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A stochastic model of symbiosis

by URSZULA SKWARA (Lublin)

Abstract. We consider a system of stochastic differential equations which models
the dynamics of two populations living in symbiosis. We prove the existence, uniqueness
and positivity of solutions. We analyse the long-time behaviour of both trajectories and
distributions of solutions. We give a biological interpretation of the model.

1. Introduction. Relations between two populations living in symbiosis
can be described by the following system of differential equations [3] (Gause
and Witt, 1935)

(1) v = (a1 +by —caz)r, Y = (az+ b — coy)y.

This model does not take into account the random influence of the environ-
ment and the following stochastic model would be more realistic:

(2) dX(t) = (a1 + b1Y (t) — 1 X (2)) db + pr1 dWi(t) 4 pr2 AW (1)) X (2),
(3)  dY(t) = ((a2 + b2 X (t) — c2Y (1)) dt + pa1 AW (t) + pa2 dW(2))Y (1),

where a;, b;, ¢; (i = 1,2) are positive constants, and Wi(t), Wa(t) are two
independent standard Wiener processes. The stochastic processes X (t) and
Y (t) represent, respectively, the first and the second population. The con-
stants a; (i = 1,2) are ideal growth rates, b; (i = 1,2) are symbiosis coeffi-
cients, ¢; (i = 1,2) are death rates and p;; (4,7 = 1,2) are the coefficients of
environmental stochastic perturbations of populations.

The classical model of symbiosis described by is well known (see
[1], [A]). If the coefficients of system ([1)) are positive and satisfy the inequality
b1by < cico then the sizes of both populations converge to a unique equilib-
rium. Otherwise, if b1by > c1co then the sizes go to infinity. In the literature
we can find other models of symbiosis. V. A. Kostitzin [6] considered a more
complicated model of symbiosis in which, besides free-living individuals in
two associated species, we have the third population of symbiotic couples.
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In [I4] A. Rescigno and W. Richardson considered a more general model of
symbiosis than (I)). They replaced the growth rates ai + b1Y (t) — c1 X (t),
ag+ba X (t) — oY (t) by functions fi, fo which satisfy specific conditions. We
can also study stochastic versions of these models using similar methods.

The aim of this paper is to study the long-time behaviour of both tra-
jectories and distributions of the solutions of system , . First we show
the existence, uniqueness, positivity and non-extinction property of the so-
lutions. Next we prove that the probability distributions of the process
(X(t),Y(t)) are absolutely continuous with respect to the Lebesgue mea-
sure. Let U(x,y,t) be the density of the distribution of (X (¢),Y (¢)). We
give a sufficient and a necessary condition for the asymptotic stability of
system , , i.e. the convergence of U(x,y,t) to an invariant density
Ui(x,y). If this system is not asymptotically stable then we prove that
lim¢ .o Y (t) = 0 a.e. We also show that in this case lim; .o X () = 0 a.e.
or the probability distributions of the process X (t) converge weakly to some
probability measure.

In order to prove asymptotic stability of system , we use the theory
of integral Markov semigroups developed in [11], [12], [I5] and [18]. If this
system is not asymptotically stable then we use the comparison theorem for
one-dimensional stochastic differential equations and the ergodic theorem to
show that lim; o, Y (f) = 0 a.e. A similar technique was applied to study
the asymptotic behaviour of a stochastic prey-predator model [16], [17],
a stochastic competition model [20] and a stochastic SIR model [19].

In the model described by equations , the random noise is propor-
tional to the number of individuals in the population. This occurs when the
noise is caused, for example, by an epidemic disease or weather conditions.
We can consider another model of symbiosis in which the random noise af-
fects each individual separately. In this case we assume that the mean value
of the stochastic perturbation is zero. From the central limit theorem it fol-
lows that the stochastic perturbation is gaussian and proportional to /X (¢)

and /Y (t) respectively. Then we obtain the system

(4) dX (1) = (a1 + Y (t) — a1 X (1)) X (t)dt
+ (p11 AW () + p12 dW2(t)) v/ X (1),
(5) dY (t) = ((a2 + b2 X (t) — Y (1)) Y (t)dt + (p21 AW (t)

+ paz dW2(1)) /Y (¢).

The existence, uniqueness, positivity and non-extinction property of the so-
lutions of system , follow from general theorems which can be found
in [2I]. Some technical details, for instance, the construction of a Khasmin-
skil function, will be more complicated. Some models of symbiosis with other
stochastic perturbations, for example X2(¢) (see [8]), are also considered.
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2. Mathematical results and their interpretation. In this section
we formulate the main result of our paper. We will study the stochastic model
described by , assuming that b1ba < cico. This is a natural assumption,
because in the deterministic model we observe that if b1by > cyco then the
sizes of both populations go to infinity. In other words, in the deterministic
case too much symbiosis causes an unlimited growth of populations. In the
stochastic model we can observe similar effects. Moreover, we will assume
that the random noise for both populations is proportional to the number of
individuals and is weakly correlated, i.e. p11p22 — p12p21 # 0. The asymptotic
behaviour of system ({2)), (3)) depends on the constants by, b, c1, c2, p1 =

P+ Plas P2 = /05 + Py @1 = a1 — p1/2, Gz = az — p3/2.

THEOREM 1. Let biby < ciea. If (X(t),Y(t)) is a solution of system
@), @), then for every t > 0 the distribution of (X (t),Y (t)) has a density
U(t,z,y).

(I) If a1 > 0 and as > 0 then there exists a unique invariant density
Ui(z,y) such that

(6) lim ({[U(z,y.t) = Usl,y)| dzdy = 0.
R
(IT) If a1 <0 and az < 0 then
tlggo X(t)=0ae. and tliglo Y(t) =0 a.e.

(ITI) If a1 > 0, as < 0 and aibs + agcy > 0 then there exists a unique
invariant density U, (z,y) such that

(7) lim || [U(z,y,t) = Us(2,y)| dedy = 0.
t—o0
7
(IV) If a1 > 0, as < 0 and a1bs + ascy < 0 then limy_ o Y(t) =0
a.e. and the distribution of the process X (t) converges weakly to the
measure which has the density f.(z) = Ca201/Pi—Le=2012/0 yhere
=~ 2
C = (201/p})*" "1 /T (20 }).
REMARK 1. In every case the support of the invariant density U, is ]Ri.
By the support of a measurable function f we simply mean the set

Suppf = {(337y) €X: f(a:,y) 7é 0}

REMARK 2. In the statement of Theorem [I] we omit some cases. For
example, we do not take into account the case in which a; < 0, as > 0,
asbi +aice > 0, because it is symmetrical to (III), nor the case when a; < 0,
as > 0, agby + aice < 0 which is symmetrical to (IV).

REMARK 3. Theorem [l| has an interesting biological interpretation. The
inequality b1by < ci1co means that the influence of symbiosis is smaller than
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the suppression of growth connected with the population size. This condition
guarantees that the population cannot go to infinity in finite time and cannot
die out in finite time. From (I) it follows that if stochastic perturbations
are small for both populations then the sizes of the populations stabilize.
However, if the stochastic perturbation is large for one population then this
population can die out. It turns out that if the stochastic perturbation is
large for one population and small for the second population but symbiosis
coefficients are large then both populations survive. The main difference
between the deterministic and stochastic models is that a large stochastic
perturbation can cause the extinction of a population.

3. Existence and uniqueness of solution. In this section we prove
that system , has a unique and positive global (i.e. with no explosion
in finite time) solution for any given initial value. In the proof we use the
idea developed in [10], [8], [19]. First we introduce some notation. Let

R2 = {(x1,29) € R? : 2; > 0 for all i = 1,2}.
We will study system (2)), (3) with the initial condition (X (0),Y(0)) € R?.
We have the following result.

THEOREM 2. If biby < cica then for (my initial condition (X (0),Y(0))
€ R% there is a unique solution (X (t),Y (t)) of system ([2)), @) fort >0 and
the solution remains in R% with probability 1, that is, (X(t),Y (t)) € R% for
all t > 0 almost surely.

Proof. Since the coefficients of equations , are locally Lipschitz
continuous, for any given initial condition (X(0),Y(0)) € R2 there is a
unique local solution (X (t),Y (¢)) for t € [0,7.), where 7. is the explosion
time. In order to show that this solution is global, we will show that 7. = oo
a.e. Let kg > 0 be sufficiently large such that

(X(0),Y/(0)) € [1/ko, kol*.
For each integer k > kg we define the stopping time
(8) 7, = inf{t € [0,7) : (X(1), Y (1)) & [1/k, k]*}

and we set inf() = oo. Clearly (7%) is an increasing sequence. Set 7o, =
limy_, o 7%, whence 7o < 7. a.s. If we can show that 7., = oo a.s. then
Te = 00 a.s. and consequently (X (¢),Y(¢)) € RZ for all ¢ > 0 a.s. In other
words, to complete the proof we need to show that 7., = oo a.s. If this
statement is false, then there is a pair of constants "> 0 and ¢ € (0,1) such
that

Plwe 2:7(w) <T} >e.

Consequently, there exists an integer k1 > ko such that
Plwe 2 :7m(w) <T} >e forall k> k.
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Define a C%-function V : Ri — R by
(9) V(z,y) = bazoF(z/x0) + bryoF (y/yo),
where F(z) =x —Inz — 1 and
_agbhy +aico _arbs + azcy
19 — bibs o= c1ca — biby
If (X (t),Y(t)) € R2, the It6 formula shows that
dV(X(1),Y (1)) = [b2(ar + bi1Y () — 1 X (1))(X (t) — zo)
+ bi(az + b2 X (t) — 2V (1)) (Y(t) — wo)
+ 2ptbomo + 3 p3biyo]dt
+ ba(X(t) — m0) p11dWi(t) + b2 (X (£) — w0) p12dWo(t)
+ b1 (Y'(t) = y0)p21:dWi(t) + b1 (Y () — yo) p22dWa(t).
Since b1by < c1co, we have
ba(ar+b1Y () —c1 X (¢)) (X () —20) + b1 (aa+ba X (t) —c2Y (¢)) (Y () —yo) < 0.
We therefore obtain
(10) EV(X(rx ANT),Y (e AT)) < V(X(0),Y(0)) + aE(rx AT)
< V(X(0),Y(0)) + oT,
where o = $p2baxg + $p3b1yo. Set (2, = {w € 2 : Tp(w) < T} for k > ky.
)

Then P({2;) > €. Note that for every w € (2 there is some component of
(X(7%(w)), Y (7x(w)) which equals either k or 1/k, and hence by (9)),

V(X (1k(w)), Y (1r(w))) > bazo (k - lnﬁ - 1)

Zo Zo

wxmw»ywwmzm%QZmiq
V@Wﬂ@%ﬂmwm2®m<£m—méw—Q

WﬂmwymwﬂﬁmQ;J%;q>

Let C(k) be the minimum of the four right hand sides above. Then we have
limy . C(k) = oo. From (10)),

V(X(0),Y(0)) + aT > E(1o, V(X (1k(w)), Y (1 (w))) > eC(k),
where 1p, is the indicator function of (2. Letting & — oo leads to the

contradiction

00 > V(X(0),Y(0)) + aT = oo,

so we must have 7. = 00 a.s. m
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4. Markov semigroups. Now we recall some definitions and theorems
concerning Markov semigroups.

Let (X, X, m) be a o-finite measure space. Denote by D the subset of
the space L' = L'(X, X, m) consisting of all densities, i.e.

D={feL':f>0,|fll=1}

A linear mapping P : L' — L' is called a Markov operator if P(D) C D.
The Markov operator P is called an integral operator if there exists a
measurable function k : X x X — [0, 00) such that

(11) Pf(z) = | k(z,y) f(y) m(dy)

X
for every density f. The function k is called a kernel of the operator P. One
can check that from the condition P(D) C D it follows that

(12) S k(z,y)m(dz) =1
X
for almost all y € X.
A family {P(¢) }+>0 of Markov operators which satisfies these conditions:
(a) P(0) =1d,
(b) P(t+s) = P(t)P(s) for s, t >0,
(c) for each f € L! the function ¢ +— P(t)f is continuous with respect
to the L' norm,

is called a Markov semigroup. A Markov semigroup {P(t)}+>0 is called inte-
gral if for each ¢ > 0, the operator P(t) is an integral Markov operator.

We also need two definitions concerning the asymptotic behaviour of a
Markov semigroup. A density f, is called invariant if P(t)f. = f. for each
t > 0. The Markov semigroup {P(t)}+>0 is called asymptotically stable if
there is an invariant density f, such that

tlim |P(t)f — f«ll=0 for feD.

A Markov semigroup {P(t)}+>0 is called sweeping with respect to a set
A e X if for every f € D,
(13) lim | P(t)f(x) m(dx) = 0.

t—00

THEOREM 3 ([13]). Let {P(t)}i>0 be an integral Markov semigroup. As-
sume that the semigroup {P(t)}+>0 has only one invariant density fi. If
f« >0 a.e. then the semigroup {P(t)}+>0 is asymptotically stable. In partic-
ular, if the integral Markov semigroup {P(t)}+>0 has a positive kernel and
an invariant density then {P(t)}i>0 is asymptotically stable.

From Theorem [3| we obtain the following result.
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COROLLARY 1 ([16]). Let X be a metric space and X be the o-algebra of
Borel sets. Let {P(t) }+>0 be an integral Markov semigroup with a continuous
kernel k(t,z,y) for t > 0, which satisfies for all y € X. Assume that
for every f € D,

oo
(14) | P)fdt>0 ae

0
Then the semigroup is asymptotically stable or sweeping with respect to com-
pact sets.

A Markov semigroup {P(t)}+>0 that is asymptotically stable or sweeping
from a sufficiently large family of sets (e.g. from all compact sets) is said to
satisfy the Foguel alternative.

If we know that the semigroup satisfies the Foguel alternative we can
exclude sweeping by showing that there exists a Khasminskii function, de-
fined as follows. Let A be the infinitesimal generator of a Markov semigroup
{P(t)}t>0. Let R = (I — A)~! be the resolvent operator at point 1. Let
V : X — [0,00) be a measurable function. Set

Dy = {f €D: | f(2)V(x)m(dz) < oo}.
X
Then V is called a Khasminskii function for the Markov semigroup {P(t) }+>0
and a set Z € X if there exist M > 0 and € > 0 such that

| V@RS (@) dm(x) < § (V@) - ) f(@) dm(z) + | MRf(2) dm(x)
X X Z

for every f € Dy. It is difficult to find a Khasminskii function using the

definition. In our case we can apply the following theorem.

THEOREM 4 ([12]). Let K be a compact set in R?. Assume that there
exists a C2-function V : R? — [0,00) such that

sup A"V (z) < 0.
¢ K

Then V is a Khasminskii function for the Markov semigroup {P(t)}+>0 and
the set K.

5. Properties of trajectories. In order to investigate the properties
of the solution of system (2)), we substitute X (t) = e£®), Y (t) = e"®.
Then by the It6 formula we obtain
(15)  dé(t) = (@ + b1e" — c1fO)dt + pyy AW (t) + pra dWa(t),

(16)  dn(t) = (ag + bae®™ — coe™)dt + poy AW1(E) + p22 AW (2).
In this section we prove parts (II) and (IV) of Theorem [I] We will use
the following property of solutions of a one-dimensional stochastic equation.
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Consider the stochastic equation

dX (1) = o(X (1)) dW (t) + b(X (1)) dt.

Let
x y
2b(r)
s(z) = Sexp{—x 2(r) dr} dy.
0 0
If s(—00) > —o0 and s(00) = oo then lim; oo X () = —o0 a.e.

The proof of parts (II) and (IV) of Theorem [1|is divided into the following
lemmas.

LEMMA 1. Let (£(t),n(t)) be a solution of system (L5)), (16). Assume
that p1 # 0 and pa # 0. If biby < c1c2, a1 < 0 and az < 0 then

tlim &(t)=—o0 and tlim n(t) = —oo a.e.
Proof. Let
W)= 2L W) + 22wy, W) = ZEwa) + 2 W),
p1 p1 P2 P2

Then W(t), W (t) are two standard Wiener processes. We define

c2p11 + bipor
p

cap12 + bipao

W(t) = Wi(t) + Wa(t),

where

p=/(cap11 + b1p21)® + (c2p12 + b1p22)?.
Then W (t) is also a standard Wiener process. Multiplying by ¢ and
by b1 and adding the two equations we have
d(ca€(t) + bin(t)) = (@rca + agby + (biba — cre)etD)dt + pdW (¢).
Since b1by < cjcg, from the comparison theorem ([4, Lemma 4, p. 120]) we
get
d(e28(t) + bin(t)) < (aica + agbr)dt + pdW ().
Consequently,
tlirglo(@f(t) +bin(t)) = —oc0  ae.

Thus for arbitrarily small € > 0 there exist ¢y and a set 2. such that
Prob(£2;) > 1 — ¢ and £(t) < —z—;n(t) for t > tp and w € (2. It follows
that

b1

(17) dn(t) < (az + boe 2" Nt + py AW (1).

Consider the equation

by - .
(18) dij(t) = (a2/2 + bae” ")t + py dW (2).
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The Fokker—Planck equation corresponding to has a stationary density

2 [ag bocy b1,
= C —_— | — _——_— €2 s
fula) = Cexp = ( 2,
where C'is some constant. From the ergodic theorem (|4, Theorem 2, p. 141])

it follows that

t be 00
19 lim1 eién(s)ds: fe(x)e e “da.
t—oo t
Since fl(x )—2/p2(a2/2—|—b26 G “)f«(z), we have
(20) | fe(@)e” ) dx——%>()

—00
From , we obtain

t
1¢ _t
ey Jim g Y5 s =5

In view of we have

n(t) <a(t) + S+ O,

where 7(t) is a solution of equation and C1 is some constant. Therefore
3 [ i) W
n(t) < gt + by e 2" ds + paW(t) + C1.

0
From this and (21]), lim;—..c imW (¢)/t = 0, we obtain
y .
lim sup w < a2 <0
t—o0 t 2

Consequently, limy_, o, n(t) = —oco a.e. Using the symmetry of system ,
(16) we analogously show that lim; ..&(t) = —o0 a.e. =

LEMMA 2. Let (£(t),n(t)) be a solution of system (L5), (L6]). Assume
that p1 # 0 and pa # 0. If bibs < c1ca, a1 > 0, az < 0 and ai1by + dsc; < 0

then limy . 1(t) = —o0 a.e and the distribution of the process (t) converges
weakly to a measure which has the density
2
o) = Coxp( 5 (@a — ere®) ).
1

Proof. As in the proof of Lemmal[l] we show that lim; .. n(t) = —o0 a.e.
Thus for arbitrary € > 0 there exist top and a set (2. such that Prob({2;) >
1 —¢ and bje"w) < ¢ for t > to and w € (2.. Therefore

(@1 — c1e8O)dt + prdW (1) < dE(t) < (@ + € — c1e8D)dt + prdW (1),
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where W (t) = %Wl () + %Wg(t). Let &.(t) be a solution of the equation

dé.(t) = (a1 + e — c1eO)dt + p1dW ()
with the initial condition £.(0) = £(0). Assume that £y(¢) is a solution of the
equation .
déo(t) = (a1 — c1e®D)dt + p1dW (¢)
with the initial condition £,(0) = £(0). Thus from the comparison theo-
rem ([4, Lemma 4, p. 120]) it follows that o(t) < &(t) < &-(t) a.e. Denote
by Fet)s Feq)s Fe.r), respectively, the distributions of the processes &o(t),
(1), &(t). Then Fe oy (w) > Fepy(w) = Fe y)(z) for o € R. Every Markov
semigroup connected with a diffusion process of a non-degenerate type is an
integral semigroup which has a positive kernel. From Theorem [3] it follows
that the densities of the process &(t) converge in L' to an invariant den-
sity f. and the densities of the process &.(t) converge in L' to an invariant
density
* 2 ~
fela) = Coxp( 5 (@ + - ae”)),
1
where C' is some constant. In particular, f, = f;. Let
x
Fie)= | f(s)ds.
—00
Thus F, ;) uniformly converges to F as ¢ — oo and F uniformly converges
to F§ as € — 0. Therefore the distribution of the process £(t) converges
weakly to the measure which has the density f,. =

6. Asymptotic stability. Let (£(t),n(t)) be a solution of (17)),
such that the distribution of (£(0),7(0)) is absolutely continuous with density
v(x,y). Then the random variable (£(¢),n(t)) has a density u(z,y,t) and u
satisfies the Fokker—Planck equation:
ou 1 ,0%u Pu 1 , 0% I(fiu) O(fou)

99) U _ - 20U AL -
(22) 5 = 3/ axQ+(,011/?21+P12,022)6x6y+2pQ 97 ox 9y

where fi(x,y) = a1 + bie¥ — c1€®, fa(x,y) = ag + bae™ — coev.

Now we introduce a Markov semigroup connected with the Fokker—Planck
equation . Let X = R2, ¥ be the o-algebra of Borel subsets of X, and m
be the Lebsegue measure on (X, Y). Let P(t)v(x,y) = u(z,y,t) for v € D.
Since the operator P(t) is a contraction on D, it can be extended to a
contraction on L'(R2, X, m). Thus the operators {P(t)};>¢ form a Markov
semigroup. Let A be the infinitesimal generator of the semigroup {P(t)}+>0,
ie.

1, 0% v 1 ,0% O(fiv) O(fw)
Av = 5/)1 92 + (p11p21 + 1012022)8?% + 5/)2 673/2 T Tow oy
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The adjoint operator of A is of the form

—2,01 022 P11P21 T P12P22 Bxdy 2,02 a2 192 28y'

By P(t,x,y,A) we denote the transition probability function for the
diffusion process (£(¢),n(t)), i.e. P(t,z,y, A) = Prob(({(¢),n(t)) € A) and
(&(t),n(t)) is a solution of (5], with the initial condition (£(0),7(0)) =
(x,7). Since p11p22 — p12p21 # 0, for each point (zg,yo) € R? and ¢ > 0 the
measure P(t, xg, Yo, ) is absolutely continuous with respect to the Lebesgue
measure. Denote by k(t, x,y; zo, yo) the density of P(t,xo,yo, ). Thus

[e.e] o0
(23) Pityo(z,y) = | | Ktz y:¢&mu( n) dEdn

—00 —O0
and consequently {P(t)}+>0 is an integral Markov semigroup. The asymp-
totic stability of the semigroup {P(t)}:>¢ implies the convergence in L! of
the densities of the process (£(t),n(t)) to an invariant density. Therefore,
instead of proving part (I) and (III) of Theorem (I} we show the asymptotic
stability of the semigroup {P(t)}+>0. As p11p22 — p12p21 # 0, the semigroup
{P(t)}+>0 connected with has a continuous and positive kernel k. By
Corollary [1] this semigroup satisfies the Foguel alternative. In order to ex-
clude sweeping we construct a Khasminskii function. We have the following
result.

THEOREM 5. Assume that biby < cico. If a1 > 0, ao > 0 or a1 > 0,
ay < 0, aiba + agc1 > 0 then the semigroup {P(t)}i>0 is asymptotically
stable.

Proof. According to Theorem |4 we will construct a nonnegative C?-
function V and a compact set K C R? such that
sup A"V (z) < 0.
¢ K
Using similar arguments to those in [I1I] one can check that the existence
of a Khasminskii function implies that the semigroup is not sweeping from
compact sets.
Let 71 = log(c1/b1), 72 = log(ba/c2), v = (M1 +12)/2, 6 = (71 — 72)/2.
As biby < cico we have v < 1 and § > 0. If dy is a constant such that
0 < di < 6 then we have the inequalities

(24) y+di <y, y—di> .

First we consider the case when a; > 0, a2 > 0. Let a = min(ay, a2) and

6
dy > max{ (p1? + p2?), —(7+71),7+72}-

a
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We define
D, = {($,y) € RQ

U. Skwara

x>z +dy, y > 20+ v+ dy,

r+y—di<y<zxz+vy+d},

:x>zo,y:x+”y+d1},
:x>z0+d1,y::c+’y—d1},
x>zt dy,y < —zo——di,

—r—y—di <y<-z—7y+di},

x>zt d,y=—x—v+di},
tT > 20,y =—T — 7y —di},
rr < —zp—di,y < —z—7—di,

xT—y—dy<y<mz—y+ds},

Ds={(z,y) ER?:x < —29 —dy +dy, y =z — v — do},

Dy ={(z,y) ER*: 2 < —29 —dy, y = — v+ da},

Dig={(z,y) ER*:x < —29g—dy, y > 2+ +di,
—rx+y-—di<y<-—-z+~vy+di},

Dy ={(z,y) eER*:x < —2g—di, y=—x+~—di},

Dig={(z,9) ER* 12 < —20, y = —x + 7+ d1 },

Diz={(z,y) €R*:y> 20+ +di,y>a+y+di,y>—x+v+di},

Du={(z,y) eER*: 2 >z20+d, —a—v+di <y<az+vy—d},

Dis={(z,y) ER*:y < —zp—y—di,y< -z —y—di,y <x—ry—ds},

Dig={(z,y) eR*:x < —zp—di,x —y+dy <y < —x+~v—d},

where zg is a positive and sufficiently large constant. Next we define the
function z = Vi (z,y) for z > zp in the following way:

(-2 4+ (y—(z24+7)*=di for (z,y) € D, UDyU D3,
(z—2)+(+ (z+7)t=df for(x,y) € D4U D5U Dg,
(x+z+d —do)* +(y+2+di —do+7) =di for(x,y) € Dy U DgU Dy,
(z+2) +@w—(z+7)t=d} for (z,y)€D1gU Dy U Do,
z=y—~vy—d for (x,y) € D3, for (x,y) € D14,
z=—-y—~—dy for(x,y) € Dis, for (z,y) € Die.

z=x—d;
z=—x—d
We show that there exist € > 0 and a compact set K; C R? such that

AV (z,y) < —e  for (x,y) € K;.
Fix 0 <e<a/2. Let K1 =[—20 —di,20 +di] X [—20 — v —dy,20 + 7+ di].
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Fig. 1. The level curves of the Khasminskii function if b1b2 < c1c2, @1 > 0 and az > 0

Fj

We calculate
o (x—2)3 oy (y—(z+7)?

Oz (@—23+@y—(+7)3 9y (@—23+@Hy—(z+7)>

and
8V1 (9‘/1 8V1 8V1
gri Yy on on
(25) o + 3y S >0, 9y >0
for (z,y) € D;. Moreover,
?vi 0%V, 9 o =2+ —(z+)*
T R (P N i P O
d
an 921, B _82‘/1 N
oxy  Ox2

for (x,y) € D1. Moreover,
oV, 0*W; 6
26 0 = < —.
( ) < 0x2 6y2 T d
As bie? T — ¢ <0, by — coe?~ N < 0, for sufficiently large zo we obtain

a1 +b1e¥ —cie® < ag + blem+7+d1 —c1e¥ =a; + €x(b1€7+d1 — Cl)

3 3
<aj+ ezo+d1(b167+d1 —c)) < ——p2— =p—¢
dy dy
and
G + bae® — c9e? < Gg + boe®™ — o™ TN = Gy + e®(by — 0267_‘11)
3 3
< as+ 620+d1 (bQ — 026’}’—!11) < —— p% - - p% —E&.
dq dq

From this and from , we get

< — — — | — — R I
(27)  A'Vi(z,y) < 4 p1+d1 IS <d1 ,01+d1p +e o + ay

= —€

for (xz,y) € D;. Calculations in the other cases are similar or much easier
and therefore we omit them.
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Now we consider the case when a; > 0, as < 0 and a1bs + asc; > 0. Let
W = —2asbe, v = a1by — aocy. It is easy to see that p > 0 and v > 0. Let
a=p/v, yo = —(3a/2+ 1)zg — ad;. As before we define

Ei=Dy, FEy=D, FE3=Ds,
Ey={(z,y) e R? : 2 > 2 + di,
y<yo, T+ 20+ yo <y <—x+ 20+ yo+ 2d1},

Es={(z,y) ER*: 2> 20+ di, y = —x + 20 + yo + 2d1 },
Es={(z,y) €R?*: 2> 20, y = —x + 20 + o},
Er={(z,y) eER*:2 < —2—dyi, y < —2},

Es={(z,y) ER?*: —zp—dy <2< 2/2,y < 4o},
Ey={(z,y) eR*: 0> 2/2, y <o,y < —z+ 20+ %0}

Eyo =Dy, En=Dn, FEipa=Di2, Ei3=Dss,

Eu={(z,9) eR?:z>z4+d, —z4+20+y+2d <y<z+vy—d},

Eis={(z,y) eR*: 2 < —29—dy, —20<y < —x+7v—di}.
Next we define the function z = Va(z, y) which is a modification of V;. Let

Va(z,y) = Vi(z,y) for (z,y) € E1 UEyU E3U E1gU Ej1 U E19U Ejs,

(z—2)+ (y+ az+ (a/2+ 1)z0 + (o — 1)dy)*
=dj for (z,y) € E4UEs5U Eg,
ar+y+az+zo+ad =0 for (z,y) € E; U Eg,
2242y + 3azg+2ad; =0 for (z,y) € Ey,
z=x—d; for(z,y) € Fuy, z=—-x—dy for(x,y)€ Es.
We show that there exist ¢ > 0 and a compact set Ko C R? such that
A Vo(z,y) < —e  for (x,y) € Ka.

Fix 0 < & < min(ay, pa; + vas). Let Ko = [—2¢ — d1,20 + d1] X [yo, 20 + ¥
+ d;]. Calculations are similar to the previous case. The main difference is
in By U Eg. If (x,y) € E7 U Eg then
(28)  A™"Va(z,y) = (1/p)(—par — vas + (per — vb)e® + (vea — pbr)e?).
As ai1bo+ascy > 0, b1by < c1c0 and ao < 0 thus —pa;—vas < 0, pcg—vbs < 0
and
veg — pby = ba(agca + agby) 4 az(bibe — c1e2)
biby . - -
> % (a1b2 + agcl) + CLQ(ble - 0102) > 0.
1
Consequently, for (z,y) € E7 we have

(29)  AVa(x,y) < (1/p)(—par — vag + (vez — pbr)e™™) < —¢,
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Fig. 2. The level curves of the Khasminskil function if bi1b2 < cica, a1 > 0, a2 < 0,
aibs + ascy >0

and for (z,y) € Eg we obtain
(30) A*Va(a,y) < (1/p)(—piy — viig + (vey — pby)e” B2 Hmedty < g

because zg is sufficiently large. m
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