, C A,
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with the following property: .2 (¢) = 0 whenever ¢ € Cr(X), ¢ > 0, and
p=0on (X\ A,)UK,.

Let us show that for any m > 1 there exists a j = j(m) such that
Z(¢) = 0 whenever ¢ € Cr(X), ¢ >0, and ¢ = 0 on (£2\ Ap,) UKy, where
Kpj ={z € Ay, - dist(z,R"\ £2) > 1/7, ||z]| < j}.

Note that K,,; are compact sets. We also have U‘;‘;l K,; = Ay, for any
m > 1.

Assume for a while that for any j > 1 there exists a ¢; € Cr(X) such
that ¢; > 0 on X, ¢; = 0 on (X \ Ap,) U K5, and Z(¢;) # 0. Without
loss of generality we may assume that £(¢;) = 1. Consider ¢ = 3772, ¢;.
Note that ¢ € Cr(X). Moreover, .Z(¢) > Zjvzl Z(¢;) = N for any N € N.
Hence, Z(¢) = 400, a contradiction.

Now consider the set

[e.e]
L= Knpjm UK.
j=1

Note that L is compact. It suffices to show that .Z(¢) = 0 for any ¢ € Cr(X)
such that ¢ = 0 on L. First let us prove this for ¢ > 0. So, fix a ¢ € Cr(X)
such that ¢ > 0 and ¢ = 0 on L. Fix an € > 0. Since ¢ = 0 on K, there
exists a 0 > 0 such that ¢ < e on {z € 2 : dist(z, K) < d}. We have

0o mo 00
$=D PXm=Y_ Xm+ Y, OXm:
m=1 m=1 m=mo-+1
Further, ¢X.m = 0 on (X \ Ap) U Kypyjm). Hence, £ (¢pxXm) = 0. Set ¢ =
Zf,f:moﬂ &Xm. For sufficiently large mg we have ¢~) =0on {z € 2
dist(z, K) > 8}. Therefore, 0 < ¢ < € on £2. So

LB =Y L) + L) = £(5) < 2 (1).

m=1
Since € > 0 was arbitrary, we get Z(¢) = 0.
If ¢ is not positive, take ¢ = ¢ — ¢_, where ¢, = max{¢,0} and
b =i — 6. Then Z(g) = Z(64) — L(6_) = 0. =
COROLLARY 2.8. Let £2 C R™ be a domain and let { € 012 be a boundary

point. Assume that . C Cr(£2U{C}) is a wedge. Then for any ¢p € Cr(£2U{(})
we have D¢ o (p) = —o0 or

P (9) =int { {odu: e I }.
In particular, if Je o = {6¢} then @¢ o (¢) = ¢(C) for any ¢ € Cr(2U{(}).
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Proof of Theorem . The implication i follows from Corollary
Indeed, consider a wedge . = {Rf : f € & (DU{(})} C Cr(DU{(}). Now,
fix a compact set K C D and a continuous function ¢ such that ¢ <0 on D,
»(¢) =0, and ¢ = —1 on K. Then we get a sequence gy € &7 (DU{(}) such
that Rgy < 0on D, Rgy < —1 on K, and Rgn(¢) — 0 when N — oo. Set
fN — eIN .

It remains to show ([#)=-(I). We use the method of [9].

Set ey = 1/4". Then there is a sequence of functions fy € &/ (D U{(}),
N > 1, such that fx(¢) = 1as N — oo and |fn]| <1 on D, N > 1. Taking
a subsequence of {fy}n>1 if necessary, we may assume that ( € Uy, where

Uy ={zeDU{C}:|fn(z) —1| < en}. Set

B 1 14en+ fn(2)
(2.4) h(z) = N212N 1+en — fn(z2)

Note that ¢ € Uy and that h is a well-defined holomorphic function in D.

Indeed, fix a compact set K € D. Then there exist ann € (0,1) and a k € N
1+€N+fN(Z§ | < 3-n
z € K and N > k, so the series in (2.4) is locally uniformly convergent.

It is easy to check that for any e > 0,

for

R Ltz >1<:> — < ¢
1—2z € § 1+4e€ 1+¢€
We have
fn(2)
1 1+
Rh(z) > — R — v ) > 9N for 2 € Uy

2 17]1”11(2)
EN

on Upy. Hence F is in

_ 2 2 2
Set F' = h+1 Then |F — 1| = ] < AT S 3V
S(DU{(})and FI({)=1. =

Proof of Corollary[1.3 Fix a ( € 9D and assume that u is a representing
measure at (. If ¢ := u({¢}) € [0, 1), then without loss of generality we may

assume that u({¢}) = 0. Indeed, it suffices to replace p by @ = —b —<. Then
[0 =) [y dn(z), () =) gi(=) du(2),  hi(C) = | hi(2) dia(2).
D

D D

By Jensen’s inequality we have

o5 (1£5(€) +35(¢C 65 (1£i(2) +5(2)]) du(2),

Yi(R du(z).

=)
=)
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Hence,

m k
(25) 0= Zqﬁj(\fg‘(o +3; (Ol + Zwi(%(hi(é)))

m k

< 05(1f() ) + > viR(i(2)))) du(z) <0,

D j= i=1
a contradiction. So, we get c=1. m
EXAMPLE 2.9. Any boundary point of the domain
D = {(21,22,23) € C>: 2|23 + 23| + |23® + 2§ — 25| < 1}

is a weak peak point. Note that for any (21, 22,23) € D and any ¢ € [0, 1] we
have (321,429, 1823) € D. Therefore, D is indeed a domain.

3. Peak points on Reinhardt domains. Let us start with the follow-
ing very special, however important case.

ProrosITION 3.1. Let ay,...,qn > 0 be any numbers and let
D={ze€C":|z|™ ... |zp|* < 1}.
Then any boundary point of D is a weak peak point.

Proof. Without loss of generality we may assume that «aq,...,a, > 0.
Fix a boundary point ¢ € 9D. We are going to use condition of Theo-
rem Fix an R > ||¢]|. We want to show that there exists a sequence of
polynomials fx such that

e |[f¥llpnpy <1 for any N > 1;

e fn(¢) = 1 when N — o0;

e for any compact set K € D NDY, there exist an n € (0,1) anda k € N
such that || fn||xk <1—n for any N > k.

Fix a compact set K C D NDY% and an € > 0. There exist f1,...,8, € Z
and a ¢ € N, ¢ > 2, such that sign 3; = sign a; and

lgoj — Bj| <e forany j=1,...,n.
Set fe(z) = zlﬁl c...-28" 2 € C". Let us estimate SUp,cprpn | fe(2)]-

First we want to show that there exists a € (0,1) such that for any
z € DN DY with min{|z1|,...,|2a|} < 6 we have

\zl|51 e \zn|5” < (1/2)9.
It suffices to have
(3.1) g {BroBn} Rt Bn—min{fr,.fn} < (1 /2)4,

We see that for small enough 6 > 0 the inequality (3.1]) holds.
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If |z1],...,|2n| = 6 then
(3.2) [fe(2)] = (|21 - oo fzn| )92 | 790 - 2y P
< (|z1]* - zn] Y)Y (max{ R, 1/6})™.
We have

’fe(C)’ = ’Cl‘ﬁl_alq R ‘Cn‘ﬂn_a"q.

Hence, |fc(¢)| — 1 when € — 0. We see that condition (5)) of Theorem |1.1]is
fulfilled. So, ( is a weak peak point of D. =

A domain D C C" is called Reinhardt if (Az1,...,A\pzn) € D for all
points z = (21,...,2,) € D and any |A\1| =--- = |\,| = 1. Let
Vi={ze€C":2;=0}, j=1,...,n,
and V = Jj_, V;. The following result is well-known (see e.g. [L1]).

THEOREM 3.2. Let D C C™ be a Reinhardt domain. Then D is pseudo-
convex if and only if the set

logD:={z e R": (e*,...,e"") € D}

is convex and for any j € {1,...,n},
(3.3) f DNV;#0 and (2, 2,2")€D then (2',\zj,2")€D for any A€D.

In particular, if D is a pseudoconvex domain and D NV} # () for some
j € {1,...,n}, then m;(D) = DNVj is a pseudoconvex domain in C"~*
(after natural identification), where

7 :C" 220 (21,...,2i-1,0,2j41,...,2n) € Vj.

For Reinhardt domains, which satisfy Fu’s condition (see (3.4) below),
we have the following result (cf. [4], [12]).

THEOREM 3.3. Let D C C" be a pseudoconvex Reinhardt domain such
that for any j € {1,...,n},
(3.4) if DNV, # 0 then DNV # 0.
Then any ¢ € 0D is a weak peak point.

Proof. Note that 0 ¢ 9D. For if 0 € 9D then from (3.3) and (3.4) we
deduce that D is a complete Reinhardt domain, a contradiction.

Fix a boundary point { € 0D. First assume that (y-...-(, # 0. Without
loss of generality, we may assume that for some m € {0,1,...,n} we have

° Qﬂ‘/};ﬁ@,j::l,...,m;
e DNV;=0,j=m+1,...,n

These conditions imply that
o if z€ D then (\121, ..., AmZm, Zmst,-- ., 2n) €D forany Ay, ..., \p €D;
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e there exists a dp € (0,1) such that for any z € D we have |z;| > dg for
j=m+1,....n

Since log D is convex, there exist aq,...,a, € R such that
a1z + -+ apey, < aglog || + -+ - + aylog ¢,  for any x € log D.
Note that aq,...,q, > 0. We have D C G and ¢ € 0G, where
(3.5) G:={z€C":|z|™ ... |zp]® < |C|* - oot [Cn]*}
N{zeC":|zj| >dp, j=m+1,...,n}.

Hence, it suffices to show that ¢ is a weak peak point of any domain G such
that DC G and (e dG. Without loss of generality we may assume that a; # 0

for any j = 1,...,n. Moreover, we may assume that |(1]|*! - ... [(,|* = 1.
Indeed, consider
(3.6) G:={ze€C":|z1|" - ... |zn|™ < |G| - oo - |G|}

N{zeC":|z/¢| >0, j=m+1,...,n},

where d; > 0 is sufficiently small, such that G C G. Note that (e oG. Now,
we use the linear mapping

L:C">(21,...,20) = (21/Cy -y 20 /Cn) € CP

and proceed to show the existence of a peak function for the domain L(é)

Let us show that we may assume aq,...,a, > 0, and hence the result
follows from Proposition Indeed, consider the domain
H={zeC": |zl .|zl <1}.

Note that ((i',...,¢5"), where ¢; = signaj, j = 1,...,n, is a boundary

point of H. If f is a peak function for H, then f o1 is a peak function for G,
where

Y:C" X (CO" 32 (21, s 2my 2y s oo 25 ) € CP
Now assume that ( € 0D and that (3 - ... (, = 0. Then there are

1 <751 <--- <jr <msuch that ¢, =0 for s = 1,...,k, and 2z # 0 for
& {j1,...,jx}- Consider the projection

.Cn n—=k
m:C"> (21,...,Zn) — (2:1,...,Zjl_l,zj1+1,...,ij_l,zjk+1,...,zn) eC

and the domain D = m(D). Note that D is pseudoconvex and 7(¢) € dD.

Hence, m(¢) is a weak peak point for 85, and therefore ( is a weak peak
point for 0D.

ExamMpPLE 3.4. Using Sibony’s ideas we show that there exist a domain
D C C? and a boundary point such that there exists a weak peak function,
but peak functions do not exist.

Let D € CV be a bounded domain and let ¢,, : D — D be a sequence of
holomorphic mappings such that ¢,,(0) — p € D. Assume that f € A(D)
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is such that f(p) = 1 and |f| < 1 on D. Then there exists a subsequence
{ni} such that f(¢n,) — 1 locally uniformly on D. In particular, if ¢, — ¢
locally uniformly on D then f(¢) = 1. So, f(w) =1 for any w € ¢(D).

Let us now consider a special case. Fix an irrational number a > 0. Let
D C C? be a domain and let (29, wg) € OD. Assume that there exists a
bounded neighborhood U C C? of (2, wg) such that

DNU = {(z,w) € C*: |2] - |lw|* < 1} N U.
We want to show that there does not exist a holomorphic function f in
O(D)NC(DNU) such that |f| <1 on D and f(zo,wo) = 1.
Indeed, assume that such a function exists. Then there also exists a neigh-

borhood V' C C of the origin such that (z0e~*}, wpe*) € U whenever A € V.
For sufficiently large n € N consider the functions

V(X)) = f(z0e™, (1 — 1/n)wpe?).
Note that ¢, : V. — DNU is a holomorphic mapping. Hence, a subsequence
b, tends locally uniformly on V' to a holomorphic mapping 1 : V — C2. Tt
is easy to see (use continuity of f) that
P(N) = flzoe™, wpe?).
So, 1 : V. — D NU is a holomorphic mapping such that || <1 and ¢(0) = 1.
Hence, 1 = 1. Since « is irrational, we deduce that {(zpe™®*, wge?) : A € V'}
is dense in a neighborhood of (zp, wg). From the continuity of f we get f =1
on a relatively open subset 0D containing (zp,wp). Then f(zo, Awg) = 1

on the open subset of the unit circle containing 1. Hence, f(zp, Awy) = 1
everywhere, a contradiction.

QUESTION 3.5. Do there exist a bounded pseudoconver domain D C C™
with smooth boundary and a boundary point ¢ € 0D such that ¢ is not a
weak peak point?
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